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ON THE PSEUDORANDOMNESS OF THE POWER GENERATOR WITH SQUAREFREE
COMPOSITE MODULI

MILAN MOLNAR

ABSTRACT. Finite binary sequences with strong pseudorandom properties are
essential for secure cryptographic systems. The power generator, defined by a modular
exponentiation recurrence, is a widely used method for creating such sequences. While
its pseudorandomness has been extensively analysed for prime moduli, real-world
cryptographic applications like the RSA and Blum—Blum—Shub generators rely heavily
on composite moduli. This paper bridges that gap by investigating the power generator’s
behaviour when the modulus is a product of distinct primes. Building upon Gyarmati’s
exponential sum estimates for prime moduli, we demonstrate that the generator retains
its strong pseudorandom characteristics in the composite case. The approach is based
on the Chinese Remainder Theorem, enabling the generalization of character sum
bounds. Ultimately, we establish new upper bounds for the pseudorandom measures
introduced by Mauduit and Sarkdzy, specifically the well-distribution and correlation
measures.

Communicated by A. Winterhof

1 Introduction

The analysis of pseudorandom properties of finite binary sequences is a fundamental
challenge in modern computer science and cryptography. In a seminal paper, Mauduit and Sarkozy
[11] introduced a rigorous quantitative framework to evaluate these sequences. They defined several
pseudorandom measures, such as the well-distribution measure and the correlation measure of order
£, which have since become standard tools for determining how closely a sequence mimics true
randomness.

Pseudorandom sequences can be constructed using various techniques, one of which is the
power generator.
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Definition 1.1 (Power generator).

Let k = 2, m = 1 and 9 be an integer such that (9, m) = 1. The sequence (u,) is defined
by the following recursion:

Upyr S Uk modm, 0<u,<m-1, n=012,..,
with the initial value uy = 9.

Construction. Let us define the sequence Ey = (e, ..., ey) € {—1,1}V as follows:

_ {+1, ifu, = 0 (mod 2),
n -1, ifu, =1 (mod2).

We remark that this is not the only way to define a binary sequence from the sequence (u,,).
For example, the following sequence Ay = (aq, ..., ay) is also studied in the literature, see in [10]:

_ {+1, ifu, <m/2,
m -1, otherwise.

The approach of this paper yields the same results for Ay, since one can multiply u,, by 271
and 2 modulo m, respectively, to get from Ey to Ay and back.

The significance of the power generator lies in its direct connection to key cryptographic
primitives. For instance, given a modulus m = pq where p and q are distinct odd primes, the Blum-
Blum-Shub (BBS) generator, introduced by Blum, Blum, and Shub [2], is a specific case where the
exponent is k = 2, or the RSA generator [14] where (k, ¢(m)) = 1 (throughout the paper, we write
(a,b) for the greatest common divisor and [a, b] for the least common multiple of two arbitrary
integers a, b). Its security is closely tied to the difficulty of integer factorization, making it a
cornerstone of theoretical cryptography.

Gyarmati [9] provided strong upper bounds for the pseudorandom measures of these
sequences in the prime modulus case, utilizing exponential sum estimates. However, practical
applications—such as the RSA generator and the BBS scheme—often rely on composite moduli, a
special case of this when m is a product of several distinct primes.

While the distribution of the power generator for squarefree composite moduli has been
studied by Friedlander, Pomerance and Shparlinski [6], who proved that for almost all choices of
m = pq and for almost all choices of ¥ and k the sequence (u,,) is uniformly distributed, the specific
pseudorandom measures (in the sense of Mauduit and Sarkdzy) remained less explored for the
general composite case. Further steps toward understanding sequences with composite moduli were
taken by Rivat and Sarkézy [13], who studied the construction of pseudorandom sequences using the
structure of Z,,.

El-Mabhassni [5] studied the distribution of the power generator and obtained bounds for
exponential sums containing the terms of the power generator in the general, composite moduli case.
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Later Ostafe and Shparlinski [12] proved several results in the prime modulus case, which
are similar to those in the paper of Gyarmati [9]. Furthermore, they have given a generalization of
the power generator iterating multivariate polynomials.

In a recent paper [1], Bhakta and Shparlinski have given a detailed summary of the
distribution of the power generator and exponential sums of the form er[pp e2™f (X)/P with sparse

polynomials. We mention that in [9] Gyarmati used a deep theorem of Bourgain [[3], Theorem 1]
about these sums, and Bhakta and Shparlinski proved an explicit version of it.

In this paper, we extend the results of Gyarmati [9] by proving that the power generator
maintains strong pseudorandom properties when the modulus m is a product of n distinct primes. By
applying the Chinese Remainder Theorem and generalizing the character sum estimates used in the
prime case, we provide new upper bounds for the pseudorandom measures of these sequences,
specifically for the well-distribution and correlation measures. To provide a quantitative assessment
of these properties, Mauduit and Sarkozy [11] introduced the following definitions.

Definition 1.2 (Mauduit-Sarkézy [11]). LetEy = (eq, ..., ey) € {—1,1} be a finite binary sequence,
PEN,M,NEN, X =(xq,..,x,) €E{-1,1},a€Z beN,D = (dy,..,d;) EN’ with1 < d,; <
e < d{,_

T(Ey,M,X) =|{n:0 <n <M, (eps1,€nse) = X},
where f < NandO<M <N+1-+4.

