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ABSTRACT. This paper was triggered by recent results on the maximal ‘average distance between con-
secutive points’ of uniformly distributed sequences (u.d.s.). Here we address a generalized version of this
question, consider pairwise maximal/minimal/total distances in blocks/segments of d > 2 consecutive
points of u.d.s., and derive sharp upper bounds for all three aggregations. Our main idea of proof consists
in, firstly, adding degrees of freedom, secondly, translating the resulting problem to a solvable optimization
problem over the compact family of d-stochastic measures, and, thirdly, showing that the obtained bounds
are also sharp bounds for the original problem.

Communicated by F. Pillichshammer

1. Introduction

A sequence (Z,)nen in the unit interval [0, 1] is called uniformly distributed if for every interval
[a,b] C [0,1] we have that

n

. 1
nli}ngc - Zl 1ja ) (2:) = b —a= A[a,b])
holds, where 1,4 denotes the indicator function of [a,b]. Translating to the stochastic perspective,

(Zn)nen is uniformly distributed if and only if the empirical measure ¥,,, given by

1 n
- - ;ax e P([0,1]),

where §, denotes the Dirac measure at a, converges weakly to the Lebesgue measure A for n — oo. In
what follows, we will let & denote the family of all uniformly distributed sequences (u.d.s., for short).
For extensive background on u.d.s. we refer to the textbooks [4,11] and the references therein.
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ON THE ASYMPTOTIC AVERAGE DIAMETER OF BLOCKS
OF UNIFORMLY DISTRIBUTED SEQUENCES AND RELATED RESULTS

Our contribution is motivated by the following question tackled by Pillichshammer and Steiner-
berger in [13], where the authors studied, how large the asymptotic ‘average distance between consec-
utive points’ of (2, )nen € U can possibly be. Among other things, they proved that

(1)

N |

1 n
sup limsup — Z |21 — 24| <

(xn)neNGZ/{ n—r00 ni:l

holds and that the upper bound % is attainable, i.e., that there exist u.d.s. such that equation
(1) becomes an identity (one example being the van der Corput sequence in base 2). Here we ad-
dress a generalized version of this problem, consider pairwise maximal/minimal/total distances in
blocks/segments of d > 2 consecutive points, and work with the three (obviously continuous) func-
tions fumin, fmax, fs: [0, 1]¢ — [0, 1], defined by

min(X) ==  min T — Til, 2

fonl) = min_ i~z @)

max(X) = max |x; — x|, 3

o) = | mx_Jai ~ 3 ®)

)= > Ja -y, (4)
i,j€[d]

with x = (21,...,24) and [d] .= {1,...,d}. Notice that for d = 2, up to the factor 2 all three functions
boil down to the pairwise distance of consecutive points as considered in inequality (1). Our main
objective is to determine

. 1
Bjcl = sup limsup - Z fly, ziv, - o Tivd—1)

(wn)neNEM n—00 i=1
for each of the three functions fuin, fmax, fs=- In fact, we will prove that

1 d—1
d _ d _ d _
Bfmin - g B - ’ sz -

d? -1
d’ fmax d

3

for every d > 2. Doing so, our proof strategy can be subsumed as follows:

i) Considering that for every u.d.s. (,)nen and every j € Ny the shifted sequence and (2j4n)nen is
a u.d.s. too, we obviously have that the upper bound B}l fulfills

x1,x2,...,x?€U nN—0 ni

1 n
B}l < sup lim sup — Z flzl, 22, 2d) = C’;l. (5)
=1

ii) We show that C’}l can be expressed as

C’}i = sup / fdd, (6)
Y€Pqs([0,1]4) J[0,1]¢

i.e., the maximization problem can be translated to a problem of maximizing integrals over the
family Pas([0, 1)) of all d-stochastic measures (see Section 2).

iii) For determining the right-hand side of (6) it suffices to work with (handy) subfamilies of Pgs([0, 1])
which are dense (with respect to the topology induced by weak convergence).

iv) We show (the surprising fact) that B¢ = C’}l holds.

The remainder of this paper is organized as follows: Section 2 gathers notation and relevant back-
ground on d-stochastic measures and copulas that will be used in the sequel. Section 3 justifies the
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afore-mentioned translation to the d-stochastic setting, proves equation (6) as main result, and then
establishes denseness for the family of all so-called shuffles of M. Main objective of Section 4 is to
determine C'J‘? for all three functions finin, fmax, fs=- Finally, Section 5 proves B}l- = C’J‘? by constructing

u.d.s. either attaining the upper bound B or approximating B arbitrarily well.

2. Notation and preliminaries

For every metric space (S, p) the Borel o-field on S will be denoted by B(.S). Throughout the whole
paper d > 2 will denote the dimension, bold symbols will denote vectors or sequences and we will write

either x = (z1,...,24) or x = (21,22, ...), respectively; from the context it will be clear, whether x
is a vector or a sequence. [N] will denote the set {1,..., N} for every N € N, and 7; : [0,1]¢ — [0, 1]
the projection on the i-th coordinate, i.e., m;(z1,...,zq) = ;.

P(]0,1]%) will denote the family of all probability measures on B([0,1]%), 9™ € P([0,1]) the i-th
marginal of ¥, i.e., the push-forward of ¥ via m;. A measure ¥ € P([0,1]¢) is called d-stochastic, if
all univariate marginals of ¥ coincide with the Lebesgue measure A on [0, 1]; Pys([0, 1]¢) will denote
the family of all d-stochastic measures on [0, 1]%. Moreover, C4 denotes the family of all d-dimensional
copulas, i.e., the distribution functions of d-stochastic measures restricted to [0, 1]¢. Considering

d

C(xl,...,xd)—19<>([0,xi]>, (xl,...,xd)e[(),l]d

i=1

establishes a one-to-one correspondence between Cyq and Pqs([0, 1]9). It is well known (see, e.g., [2,12])
that endowing P([0,1]%) with the Hutchinson / Wasserstein / Kantorovich-Rubinstein metric py,

defined by
/ fdu— / fdv|:
[0,1]¢ [0,1]¢

yields a compact metric space (P([0,1]%), pw ), which has Pas([0, 1]¢) as closed (hence compact) convex
subset. Moreover (again see [2,12]), pw is a metrization of weak convergence in P([0,1]%), i.e., a
sequence (9,,)nen in P([0,1]%) converges weakly to ¥ if and only if for every continuous function
f:10,1]¢ — R we have that

pw (1, v) = sup { f:00,1]* > Ris l—Lipschitz} ,

lim f(x)dd,(x) = / f(x)dd(x).

nee Joa)e [0,1]¢

In the sequel we will also use the fact that weak convergence in Py ([0, 1]¢) is equivalent to uniform con-
vergence of the corresponding copulas. In other words, letting C, C, Cs, ... denote the d-dimensional
copulas corresponding to the d-stochastic measures 1, 91, J9, . . ., the following two assertions are equiv-
alent (see [5]):

i) The sequence (¥, )nen converges weakly to 9.
ii) lim do(Cn,C) = lim max {|Cy, (x) — C(x)] : x € [0,1]*} = 0.

A Markov kernel from R to B(R?~!) is a mapping K : R x B(R¢~1) — [0, 1] such that = — K (z, B)
is measurable for every fixed B € B(R?"!) and B + K(z, B) is a probability measure for every
fixed € R. Suppose that Y: Q — R?! and X: Q — R are random vectors/variables on a joint
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probability space (2, A, P). Then a Markov kernel K& : Rx B(R%~!) — [0, 1] is called regular conditional
distribution of Y given X if for every B € B(RI~!)

K(X(@),B) =E(lgo Y | X)(w)

holds P-a.s.. It is well known that for each random vector (X,Y) a regular conditional distribution
K(-,-) of Y given X exists, that K(-,-) is unique PX-a.s. (i.e., unique for PX-almost all z € R)
and that K(-,-) only depends on the distribution P(X-Y) of the vector (X,Y). Hence, if (X,Y) has
distribution ¥ € Pgs([0,1]¢), then we will denote (a version of) the regular conditional distribution
of Y given X by Ky(-,-), view it directly as function from [0, 1] x B([0,1]¢71) to [0,1], and refer
to Ky(-,-) simply as regular conditional distribution or Markov kernel of . Note that for every
¥ € Pas([0,1]9), its conditional regular distribution Ky(-,-), and a Borel set F € B([0,1]¢) we have
(with F, = {y €[0,1]97' : (z,y) € F} denoting the z-cut of F for every z € [0,1])

Ky(z, Fy) dA(z) = 9(F).
(0,1]
In particular,

o Ky(z, E)dX\(z) = M(E;,)

holds for E = X?;ll E; with E; = [0,1] for all i # ig. On the other hand, every Markov kernel
K:[0,1] x B(][0,1]%"1) — [0,1] fulfilling equation (2) is the regular conditional distribution of a d-
stochastic measure ¥ € Pqs([0,1]¢). More generally, for every continuous or ¥-integrable function

f:10,1]7 — R the following identity (to which we will loosely refer as ‘disintegration’ in the sequel)
holds:

/ f(x)cw(x):// F@1, @, wa) Ko (a1, d(za, ... 7)) dA(1)
[0,1]@ [0,1] J[0,1]4—1

For more details and properties of conditional expectation, regular conditional distributions and dis-
integration we refer to [9,10] as well as to [1,3].

3. Translating the maximization to the d-stochastic setting

The bivariate version of the following general result was already used in [13]. For the sake of
completeness and clarity we state the general d-dimensional version and prove it using properties of
weak convergence of measures and compactness (7] denotes the i-th element of the sequence x7).

LEMMA 3.1. Suppose that x',x2,...,x% are u.d.s. and that f: [0,1]? — R is continuous. Then for
every accumulation point a of the sequence (ap)nen, given by

1 n
ap, = EZf(x},x?,...,mf),
i=1

there exists some d-stochastic measure ¥ € Pg5([0,1]%) with

a:/ £dv.
[0,1]¢
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Proof. Continuity of f and compactness of [0, 1]? imply that all accumulation points of the sequence
(an)nen are contained in a bounded interval. Suppose that

n
RN 1.2 d
a:jhn;on—jZf(xi,xi,...,xi)
i=1
for some strictly increasing sequence (n;);jen. Let 6,1 ,2 .« denote the Dirac measure at (x},22,... ,:U?)I
and set
1 &
. d ;
ﬂnj = ni Zézizf,,xf € P([Ov 1] )a J € N.
7 =1