U(En, M, a,b) = SM, eqyjn,
wherel <a+b<a+Mb<N.
V(En,M,D) = Y3°5 enta, entd, " €n+dp
where M +dp, < N + 1.
Definition 1.3 (Mauduit-Sarkozy [11]).

1)  Normality measure of order ¢:

def —M/2¢
Ne(En) = Xg{n—%?cl}"0<1\yslzcvlf1—flT(EN’M’X) M/2 |

2)  Normality measure:

def
N(EN) - t’slorgrlACIl/chog ZM (EN).

3)  Well-distribution measure:

def
— _ M
W(Ey) = max|U(Ey,M,a b)| = g}bqﬁlzj:l €a+jbls
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where the maximum is taken for all a, b and M with1 <a+b <a+ bM < N and
b > 0.

4) Correlation measure of order :

def -
Ce(Ey) = %%xW(EN,M,D)l = %%xm%:ol €n+d, €n+d, "’en+d€|:

where the conditions above hold for M and D = (d,d>, ...,dp) withd; < d, < -+ <
dp<M+d,<N+1.

5) Correlation measure:

def

C(Ey) = Co(Ep).

max
¢£<log N/log 2

It is immediately seen that after a given index ng, the order of u, = 9*" modulo m will be
the same, let this order be t. Then (k,t) = 1, and let us denote the order of kK modulo ¢ by T. Thus,
the sequence uy,, Uy 41, --- is periodic with period T. Throughout this paper, we will assume that the
sequence (u,) is purely periodic.

We now present the important results from [9], these will form the basis of our proof, we
state these steps as lemmas.

Assume that m = p is an arbitrary prime. Let t,, denote the order of ¥ modulo p, and let T,
be the order of k modulo t,.

To facilitate the handling of exponential sums, we introduce the following notation for a €

e (a) = e*™m.
Theorem A. (/9], Theorem 1)
W(Er,) < p”/®(logp)?.
Theorem B. (/9], Theorem 2) For every real number e > 1/4, it holds that
Np(Er,) < k*¢=Dp7/8(logp)*+*,
where the implied constant depends only on €.

Theorem C. ([9], Theorem 3) Assume that £*> < p. Let N, = N,(9,k,6) < T, denote the largest
positive integer such that for every1 < i < j < 2N,

(k) —ki,t) <t, p°.
14 14
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Then there exists a constant (€, 8) = € > 0, depending only on € and 8, such that for the sequence

En,

Co(En,) <p'~%.

In the following lemmas, Gyarmati gave upper estimates first for complete, and then for
incomplete exponential sums containing the terms of the power generator.

Lemma 1.4. (9], Lemma 4) Suppose that h; € 7, for 1 <i <7, 9; =9" and a; € Fy, where
(h, e, hp,p —1) = 1. Let Ny (94, ..., 9y, k, 8) = N,, denote the largest positive integer such that
N, <T,,and forall0 <i < N, and1 <j<r

(kihj t)) < t, -p75,

and for every pairiy, jy,iz,jp with1l <iy,i; < N, and1 < j;,j, <71

(kilhj1 — kizhjz,tp) <t -p7% or (kilhj1 — kizhjz,tp) = tp.
If'no such N, exists, then Ny (94, ..., 9, k,6) = N, = 1.

Assume thatj € ZTp' Then there exists a constants(r,§) = €, > 0, depending only onr and §, such
that

T, x x B _ 1)7/2
przl ep (a9F + -+ a,9F )erp (x| < (tpr)l/2 <p & 4 (r:ﬁ;z )
14
If(hy, ty) = 1 also holds, then (r + 1)"/? can be replaced by (r + 1)2/2:

T x x . _ +1)1/2
Y2 ep (@9F 4 -+ a,9F )eTp(]x)| K (tpT,)Y? (p &1 4 (TNT)Z>’
14

where the implied constants are absolute.

In a special case Friedlander, Hansen and Shparlinski gave a bound in [ 7], which also appears
in the paper of Gyarmati [9].

Lemma 1.5. ([7], Theorem 8, [9], Remark 1) If9; = O for1<i< r, then assuming thatn > 1

is an integer, €, > 1/4, andt, > p*/**V fora constantv > 0:

o1 1 1
T . , N L 1
P ey (a9 + -+ a, 9" 1)eTp(]x)| & k=2DT) 2"("+1)t;"p4(’7+1),

where the implied constant depends only on €, andv.
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Lemma 1.6. (9], Lemma 2) Let a;,9; for 1 < i < and Ny, be as in Lemma 1.4, and assume that
M,L €N and L <T,. Then there exists a constant (r,8) = & > 0, depending only onr and &,
such that

x x _ (+1)T/2
[Tk e, (a0F + -+ a, 98| < (6, T2 (p &1+ TNl/Z >logp.
1

If(hy, ty) = 1 also holds, then (r + 1)"/? can be replaced by (r + 1)*/2:

N1/2

x x _ +1 1/2
[T ey, (@ 9K + -+ + @, 9F)| < (6, Tp) /2 <p g 4 THD >logp,
p

where the implied constants are absolute.

Lemma 1.7. (/9], Lemma 1, Remark 1) Letn =1 be an integer, e, > 1/4 and t, > pY2*V for a
constantv > 0. Leta;,9; = 9! for1 <i <r be as in Lemma 1.5, and letM,L € N with L < Ty,.
Then

i/ e B S
|ZM ey (@0 + -+ 0% | « kBT PO ogp,

where the implied constant depends only on €, andv. In the special case wherer = 1, we obtain the
following:

_mro1
|XMHE e, (a,9%)| « T, 2'7("“)lt;”p4(11+1)logp,

where the implied constant depends only onv.