Then (¥,,);en is a sequence in P([0, 1 @), which by compactness has a weakly convergent subsequence
(Un;, ien with weak limit ¢ € P([0, 1]4). This directly yields

1 &
a:llm—Zf(%l,w?v 733?)
l—o0 nj, im1
= lim f(z, ,2d) dﬁn” (21, ) %d)

l—o0 [0,1]¢

:/ df(zl,...,zd)dﬂ(zl,...,zd),
[0,1]

S0 it remains to show that ¢ is d-stochastic. Applying Portmanteau theorem (see [2]) for the rectangles
E; =[0,2]x[0,1]% ! and By = [0,2+A)x[0,1]¢"! with z € [0,1) and A € (0, 1] fulfilling z+A € [0, 1]
yields

H(Ey) > limsup 9, ([0, 2] x [0,1]%71)

l—o0

= timsup 3" 6,2(00,2)) = A([0,4]) = =

n;
l—o0 Ji =1
as well as

I(Ey) < lim inf ([0, z 4+ A) x [0,1]971)
—00
1 &
= hlmmf — Zéxi([o,x + A))

—oo Mgy P

= MN[0,z +A)) =z +A.
This implies
<9 ([0,2] x [0,1]771) <9 ([0,2+A) x [0,1]"7!) <z +A,

so, using the fact that probability measures are continuous from above and considering A — 0, we
conclude that z = ¥ ([0, z] x [0,1]47!). As € [0, 1) was arbitrary, it follows that the first marginal ¥™
of ¥ coincides with A. Since the previous arguments also work for any other coordinate, it altogether
follows that ¥ is d-stochastic. O

LEMMA 3.2. For every d > 2 the following identity holds:

1 n
C’? = sup lim sup — Z flxha?,. . 2t = sup / fddo.
- [0.1]¢

x!,x2,... xdeld n—0o0 ni 19€Pds([0>1]d)
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Proof. As a direct consequence of the previous lemma we already have that

sup lim sup — Zf xh, a2 ad) < sup / fdo.
[0,1]4

x1,x2,...,xded n—oo T Y€Pas([0,1]7)

In order to show the reverse inequality we proceed as follows: Suppose that the d-dimensional random
vector X has distribution ¥ and suppose that X', X2, ... is an independent sample from X. Then
according to the (multivariate) Glivenko-Cantelli theorem (see, e.g., [14]) the sequence (¥, )nen of
empirical measures

1 n
= Zfsxg,xg,..‘,xg € P([o, 1]d)

converges weakly to ¢ with probability one. Hence, considering

1 n
/[0 T = SO X XD
’ =1

directly yields the desired result. O

Using the fact that for continuous f the mapping 9 — f 0,14 fd¥ is continuous on Pgs([0,1]%)
with respect to weak convergence, for determining the supremum in C}i it suffices to calculate the
supremum over dense subfamilies of Pgs([0, 1]%). One of the most handy dense subsets of Pg5([0, 1]%)
is that of equidistant multivariate shuffles of M (see [5] and the references therein). We will first recall
the concept of equidistant shuffles of M and then formally prove denseness of this class. Doing so, we

will write IV := [IZE, L) for every N € N and every i € [N].

DEFINITION 3.3. An element 9 € Pys([0, 1]¢) is called an equidistant shuffle of M with resolution N €

N if and only if there exist d — 1 permutations o3, ..., 04 of [IN] such that for the d — 1 transformations
ha, ..., hq: [0,1] = [0, 1], defined by

ha() = i (m 3 jj_vl N m(JK{— 1) L (o),

Jj=1

the following property holds: ¥ is the distribution of the random vector
(X1, ho(X1), h3(X1), .- - ha(X1)) (7)

where X is a uniformly [0, 1]-distributed random variable.

Notice that each of the transformations h; preserves the Lebesgue measure A, i.e., the push-forward
M of X via h; coincides with A. It is therefore straightforward to verify that the distribution of the
vector (7) is a d-stochastic measure. Moreover, it might seem natural to also transform the variable X
in equation (7) via a A-preserving transformation hy — since hq o X1, however, is uniformly distributed
on [0, 1] one would still end up with a shuffle of M according to Definition 3.3. For generalized shuffles
of copulas (via general A-preserving transformations) we refer to [5,6] and the references therein.

In the sequel we will let S& denote the family of all shuffles of M with resolution N and refer to
= S cPas(0,1]
N=1
as the family of all equidistant shuffles of M.
6
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REMARK 3.4. Notice that for every Ny € N we have

S = G SY

N=Ny

since obviously every element of S}’ also is an element of Sij for every k > 2. We will use this fact
in the next section and only work with the case N > d or even N = kd for some k € N.

LEMMA 3.5. S85° is dense in the compact metric space (Pqas([0,1]9), pw).

Proof. It has already been mentioned that weak convergence in Pys([0, 1]%) is equivalent to uniform
convergence of the corresponding copulas. Let ¥ € Pgs([0,1]%) be arbitrary but fixed and let Cy
denote the corresponding copula. Then, according to [8] (also see [7, Lemma 6.1]), the so-called
empirical (multilinear) copula C, (i.e., the copula induced by a sample from Cy via pseudo-ranks
and multilinear interpolation) converges uniformly to Cy with probability one. For every n, however,
it is straightforward to verify that there exists a copula A, corresponding to a d-stochastic measure
v, € S fulfilling deo (A, C’n) < ndl,l (in fact, one may simply consider the M-interpolation instead
of the multilinear one corresponding to II). This directly yields that the sequence (v )nen in S°
converges weakly to ¥ and the proof is complete. O

4. Calculating the upper bounds C’}l for the d-stochastic setting

In this section we will derive our main results regarding the d-stochastic setting and determine

C? = sup / fdﬂ
’ 9€Pas([0,1]4) J[0,1]¢

for each of the three functions fuin, fmax, fy>- We start with the first two functions and work with
equidistant shuffles.

THEOREM 4.1. For the two functions fmin and fmax, defined according to equations (2) and (3),
respectively, and for every d > 2 we have the identities

1 —
d _ d _
Cfrnin - E and Cfrnax - :

Proof. Before going into details we sketch the structure of the proof. (i) Our first step consists in
proving that the stated maximal value is an upper bound for the integral. We achieve this goal by using
denseness of the family of shuffles, which, in turn, transforms the maximization problem to the realm
of permutations. We will proceed with step by step maximization and illustrate the arguments/steps
for a small example graphically. (ii) The second step is to provide an example attaining the bound.

(i) By Lemma 3.5, it suffices to prove the upper bounds for every 9 € S3°. Therefore, let d < N € N
as well as ¥ € SY be arbitrary but fixed and denote the (piecewise linear) A-preserving transformations
according to Definition 3.3 by has, ..., hq. Using disintegration we have

/[0,1]d f(x)dd(x) = /[0’1] /[0,1]d1 f(x) Ky(z1,d(x2,...,2q)) dA(z1)

f(a:l, hg(ﬂ?l), ey hd(l‘l)) d)\(ﬂ?l)
0,1]
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The latter expression can be further simplified for fi;, and fiax: Each transformation h; with ¢ > 2
corresponds to a unique permutation o; of the set [N] and vice versa. In order to simplify notation we
will set hy = idjo 1) as well as o1 = idjy]. Returning to the integral, for symb € {min, max} this yields

J/ Famb(¥)A9X) = [ Fapmb(@1,ha(1)s -, ha(1)) dA (1)
[0,1]¢ [0,1]

= / symb |hZ(IE1) — hj($1)| d)\(!IIl)
[0,1] 4,5€l[d], i#j
1 loi(n) —aj(n)]
N = ijeld). i#i N
N
= — Z symb |o;(n) —o;(n)|.
Srigeld), i

(i-1) We now consider fiax in detail and derive an upper bound for

N

max |o;(n) —oj(n)l|. 8
3, s () oo (5)
Making it easier to follow the subsequent arguments, one may view permutations of [N] as checker-
boards with exactly one black field in each row and each column, respectively (see Figure 1).

u

FIGURE 1. Example of a (checkerboard representation of a) permutation of [N] with N = 7.

Equation (8) involves exactly d permutations. When overlaying them in one picture, each row can
contain at most d different black squares (note that they could overlap and therefore we have ‘at most’
instead of ‘exactly’). We are interested in maximizing the sum over the distances of the highest and
lowest black block of each column. For addressing this, it is sufficient to depict only the highest and
lowest (black) block within each column. We will illustrate the subsequent arguments graphically for
d=3and N =T.

FIGURE 2. Exemplary aggregation of d permutations of [N] for the case d = 3, N = 7.

We start with our d arbitrary permutations (see Figure 2) and first look at the highest row. If
there are less than d different black squares in this row, then we move the highest black block of some

8
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column(s) not having a black square in the highest row up to the highest row until there are exactly
d different black squares in the highest row or until there is no highest black block in a lower row
remaining which could be moved up (see Figure 3). Note that there cannot be more than d different
black blocks in the highest row and thus we would never move highest blocks down instead of up.

FI1GURE 3. Establishing exactly d squares in the highest row.

This procedure of moving black blocks upwards only increases the sum of distances between the
highest and lowest black block in each column and therefore only increases the sum of interest (8).
Next we take a look at the second to highest row. If there are less than d different black columns in
this row, then we move the highest black block of some column(s), where it currently is located in a
lower row, up to the currently handled row until there are exactly d different black columns in the
currently handled row or until there is no highest black block in a lower row remaining which could
be moved up (see Figure 4).

FIGURE 4. Exactly d = 3 black squares in the second row.

Again this procedure of moving black blocks only increases the sum of distances between the
highest and lowest black block in each column. We proceed in this row-wise manner until there are
no highest black blocks in a row below the one currently handled left (see Figure 5).

FIGURE 5. Finishing the rearrangment of the highest black blocks.

At this point we stop looking at the highest block in the columns and switch to looking at the
lowest black block within each column. Here we proceed analogously to the previous steps but move
the blocks down instead of up. Starting with the lowest row and jumping up line by line, we check for
the current row, whether there are less than d different black blocks. In that case we move the lowest
block of some columns where it currently is located in a higher row down to the currently handled

9



ON THE ASYMPTOTIC AVERAGE DIAMETER OF BLOCKS
OF UNIFORMLY DISTRIBUTED SEQUENCES AND RELATED RESULTS

row until there are exactly d different black columns in the currently handled row or until there is
no lowest black block in a higher row remaining which could be moved down. The procedure ends
when there are no lowest black blocks in a row above the currently handled one left. As before, this
procedure of moving black blocks only increases the sum of distances between the highest and lowest
black block in each column (see Figure 6).