2 Theorems

Assume that m = pq, where p < q are arbitrary primes. Let us define the numbers
t,T,ty, Ty, tq, Ty analogously to the definitions above, considering the sequence (u,) modulo m,
modulo p, and modulo q.

Theorem 2.1.

W(E) « mt/12(logm)?.

Theorem 2.2. For every real number e > 1/4, it holds that

M(ET) « k2£({’—1)m11/12(10gm)€+1’

where the implied constant depends only on ¢.
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Theorem 2.3. Assume that €3 < m. Let N,, = N,(9,k, &) < T, denote the largest positive integer
such that for everyl < i < j < 2N,

(k) —kity) <t, -p~°.

Let N, be defined similarly with respect to q, and let N : = minN,, N,. Then there exists a constant
e(®,8) =€ >0, depending only on € and 8, such that for the sequence Ey

Co(Ey) < m'™e,

3  Proofs

In [8], Friedlander and Shparlinski gave estimates for exponential sums containing terms of
the power generator in the case where the modulus is the product of two distinct primes. To do this,
they used the Chinese Remainder Theorem, which allows the reduction of the prime product case to
the prime modulus case. We will use this approach to generalize the theorems and lemmas listed in
Section 1.

First, we study the case where (T, T,) = 1. It follows that T = [T,,, T;] = T, T;. By the
Chinese Remainder Theorem, there exist a,, a, such that:

a,=1 (modT,), a;=0
a, =0 (modT,), a,=1

As n and k run through the residue classes modulo T, and Ty, respectively, the values na,, +
kag run through all residue classes modulo T'.

Lemma 3.1. Suppose that h; €Z, for 1<i<r, 9;=9", a; € Zyq, and assume that
(hy, -, hp,p—1) =1and (hy, ..., h,q — 1) = 1 hold. Then the sequence

{all‘){‘x + -+ arﬁfx}
is periodic modulo m with periodT, its period modulo p is T, and modulo q is Ty .

LetN, (94, ..., Uy, k,8) = Ny, be the largest positive integer such thatN,, < T, and forevery1 < i <
Ny and1 <j<r

(k'hj,t,) <t, - p~9,
and for every pairiy, jy,iz,j, with1l <iy,i; < N, and1 < j;,j, <71
(kilh]-1 — kizhjz,tp) <t, p7% or (kilh]-1 - kizhjz,tp) = t.

It no such N, exists, we set N, = 1. The value N, is defined analogously for the prime q.
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Then there exists a constant (v, §) = & > 0, depending only onr and §, such that forj € Zr

, 1/2 _ +1)7/2 _ +1)7/2
|51 epq(@df + -+ a9 )er(0)] < (14T, Ty) <p i %) <q i (TNI—/)2>
P q

If(hy, t,) = 1 and (hy, t;) = 1 also hold, then (r + 1)"/? can be replaced by (r + 1)'/2:

. X _ 1/2( _e @+ [ . (r+1)/?
|Z7=1 epg (a0t + -+ @97 )er ()] « (tptqTyTy) <p e )(q )
14

where the implied constants are absolute.

Finally, if9; = 9% for1 <i<r, andt, > p/?*V, t, > qY/*** for somev,p > 0, then for any
integern = 2 andg, > 1/4

B 2+l 1 1
I5T_1 epq (a9 + -+ @, 0K ep(jx)| « k2E0=D(T,T,)" 7070 (1, £, )77 (pg) D,
where the implied constant depends only on €5, v and .

Proof of Lemma 3.1. To prove Lemma 3.1, we will use the statements of Lemma 1.4. and
Lemma 1.5. Since (p,q) = 1, there exist integers A4, B, such that Ap + Bq = 1. It follows that
(B,p) =1 and (4, q) = 1. Similarly, there exist integers A;, By satistfying A;T, + B;T; = 1. We
may then write the sum as

T
Z epq(ardf” + -+ a0 )er(jx)

x=1

Tp Tq
= Z Z €pq ((Ap + Bq) [alﬁfxap+yaq + -+ arﬁfmwyaq]) eT(j(AlTp + Bqu)[xap + yaq])
x=1 y=1

Ty Tq

=| z Z ep (B [alﬁ{‘mpwaq + -+ arﬁfmpwaq]) er,(jB1x)

x=1 y=1
ceq (A[ardF T 4 a9 T ) e, (A1) |

Since, according to the observation above, the sequence {alﬁ{‘x + -+ arﬁfx} has period
T, modulo p and period T; modulo g, it is sufficient to consider the exponents modulo T}, and modulo

T, respectively.

T, Tq
Z z ep(Bla9F + -+ arﬁ}‘x])eTp (Bix)eg(Ala,9F + -+ arﬁfy])eTq (A1y)
x=1 y=1
Ty Tq
= z ep(B[alﬁfx + o+ arﬁr"x])eTp (jB1x)| - z eq (A[alﬁ{‘y + arﬁr"y])eTq (A1y)
x=1 y=1



MILAN MOLNAR

Applying the estimates of Lemma 1.4. and Lemma 1.5. completes the proof of Lemma 3.1.

Lemma 3.2. Leta;,9; for1 <i <r andNy,, N, be as in Lemma 3.1, and assume thatM,L € N with
L < T. Then there exists a constants(r,§) = & > 0, depending only onr and §, such that

M+L

Z epq(a9F + - + a, 95")

x=M
i (r +1)7/? _ (r +1)7/?
K (tpthqu)z <p &1 4 T q & + T 1ngq

14 q

Furthermore, if (hy,ty,) = 1 and (hy,ty) = 1 also hold, then (r + 1)™/2 can be replaced by (r +
1)1/2'.