FIGURE 6. Optimize the lowest black blocks.

This procedure yields the situation in which the row containing the lowest one of the highest black
blocks of each column is not below the row containing the highest one of the lowest black blocks of
each column; depending on d and N, it is either above or they are equal. For seeing this, note that the
highest (or lowest, respectively) blocks of the columns, after the before described tuning, will range
over [Z] rows (see Figure 7).

FIGURE 7. Separation of highest and lowest black blocks.

Starting with a constellation of the afore-mentioned type we now calculate the sum of distances
between the highest and lowest black block in each column, which yields an upper bound for the sum
in expression (8). If in this configuration we exchange the highest black blocks from two columns, then
the sum of distances between the highest and lowest black block in each column will stay constant.
Namely, the distance in one column increases by exactly the same ammount as the distance in the
other column decreases. Recall that we only consider the highest and lowest black block of each column
and that they are somewhat separated. Moreover, this exchanging property analogously holds for the
lowest black blocks. Together they justify to sort the blocks in such a way that the highest black
blocks are in decreasing, and the lowest black blocks are in increasing order (see Figure 8).

FIGURE 8. Reordering of the highest and lowest black blocks.

10
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In this situation, however, it is now straightforward to compute the sum S of distances, which
yields an upper bound as desired. Writing N = dK + R with 0 < R < d, we get

N

max |o;(n) —oj(n)| < S

T baeldl i

K
= Z (20 —1)) + R(N — (2K +1))

:dKN—dZ(2€—1)+RN—R(2K+1)
=1
=N?_-dK?-KR—-KR-R
=N?-KN—-KR-R
=N(d-1)K+R)—KR—-R

d—1 1
=N.-“““N+N--R-KR-R
d + d
d—1 R
= —N’-R(1-=
(=)
d—1
< ——N?2,
- d
Returning to the original integral, this altogether yields
d—1
max X n —o0i(n S —_— 9
/Wf () NQEMM )= ogln)] < 9)

which completes the proof for the upper bound concerning fiax.

(i-2) Having established this upper bound helps us to determine an upper bound for the corre-
sponding integral over the function fu;,. We now aim at bounding

N

Y min_ |oy(n) - o;(n)|

— eldl, i#j

from above. As before, we will argue with shifting ‘black blocks’. As soon as the highest and lowest
black block for a column is fixed, the minimum distance of two blocks in this column is at most ﬁ
times the distance of the highest and lowest black block in this column (equidistant placing). Even
if this cannot always be realized, it still yields a numerical upper bound. Summing over all columns
yields

N N

1
min ogin)—o;in)| < —— oi(n)—o;(n)|.
D i o) — s < T 30, o) = 5o

d
o biEldl

Therefore, using (9), we end with

ISR

min X 'TL —oin)| <
A sz”e[d] ,loi(m) = ()

which completes the proof of the upper bound for fuin-
11
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(ii) The last step consists in providing examples showing that the established bounds are already
sharp. For this we consider (the rotations)

ho(t) :=t+rdl—{t+rd1J (10)

for r € {1,...,d}. Plotting these functions jointly in one coordinate system clarifies the reason for
choosing shuffles of this type — the bundle of functions h,. describes equidistant shifting/rotating (see
Figure 9). Letting 9* € Pgs([0, 1]¢) denote the corresponding d-stochastic measure, a straightforward

FIGURE 9. The rotations considered in step (ii) for the special case d = 3.

calculation yields

1
/ fmin(x) dﬂ*(x) = fmin(xlth(xl)w--ahd(xl))d/\(xl) = g
[0,1]¢ [0,1]
as well as
* d—1
fmax(x)d'l9 (X) = fmax(xlahQ(xl)a"~7hd(xl))d)\(xl) == d
[0,1]¢ (0,1]

Thus, the upper bounds are attainable and the proof is complete. O

Figure 10 depicts a sample from ¢* from the previous proof as well as its bivariate marginal
samples.

Notice that the above proof also shows that the maximal value for the integral can in case of
equidistant shuffles only be attained if the resolution N is a multiple of the dimension d. When
proving the following theorem concerning the function fs~, we have to use a slightly different proof
strategy due to higher complexity of the involved function.

THEOREM 4.2. For the function fs~ as defined in (4) and every d > 2 we have

2 -1

d _
Ch ==

Proof. As before we start with sketching the proof structure: (i) Similar to the proof of Theorem 4.1
we will use denseness of shuffles to translate the problem to the language of permutations. Here,
once more we will step by step maximize the function of interest to establish an upper bound. (ii)
The obtained maximal configuration then turns out to be induced by a well known shuffle, which
completes the proof.

(i) Using continuity of fs~, according to Lemma 3.5 it suffices to prove the upper bound for every
¥ € 8§3°. According to Remark 3.4, without loss of generality we may consider the case N = df for

12
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FI1GURE 10. Sample (black) of size 1.000 of the 3-stochastic measure 9* attaining the upper bound %

for fmin and % for fmax (as considered in step (ii) in the proof of Theorem 4.1). The gray/orange/pink
points denote the bivariate marginal samples.

some integer /. Let ¢ € Sév be arbitrary but fixed and again let ho, ..., hy denote the corresponding
A-preserving transformations. Analogously to the proof of Theorem 4.1, we then get

/ fz(x) d’lg(X) = fz(l‘hhg(ail),...,hd($1))d)\($1)
[0,1)4 [0,1]
1 N
- N2 Z Z oi(n) = o;(n)|,
n=1i,je[d]

where the permutations o; as above correspond to the transformations h; (to keep notation simple we
will again write hy = idjg 1) as well as oy = id[y]). We want to derive an upper bound for

N
Y D loitn) —oj(n)]

n=14je[d]

and proceed as follows again working with ‘black blocks’. For the illustration of our arguments we
consider the special case d = 4 and ¢ = 2. In the same way as for the function fy,.x inside the proof
of Theorem 4.1 we first overlay all d permutations in one joint picture. Contrary to before, however,
we are now interested in all differences, and therefore keep all the blocks, not just the highest and
lowest one. It is likely that there are some overlaps. To indicate overlaps we write the corresponding
numbers into the black blocks (see Figure 11).

We partition the grid into d groups of ¢ adjacent rows, i.e., the first £ rows form a group, the next
£ rows another one, and so on. Next we introduce the notion of the ‘level’ of a black block. All blocks
in the highest group as well as those in the lowest group have level 1. Blocks located in the second

13
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il

FIGURE 11. Aggregation of d = 4 permutations with some overlaps.

to highest or second to lowest group have level 2, and so on. Rows that already have a (lower) level
number are not releveled (see Figure 12).

level 1

level 2

level 2

level 1

FIGURE 12. Levels of black blocks.

Initially, no group is locked. We start with optimizing/shifting the level 1 black blocks and start
with those located in the upper group. If there is exactly one of them in each column, then we have
nothing to modify und consider this group as locked. Otherwise there is an overlapping or there is one
column in which black blocks are at least in two different rows. In case of an overlapping, we move a
black block from a field with multiple blocks to the same row in a column where currently no black
block appears in the upper level 1 group. In case of a column with black blocks in different rows of
the upper level 1 group, we move one of them to the same row in a column where currently no black
block appears in the upper level 1 group. In order to keep the number of blocks per column constant
at the value d, we have to move back (i.e., from the column whose block number was just increased to
the column whose block number was just reduced) a black block in another row. For doing this take
into account that temporarily we created a column with more than d black blocks. Hence there must
be another, no already locked group, with a black field in this column; take the highest such black
block for moving back (not the just added one). This procedure cannot decrease the sum of distances
due to the following fact: Inside the column where we first added a block, in fact the highest block
was moved up. Thus the distances from this highest block to each of the d — 1 other blocks in this
column increased by ¢, the row difference between the new and old position of the highest block. All
other distances in this column remain unchanged. Inside the other modified column each of the d — 1
distances involving the modified block decrease at most by ¢ (due to the triangle inequality), whereas
the other ones remain unchanged. Thus the sum over all cannot decrease. We repeat the previous
steps until there is exactly one black block in each column of the upper level 1 group (see Figure 13).
Then we lock this group.

We proceed with considering the level 1 black blocks in the lower group. If there is exactly one of
them in each column, then we have nothing to modify and consider this group as locked. Otherwise
there is again an overlapping or there is one column with black blocks in at least two different rows.
In case of an overlapping, we move a black block from a field with multiple blocks to the same row
in a column where currently no black block appears in the lower level 1 group. In case of a column
with black blocks in different rows of the lower level 1 group we move one of them to the same row
in a column where currently no black block appears in the lower level 1 group. In order to keep the

14



S. HEINTZE — W. TRUTSCHNIG

level 1

level 2

level 2

level 1

FIGURE 13. Optimizing the upper level 1 group.

number of blocks per column constant at the value d, we again have to move back a black block to
another row. As before, we temporarily created a column with more than d black blocks. Hence there
must be another group, which is not already locked, with a black field in this column; take the lowest
such black block for moving back (not the just added one). This procedure cannot decrease the sum
of distances because of the following behaviour. Inside the column where we first added a block, in
fact the lowest block was moved down. Thus the distances from this lowest block to each of the d — 1
other blocks in this column increased by ¢, the row difference between the new and old position of the
lowest block. All other distances in this column remain unchanged. Inside the other modified column
each of the d — 1 distances involving the modified block decreases at most by ¢ (triangle inequality),
whereas the other ones remain unchanged as well. Thus the sum over all cannot decrease. We repeat
the previous steps until there is exactly one black block in each column of the lower level 1 group (see
Figure 14). Then we lock this group.

level 1 (locked)
level 2

level 2

level 1

FIGURE 14. Optimizing the lower level 1 group.

Now all level 1 blocks are locked. Note the very important fact that for the current configuration
the exact position of level 1 blocks is not relevant for moving blocks of higher level up and down (not
entering the locked area) since the sum of the distance to the upper level 1 block and the distance
to the lower level 1 block is the same for all possible block positions in between, i.e., for all higher
level positions. Therefore, all level 1 blocks can be ignored in the optimizing of higher level blocks. We
proceed level-wise and perform the same steps as before for a not locked group with the lowest level.
In fact, it does not matter, whether we start with the upper or lower group of that concrete level (see
Figure 15).