M+L

z epq(a9F + -+ + a,9F")

x=M
i (r+ 12 _ (r +1)1/2
K (tpthqu)Z <p & +T q & + W logpg,

14 q

where the implied constants are absolute.

Lemma 3.3. Letn = 2 be an integer, &, > 1/4, and let t, > p*/?*V, t, > q/?** for some v, pu >
0. Leta;,9; = 9% forl < i <r beasinLemma 3.1, andM,L € N withl. <T. Then

M+L

Z epq(ar9%" + a 9% o 4 @ 9K

x=M

1-_2n+1 1 _1
&« k2£2(r—1)(Tqu) 277(’7+1)(tptq)Z’l(pq)4(’7+1)logpq,
where the implied constant depends only on €,, v and u. In the special case where v = 1, the

following holds:

M+L

Z epq(a9*")

x=M

L2l 11
& (T,T,) 2100 (4 )27 (pg)* @+ Dlog pq,

where the implied constant depends only onv and .

Proof of Lemma 3.2. and Lemma 3.3. The proof is essentially the same as those of Lemma
1.6. and Lemma 1.7. in the paper of Gyarmati .

LetS = |Z¥=+,\f, €pq (alﬁ{‘x + -+ arﬁfx)l. We will use the following well-known identity:

T

Z er (jn) = {T,ilen,

0, otherwise.

J=1



ON THE PSEUDORANDOMNESS OF THE POWER GENERATOR WITH SQUAREFREE COMPOSITE
MODULI

Using the previous identity, we can write:

M+L T

|Zepq(a1191 +- +arﬁky)zzem(y—x)>|

x=M j=

By rearranging the sums and applying the triangle inequality, we obtain

T

Z epg(@ " + - + a, 95 )er(jx)

x=1
172 _ (r+ 1)1/2 _ (r+ 1)1/2
& (tptgTpTy) (p ot N1/2 q "+ N7z )

14 q

In the special case where ¥; = 9K M for1 <i < T, we can only state the estimate for integers

n=2:
c X x+7r—1 ~ A~ 1_ﬂ i ;
z epq(a9% + -+ a, 9% er(j)| « yk22TD(T,T,) 210+ D(t,t, )27 (pq)* 0+ D)
x=1

an+2 2n+1 1
« y2n(n+1) kZSz(r U(T T) 2n(n+1)(t t )Zn(pq)4(n+1)

where :n;z —-1<0ifn = 2.

The results obtained for incomplete sums can be established in an analogous manner.

M+L

TZ ZeT(—Jx)nEepq(alﬁkH -+ a9 )er ()|

Now, let
Q:=max| ) epq (@bl + -+ a3 Yer ()l
y=1
Thus, we obtain:
T M+L
1 Z Z ,
ST er (=jx)[Q.
=1 x=M

By applying the formula for the sum of a geometric series, the triangle inequality, and the
standard identity |1 —e(x)| = 4 || x II, we get

10



MILAN MOLNAR

T

T M+L 1 T

er (—jx <Z —Z —TZ « TlogT.
21 er vl 3 2T g
j=1 x=M

Sl-e ’>| =

Applying the estimates of Lemma 3.1. to @, Lemma 3.2. and Lemma 3.3. follow. 0O

It remains to treat the case where (T, T;) # 1. In this case, we can reduce the calculation to
the one described above. For this, we will use a lemma from the paper of Friedlander and Shparlinski

[8].

Lemma 3.4. If the sequence (u,) 1s purely periodic with period T, then for integers A = 0 andy =

1, the sequence (Uy1yn) is purely periodic with period %

Proof of Lemma 3.4.
See [8] Lemma 2.6.

Lety := (T, Ty) and let us write the complete sum under investigation as follows:

T T/y
D epa(@n™+ -+ a8 er ()| = Z Z @ 0F" ™ ot a0 ) er (A + 1))
x=1 A=0 n=1
y-1 T/y
- erm)z epq (@0 + -+ @95 ) eryy (jm)
A=0
y-1 T/y

n n .
<1, et 4ot astieny 0 )

where &y ; 1= 191-"/1 and k:=k".

By Lemma 3.4, the sequence {alffn + -+ arﬂ%n} is purely periodic with period T /y, since
the sequence {alﬁfn +--+ arﬁrkn} was purely periodic with period T. It is clear that the orders of
§1,i modulo p and modulo g are t,, and t,; respectively, since these are terms of our original sequence.
Furthermore, the periods Tp and Tq of the new sequence modulo p and modulo g will be coprime,
since they are divisors of T, /y and T, /y respectively. Thus, we can apply the previously established
results:

T/y
spn R . PUPUNEY (r +1)7/2 _ (r +1)7/2
| Z €pq (alffllc.l toet arﬁ,r) eryy () ||« (tptTpTq)? (p Tt "+ 7
n=1 Ny Nq
T T \1/2 r+1)7/2 r 4 1)7/2
« (tptq ) pzq) p ( ,\1/1 q~* + ( Al/)z '
14 N, N,

11
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Note that Np = N, and IVq = N, since (kihj, tp) = (k’”'h]-kz,tp), (kilh]-1 - kizhjz,tp) =
(k7t hjlkl — kYt hjzk’l, ty), because (k, t,) = 1. The same argument applies to q. Thus, estimating
the original sum, we obtain:

T
z €pq (alﬁfx + -+ arﬁfx)eT(]'x)

x=1
172 _ (r+ 1)1/2 _ (r+ 1)1/2
& (tptqTpTy) (p ot N1/2 q N7z )

p q

In the special case where 9; = 9% “forl1 <i<r,wecan only state the estimate for integers

n=2:
d i s gt 11
z epq(a9% + -+ @, 9% er(ix)| K yk2&2CD(T,T,) 20+ D (t,t, )21 (pg)* 1+ D)
=1
¥ a2 L2+l 1 1
K yz+D k2€z(r—1)(Tqu) 2’7(’7+1)(tptq)2’7(pq)4(’7+1),
where —*2_ _ 1 < 0ifn > 2.
an(n+1)

The results obtained for incomplete sums can be established in an analogous manner.

In the following, we will use additive characters to estimate the pseudorandom measures,
following the approach of Rivat and Sarkdzy [13] as well as Gyarmati .

Lemma 3.5. For anyn € N, let r,,,(n) denote the unique integer v € {0, ...,m — 1} such thatn =
r (mod m). Then for any odd integerm, there exists a function vy, (a, x):Z X Z — C such that

1 (1, ifr,(m) =x (Mmod2),
—Ylal<m/2 Vm (@, X)ey (an) = {0, ifr,,(n) Zx (mod2).

Furthermore
ZE, ifx =0 (mod 2),
Vi (0,x) =47
" mTl, ifx =1 (mod 2),
and forl < |a|l < m/2,
[vm (@, x)| <

min{|a|,m — 2|a|}
Proof of Lemma 3.5.

See [9] Lemma 8.

12
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Using this, the following lemma is easily obtained.

Lemma 3.6. For anyn € N and an odd integerm,
1 _(+1, ifr,(n) =0 (mod 2),
E2|a|<m/zvm (a)em(an) - {_1' ime(Tl) =1 (mod 2),
where v, (a) = vy, (a,0) — vy (a, 1), and

m

vm(0)| =1, |vn(a@)] € (1 < |a] <m/2).

min{|a|,m-2|a|}
Proof of Theorem 2. 1. We divide the proof into three cases:

1) tp < p11/12 and tq < q11/12,
2) t, < p11/12 and ty > q11/12 (or t, > p11/12 and ty < q11/12),
3) t, > p11/12 and t, > q11/12‘

In Case 1, the result is trivial, since any pseudorandom measure is bounded by T, and here
T <t < t,t, < m!'/12 For the rest of the proof, W(Er) can be expressed as

M
W (Er) = max|U(Er, M, b)| = max Zea+jb .
]=

wherea € Z,b,M € N,and1 < a + b < a + Mb < T. Using the triangle inequality and the
representation from Lemma 3.6, we obtain:

M 1 M
Z €a+jb :a Z Vm(%)Z em(alua+jb)
j=1 lai|l<m/2 j=1
M
1
<= > @)l D em(@tia)
la;l<m/2 j=1

Separating the terms according to the value of (a,,m), the right-hand side can be written as

1
E(lvm(0)|M + S +S, +5,),

where

M
Si= ) 1@l 1) em (@rttasp)l,
=1

la;|l<m/2
(ap,m)=1

13
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M
o= D 1vm@al 1) em (@)l
=

lasl<p/2
a;#0

and S is defined analogously by swapping p and q:

M
Sq = Z | vin (Pa1)| - |zem (palua+jb)|-
=1

lail<q/2
a,#0

Letil; = 9**)*"Y and the period of #; modulo m be T < T, and its periods modulo p and
modulo g be Tp and Tq, respectively.

Now let us study Case 2, when t,, < p*/12 and t, > ¢''/2. In this case, we cannot apply

Lemma 3.3. directly to S;, but we can estimate the complete sum similarly to the proof of Lemma
3.1:

y-1T/y

T
1D em @8)erGO1 =1 ). ) em (@ amy)er (@ +n0))]
j=1 A=0n=1

y-1 T/y y-1 T/y
=1 er 0D ) em @Rasmler, GI < D 1) em @8rnery, G
A=0 n=1 A=0 n=1
y-1 Tap Taa

=D 1) ey Bargaer, GBI 1) eq (Aaréayen, (Al
A=0 x=1 y=1

wherej € Zz,y 1= ('T"p, Tq), $an i = Uagny, and Ty 4, T 4 are the periods of the sequence &, , modulo
p and modulo g respectively.

Since T, < T, < T, < t, < p'/2 and t, > q1/***, we use a trivial estimate for the factor related
to p. For the factor related to q, we apply Lemma 1.5. withr = 1 andn = 2:

T y-1

~ n 7/12,3/12 ~7/12,3/12
Z em(aluj)ef(jx) & Z Top '7;1,q/ tq/ q1/12 < p11/12 ) Tq/ tq/ q1/12 « mil/1z,
j:]_ A=0

For the incomplete sum, it follows similarly to Lemmas 3.2. and 3.3. that

M
| Z em (a19))] € m*Y/2logm.
j=1

14
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S K Z | Vi (a1)] - m*Y/2logm

lai|<m/2
(ap,m)=1

In Case 3, Lemma 3.3. can be used, and we obtain the same result. To estimate Sp and Sq>
let us divide M by T"p and Tq:

M =b,T,+m, b,m,eNU{0}, 0<m,<T,
M=quq+mq, bq,quNU{O}, Oqu<Tq.
Obviously M < % < prj <T, Aq, or < Tqu, which implies b, < Ty, by < T,,.
Ty My
S Y 1vm@anl- Tl Y ey @aDI1+1) ey @apl )
lail<p/2 j=1 j=1

Now we use Lemma 1.5. and Lemma 1.7. withr = 1 and n = 2.
~7/12,3/12 ~7/12,3/12
Sp < Z |vm(qap)| - (B 1263/ 2pt/12q + 1)/ 2 63/ 12 p1/12)0gp)
lai/<p/2

11/12

< Z | vim(qa)| - p qlogp

lay|<p/2

Similarly, it can be shown that

Sq K Z | vin(Pay)| - pq**/*?logg.
las1<a/2

According to Lemma 3.6, v, (0)] = 1 and |v,(aq)] < ifl <laq| < %

min{|a;|,;m-2|a4[}

1
— (M + 51+, +5,)

15
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la;l<q/3 q/3<|a,l<q/2
a,#0 a,#0

MODULI
1 m m \
&K —(M + —+ Z ————+1 | - m'/2logm
m la la| m — 2|a,|
1lsm/3 m/3<|a.|<m/2
a,#0 a,;#0
m m \
H 2 et m—2qiay T 1| P alosp
iz D afai<ps 114 /
a,#0 a,;#0
m m
+ ( Z + Z _—t 1) - q'"/2plogq)

\ pla,| m — 2pla,|

K14+ m11/12(10gm)2 + p11/12 (lng)Z + q11/12 (logq)z « mll/lZ(logm)Z
Proof of Theorem 2.2. We divide the proof into the same three cases as in Theorem 2.1.
Case 1 is similarly trivial, so we deal with Case 2 and Case 3.

Assume thate > 1/4, £ <T,and0 <M < T + 1 — £. Then, according to Lemma 3.5

T(Er,M,X) =|{n:0 <n <M, (ens1,-»nse) = X}|

M-1

Vm(ay, X1V (ag,x3) - v (ap, x) z em(Ailnss + - + Qplinip)
laql<m/2 lasl<m/2 n=0

1
<= D D (@ 1) (@ %) v (g, 20)|

layl<m/2  |agl<m/2
M-1

: 2 em(alun+1 + et at’unH’)

n=0

If (a, ..., @) = (0, ...,0), then trivially

M-1
| em @rttns + -+ + Q)| < M.

n=0
By Lemma 3.5, we get that

(m— 1){’ (m+ 1){)
T < |Vm(0' Xl)Vm(O, Xz) "'Vm(O, X{))l < T

Next, we decompose the sum:
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M-1

1

— > Im(@ ) (@ x| | ) e (@t + -+ Qi )]
laj|l<m/2 n=0

1
= W(h/m(o,xl) =V (0,x0)| - M+ 51 + S, +53),

where
N-1
Si= ) Wn@x) = vn(@ x| Y em(@tiner + o+ atni),
|ai|<m/2 n=0
(ai'm)zl
M—-1
S= Y @@ @)l | Y en(@artng + -+ @),
lail<p/2 n=0
(aq,..ap)#(0,..,0)
M-1
So= Y e ) v @an )l | Y en@asne + o+ pastn )|
lail<q/2 n=0

(aq,.--ap)%(0,..,0)

Similarly, to Theorem 2.1, we use Lemma 3.3. for estimating S;, while using Lemma 1.5.
and Lemma 1.7. for estimating S, and S; with &, = ¢, r =fandn = 2:

S; K Z [ Vi (a1, %1) -+ Vi (@p, xp)| - K2EE"Dm11/12]0gm,

lajl<m/2
(a;m)=1

Sp K Z | Vin(qaq, x1) -+ v (qag, xp)| - kEE~Dp1/12glogp,
lai|<p/2

Sq < Z | Vin(Pay, 1) -+ Vi (pag, xp)| - k¥¢~"Dpqt/12]ogg.
laf<q/2

Combining these estimates with Lemma 3.5, we obtain

1 (m+1)*

M
| 27 M_?l

|T(Ep,M,X) — M/2¢| « —

17
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[« w)

| . ke(t’—l)pll/lquogp

\ .
Z m |-k28({"1)m11/1210gm+1_[ | Z
|a;l L qla;l
lajlsm/3 i=1 | |a;lsp/3
a;#0 / /
. \
|

aith
¢
+1_[ | z T | ke-Dpgl1/1215g g
L

i=1 |\ laj|=q/3
a;#0

& 15 + kzg(["l)mll/lz(logm)“l + ke(#—1)(p11/12 (logp){’+1 + qll/lz(logq)“l)

« st({’—l)mll/IZ(lOgm)t’+1’
since £ < p, thus

1 (m+1)?* M <(m+1)f 1>M etM e€<15

— M- < —<——<—
mtl 2 2| m? 2¢ = m2t = 2¢

Proof of Theorem 2.3. Using Lemma 3.6, in the case M + d, < N + 1, we can express the
measure as

-1

M
VENMD) =1 enva, enra = ensa,
n=0

M-1
1
=1 Vi (@) V(@) ) m (Grtsa, + -+ )
lai|l<m/2 |lapl<m/2 n=0
1 M-1
S D D @) (@] | ) e (@rtinea, + -+ Qgtins)
laq|l<m/2 lagl<m/2 n=0
1
:W(M-l_Sl +Sp +Sq),
where
M-1
S1 = Z | Vm(al) Vm(af)l | €m (alun+d1 + -t a{’un+dg)|:
laj|<m/2 n=0
(aym)=1
M-1
S5= D 1@ (@D | ) em (@rtnea, + -+ Qastinga),
la{|<p/2 n=0