For even dimension d the algorithm stops with locking the two groups of highest level. For odd
dimension d the algorithm stops with locking the single group of highest level. Note that if there is
only one unlocked group remaining, then this group automatically satisfies that each column contains
exactly one black block. In fact, each locked group has exactly one black block per column and at the
moment, where a group gets locked, each column contains exactly d black blocks.

After finitely many steps, all groups are locked. We now ignore the previous levels and enumerate
the d groups top-down (see Figure 16).
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level 1 (locked)

level 2

level 2

level 1 (locked)

FIGURE 15. Optimizing the next level.

group 1

group 2

group 3

group 4

FIGURE 16. Groups with exactly one black block per column.

The previous steps yield a constellation, in which each group contains exactly one black block per
column. Hence, if inside a group two columns are exchanged, then the sum of distances within one of
the columns increases by the same amount as the sum of distances in the other column decreases. In
other words: reordering the columns group-wisely does not change the total sum of differences. This
allows us to sort the columns in each group such that they form d strictly increasing ‘lines’ of length
¢ (see Figure 17).

group 1
group 2
group 3

group 4

FIGURE 17. Groups with reordered columns.

(ii) The resulting pattern is obviously induced by the shuffles defined in equation (10) describing
equidistant shifting. Altogether we get

max dd = x1,ho(x1),. .., hq(xy)) dA(z
1967’(15([071]d)/[0,1]d > [0,1] fe(@, ha(e) alz)) dN@)

and it remains to compute the latter integral. A straightforward calculation yields

1 2 d—1
fZ(xlahQ(x1)7 o .7hd($1)) d)\(ml) = fz (07 79 gy T 7
[0,1] d d d
d_lj 2d—l
=2) 5-(d=j)=2% (jd=j°)
j=1 Jj=1
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2 (d-1)d (d—1)d(2d 1)
_d(d' 2 6 )

B (d—1)(2d—1) d*—1
=(d—1)d - 3 =5

and the proof is complete. O

5. Solving the original maximization problems

Having determined the upper bound Cj‘f for each of the three functions fuin, fmax and fs~, we now
return to the original problem of calculating

. 1
Bf = sup thUPEZf(»Ti,fUiH,---,$i+d71)-

(Tn)nen€U N—300 P

According to ineq. (5) we have already proved that B;l < C]‘? holds for all three functions of interest.
We now show (the somewhat surprising fact) that B? and C]Ccl coincide for all three cases. For fiax
and fy~ we will construct a u.d.s. attaining the upper bounds, while for f,i, we show the existence of
u.d.s. coming arbitrarily close to the upper bound (implying that the upper bound is best possible).

PROPOSITION 5.1. For every d > 2 there exists a u.d.s. (2p)nen € U with

12” d—1
li - max\<iy “i+1y 5 2i+d— :7:6"1
nl—>rr;oni:1f (20, Zi1 Zitd-1) d Fenox
and
1N & —1
lim — i Zit Ly s Zipda1) = —a— = O%_.
nggon;fE(z Zit1 Zitd—1) 3 Is

Tn

Proof. Suppose that (7,)neny € U is a u.d.s.. Then the sequence (y,)nen defined by y, = %
obviously is uniformly distributed on the interval [0, 1]. Based on (y,)nen we construct a u.d.s. (2,)nen
as follows. Decomposing the index as i = kd + r with a non-negative integer k£ and 0 < r < d, set

r—1
Zi = Yk+1 —+ T (11)
In other words, (z,)nen has the form
N 1 n 2 n d—1
Y1, Y1 d7 N da e U d )
+ 1 n 2 n d—1
Y2, Y2 d’ Y2 da-u,yz d

Y3, )

It is straightforward to verify that (z,)nen is a u.d.s..
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(i) We first consider fi,ax. Reusing the index decomposition i = kd + r from above directly yields

d—1 _
== forr=1

fmax(ziv ceey Zi+d71) = {

% + Yr+1 — Ypto forr >2.

Therefore it follows that

a3

1 — d—1 1 L)
n meax(ziu .- -72i+d71) = —a +—- (d - 1) (il/k - yk+1)
i=1

" k=1
e (0m=alG] 1) (v vz

which, using the telescoping structure of the sum, yields

=l

12" d—1
- max\Ris -+ 3y Zi+d— _—_— S . 2.(d—-1)-
niilfa(z Zitd—1) d ( )

IS

1
n

Hence we have found a u.d.s. (2, )nen satisfying

o 1¢ d—1
lim — Zfrnax(zi7- . ~7Zi+d—1) = T

n—o00 7, 4 d
=1

proving the first assertion of our proposition.