(@y,.,ap)#(0,...0)

18
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M-1

o= D 1@ V@) | Y e Pyt + o+ Pt
lail<a/2 =
(ay,..ap)#(0,..,0)

We will use Lemma 3.2. for estimating S;, and Lemma 1.4. and Lemma 1.6. for estimating
S, and Sg, in the case h; = k%, the conditions (h, tp) = 1and (hy,t;) = 1 hold, thus

1 (£ + 1)1/2 (£ +1)1/?
ATIRSE Z [vim (@1) = v (ap) ] - (tpthqu)Z (p‘gl t—— q s+ 7 logm
jai<m,/2 Ny q

(a;m)=1

B (£ + 1)1/? _ (£ + 1)1/?
< Z |vm(a1)...vm(af)|.m<p & +W g +W logm,

laj|l<m/2
(a;m)=1

. @+ D2
$ < ) 1vm(gan) = vm(ga)| -pa | p~ot + = — | logp,
14

. @+ D2
Sq < Z | vm (pas) - vm(pae)l - pq| q treaE logg.

lail<q/2 q

lail<p/2

If N < m'/3, the result follows immediately, since any pseudorandom measure is trivially

bounded by the length of the sequence, N.. Thus we can assume that

min{Ny, N;} = N > m*/3,

Since #3 < m, we have

Si< ) lum(@) (@] mimal,
laj|l<m/2
(aym)=1
Sy < D 1vm(@ar) = vm(qap)] - p=/2,
lail<p/2
1—81/2_

S < D) vmPa) = vm@ap] - pq
lail<q/2

Thus

1
W(M + S, 4+ S, +S;) K« mt~E/2(logm)? + p1~¥1/2(logp)t + q'~*1/2(log q)¢ « m'~1/4,
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where the implied constant depends only on &;. This yields the desired bound for sufficiently
large p and q. For small primes, the existence of a suitable ¢ > 0 follows from the assumption N <
m'/2, ensuring N < m*~¢. 00

Remark 1. It can be seen thatN < min{p, q} < m'/2, thus Theorem 2.3. gives a non-trivial estimate
ife >1/2.

We mention that there are other measures of pseudorandomness, such as the linear
complexity and the maximum order complexity. Recently, Chen, Gomez, Gomez-Pérez and Tirkel
[4] studied the connection between the correlation measure and these measures. For example, the
maximum order complexity can be estimated in terms of the correlation measure. Roughly speaking,
sequences with small correlation measure up to a sufficiently large order must have a high maximum
order complexity.

4 Generalization

It is easy to see from our proof that the lemmas and theorems can be generalized to a modulus
of the form m = p;p, -+ p,,, where p; < p, < -+ < p, are primes.

Assume that m is of this form, and let ¢, T, t{, Ty, ..., t,, T;, denote the values defined above
for the sequence (u,) modulo m, modulo py, ..., modulo p,, respectively. Then the following
theorems can be proven:

Theorem 4.1.

W(E7) « mt/12(logm)?.

Theorem 4.2. For every real number e > 1/4, it holds that

Np(Ep) « Jne(t-1)y11/12 (logm)”l,
where the implied constant depends only on €.

Theorem 4.3. Assume that "1 <m. For1 <1 <n, let N, = N;(9,k,5) < T; denote the largest
positive integer such that forevery1l < i < j < 2N,

(kI — kL t) <t -pro.

Let N :=min{Ny,N,, ..., N, }. Then there exists a constant (£,8) = € > 0, depending only on £
and &8, such that for the sequence E

C{)(EN) < ml_‘g.

The general results can be established by induction on n, following the same arguments as
in the proofs of Theorems 2.1-2.3. Since the transition from n = 2 to the general case is
straightforward and relies on an analogous decomposition of the exponential sums, we omit the
repetitive details.
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Lemma 4.4. Leth; € Z, and9; = 9™ for1 < i <r, and let a; € L}, where (h, ..., h,,p; — 1) =
1 holds for every1 < | < n. Then the sequence

{@9f” + -+ a,0F)
1s periodic modulo m with periodT, and its period modulop; isT;. For1 <l < n, let
N, (94, ..., 9, k,6) = N;
be the largest integer such that Ny < Ty, and foralll <i < Nyand1 <j<r
(k'h;,t) <t pi%,
and for every pair{iy, j1 },{i5,j2} where1 < i1,i, < Nyand1 < ji,j, <r

(kith;, —khj,6) < t;-p;® or (ki'h; —k2hj,t) = ¢.
Ifno such N, exists, then let Ny = 1.

Then there exists €(r,8) = &, > 0, depending only onr and§, such that forj € Zr

+1)7/2
e ) If (hy, 1) = 1

l

x x } 1 _
| Xr=1em (@9 + -+ a9 Der ()| < (ITfer t T2 [Ty (Pl 4

also holds for every1 < | < n, then (r + 1)™/? can be replaced by (r + 1)/2:

1 1/2
x x . = - (r+1)
|Z£=1 €m (alﬁ{( +-t+ arﬁrl'c )eT(]x)I < (H?:l 4] TZ)Z H?:l (pl “ + N1/2 )'
l

where the implied constants are absolute.