(ii) We now turn towards fs~. Using the u.d.s. (2,)nen from the previous step, we get

d?—1
3

s (zise ooy 2igan1) = +C(d,7) (Yr+1 — Yr+2)

where once again the index decomposition ¢ = kd 4 r with a non-negative integer k and 0 < r < d is
used; thereby C(d,r) denotes a constant only depending on the dimension d and the ‘sequence column’
parameter r. In fact, C'(d, r) counts, how often the difference yp11 — yr+2 has to be considered. Making
use of the appearing telescoping structure yields

1 & 2-1 1 (<
l R S P i |- [ Y
nz.fz(zm ) Ritd 1) 3 = n ZC(CZ,]) 2iuIN)yk — 0
i=1 j=1 €
Thus, the u.d.s. (z;,)nen also satisfies
1 d?—1
nlgrgoﬁgfz(zi,---,zﬁd_l): 3
which concludes the proof. O

Finally, we revisit the minimum distance function f,;,. Here the procedure performed for the other
two functions doesn’t seem to work in a comparably elegant way, since we do not have sufficient control
over what values the difference yx — yr41 can attain (in particular, they are strongly restricted by the
uniform distribution property). It is more likely that we could stay away from the extrem bound in this
case as the proof of the bound has shown that maximal minimum distance requires maximal maximum
distance which makes it even more restrictive. Furthermore, for fi,.x and fy~ distance values larger
and smaller than the average are having an effect (cf. the used telescoping structure), whereas in the
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case of fuin it is likely that only smaller ones will contribute. We will prove the following result for
d > 3 (which is no restriction, since for d = 2 all three functions are identical up to the constant 2).

PROPOSITION 5.2. For every d > 3 there exist some u.d.s. ((zﬁ)neN) C U such that we have

LeN

1 n 1
. . d
lim limsup — E fuin (2, Zig 15 Zigd—1) = 5 = Cfmm'
L—oo pnoco N 1 d

Proof. We reuse the construction of the sequence (zy, )nen from the proof of Proposition 5.1, but now
do not start with an arbitrary uniformly distributed sequence (z,),en € U. Allowing for more control,
we restrict to sequences (z, )nen € U with special properties and construct (x,,)nen as follows: assume
that (wy)nen is a u.d.s. and let L > 2 be an arbitrary, positive integer. Then obviously (%=)ncn is
uniformly distributed on [0, %] As in the construction of (z,)nen before, we split the unit interval
into subintervals of the same length. This time we use L intervals of length % each and run through
these subintervalls in reverse order, i.e., we define (2, )nen by

w L1 w L2 w  L-3 w1
L L 'L L 'L L L’
w2o L—1 wa L—2 wa L—-3 w2
L+L’L+L’L+L""’L’
ws  L—1

2 :

Based on this sequence (z,,)neny now define (y,)neny and (z,)nen as in the proof of Proposition 5.1.
Again decomposing the index via ¢ = kd + r with a non-negative integer k and 0 < r < d, we get

1 .
fmin(Ziy -y Zitd—1) = 7 s(7)

where s(i) = 0 in the cases r = 1 as well as > 2 A Lt k and s(i) € |
our bound this yields

%—d%,i} forr > 2AL | k. For

— = s(0)

1

1 n
g mein(zi7 sy zierfl) =
=1

n

7

A2
Ul lr-

SlI= 3=

T and = ot

which implies

d—1
d2L

1 — 1
li _ min\<gy « <4 — 27_
1msupn;f (2 Zitd—1) d

n— oo

Letting L increase, using the upper bound from Theorem 4.1, we finally get

L 1< 1
lim hmsupﬁ Z;fmin(zi,...,zz‘-i-d—l) —
=

L—oo pn—oo d

Summing up, we have established the following main result (notice that for d = 2 we obtain the
result from [13] for all three functions):

THEOREM 5.3. For every d > 2 the following identities hold and are best-possible:

d?—1
3

d—1
d _ d _ d _
Bfmin - g’ Bfmax - d ) BfE -
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REMARK 5.4. As mentioned in the introduction, our main objective was to determine B;‘f, given by

. 1
Bf = sup thUP*Zf(xi,xiﬂ,n-,$i+d—1)

(@n)nen€ n—oo M =

for each of the three functions fumin, fmax, fs=. Instead of tackling the problem directly, we first added
degrees of freedom, considered

x1,x2,... xded n—oo T i

1 n
Cf = sup limsuprf(x,},xf,...,xf),
=1

translated C’}i to a maximization problem over Pys([0,1]%), and solved the latter. The fact that the
(sharp) upper bounds C](f obtained for the more general problem coincide with our bounds of interest
B;‘cl is to a certain extent surprising.

6. Outlook

In this paper we considered the functions fuin, fmax, fs: [0, 1] — [0, 00) considering all pairwise
distances of its arguments. It seems equally interesting to study the related functions

Imin(X) = i:ffl.%_l |zi — @iy,

Gmax(X) = _max  |a; — i,

gy (x) = Z i — @il
i=1,...,d—1

which only take into account/aggregate distances of consecutive arguments. Considering that changing
to the just mentioned functions goes hand in hand with losing symmetry, we conjecture that deriving
analogous results might be significantly more difficult. In fact, in this setting it is not enough any more
to have a given pool of arguments but beyond this a non-cyclic (!) ordering is needed. In our language
of black blocks, which started with highest and lowest one, and then was extended step by step by
the number of layers, it would require some kind of timestamp. We leave it as an open problem for
future work.

Moreover, as proposed by the referee, it could, firstly, also be interesting to analyze the largest
‘gap’ between consecutive values, i.e., the maximal distance between adjacent values after ordering
Ti,...,ZTirq—1, secondly, to try to generalize our results for fs~ (which corresponds to the 1-norm) to
arbitrary p-norms

> fai -yl

i,j€[d]

for p € (1,00), and, thirdly, to replace [0,1] by the torus R/Z and consider the distance to the
closest integer instead of |x; — x;|. From our point of view, none of the just mentioned three points is
straightforward, we will therefore try to tackle them in the near future.
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