Ir9; = I for1<i< r, and t; > pll/2+w for some numbers v; > 0 for every 1 <1 < n, then
for any integern = 2 and e, > 1/4

2n+1 1

2n+n) 2n 1
Htl mATD),

=1

T 1

Z em(alﬁ{‘x + 4 arﬁfx)eT(jx)

x=1

n
<< knsz(r—l) (n Tl)

=1
where the implied constant depends only on &5, V4, ..., V.

Lemma 4.5. Let a;,9; for | <i<r and N, for1 <1 <n be as in Lemma 4.4, and assume that
M,L € N andL < T. Then there exists a constante(r, §) = & > 0, depending only onr and §, such
that

x x 1 _ +1)7/2
| ZxM:I\l/i €m (alﬁf +oeet arﬁrl'{ )| < (H?:l 6 Ty)? H?=1 <pl 4 (rN1/)2 )logm-
l
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If(hy,t) = 1 also holds for every1 < | < n, then (r + 1)7/? can be replaced by (r + 1)/?:

M+L K* K* n 2 —g | (r+D/?
| Yxonem (@97 + -+ @97 )| <K (k1 6 T2 [ (o, * + 1/ logm.
l

where the implied constants are absolute.

Lemma 4.6. Letn = 2 be an integer, £, > 1/4, and let t; > pl1 P2 for some numbers v; > 0 for
everyl <l <n. Leta;,9; =9 for1 <i <r be as in Lemma 4.4, and M,L € N with L <T.
Then

M+L

z em (@ 9% + a 9% o 4 a, 0K

x=M
n
& kne2(r-1) (l—[ Tl>

=1

2n+1 1

1) 27 1
t; | m*@+tDlogm,
l

=1

1

where the implied constant depends only on &,,Vy, ..., V.

In the special case wherer = 1, the following can be stated:

2n+1 1 1

1— _
| 28 em (a9 < ([Tie1 7)) 200 (1L, )1 m* @+ Dlogm,

where the implied constant depends only on vy, ..., vy.
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  (  h 1 ,   t  p ) = 1


  ( r + 1  )  r / 2


  ( r + 1  )  1 / 2


   |   ∑  x = 1    T  p    e  p (   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x )   e    T  p ( j x ) | ≪ (   t  p   T  p  )  1 / 2  (   p  −   𝜀 1 +   ( r + 1  )  1 / 2    N  p  1 / 2 ) ,


    𝜗  i =   𝜗    k  i − 1


  1 ≤ i ≤ r


  𝜂 ≥ 1


    𝜀 2 > 1 / 4


    t  p >   p  1 / 2 + 𝜈


  𝜈 > 0


   |   ∑  x = 1    T  p    e  p (   a 1   𝜗    k  x + ⋯ +   a  r   𝜗    k  x + r − 1 )   e    T  p ( j x ) | ≪   k    𝜀 2 ( r − 1 )   T  p  1 −   2 𝜂 + 1  2 𝜂 ( 𝜂 + 1 )   t  p   1  2 𝜂   p   1  4 ( 𝜂 + 1 ) ,


    𝜀 2


  𝜈


    a  i ,   𝜗  i


  1 ≤ i ≤ r


    N  p


  M , L ∈ ℕ


  L <   T  p


  𝜀 ( r , 𝛿 ) =   𝜀 1 > 0


  r


  𝛿


   |   ∑  x = M  M + L    e  p  (   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x ) | ≪ (   t  p   T  p  )  1 / 2  (   p  −   𝜀 1 +   ( r + 1  )  r / 2    N  p  1 / 2 ) log p .


  (  h 1 ,   t  p ) = 1


  ( r + 1  )  r / 2


  ( r + 1  )  1 / 2


   |   ∑  x = M  M + L    e  p (   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x ) | ≪ (   t  p   T  p  )  1 / 2  (   p  −   𝜀 1 +   ( r + 1  )  1 / 2    N  p  1 / 2 ) log p ,


  𝜂 ≥ 1


    𝜀 2 > 1 / 4


    t  p >   p  1 / 2 + 𝜈


  𝜈 > 0


    a  i ,   𝜗  i =   𝜗  i − 1


  1 ≤ i ≤ r


  M , L ∈ ℕ


  L <   T  p


   |   ∑  x = M  M + L    e  p (   a 1   𝜗    k  x + ⋯ +   a  r   𝜗    k  x + r − 1 ) | ≪   k    𝜀 2 ( r − 1 )   T  p  1 −   2 𝜂 + 1  2 𝜂 ( 𝜂 + 1 )   t  p   1  2 𝜂   p   1  4 ( 𝜂 + 1 ) log p ,


    𝜀 2


  𝜈


  r = 1


   |   ∑  x = M  M + L    e  p (   a 1   𝜗    k  x ) | ≪   T  p  1 −   2 𝜂 + 1  2 𝜂 ( 𝜂 + 1 )   t  p   1  2 𝜂   p   1  4 ( 𝜂 + 1 ) log p ,


  𝜈


  m = p q


  p < q


  t , T ,   t  p ,   T  p ,   t  q ,   T  q


  (   u  n )


  m


  p


  q


  𝒲 (   E  T ) ≪   m  11 / 12 ( log m  ) 2 .


  𝜀 > 1 / 4


    𝒩 ℓ (   E  T ) ≪   k  2 𝜀  ( ℓ − 1 )   m  11 / 12 ( log m  )  ℓ + 1 ,


  𝜀


   ℓ 3 < m


    N  p =   N  p  ( 𝜗 , k , 𝛿 ) ≤   T  p


  1 ≤ i < j ≤ 2   N  p


  (   k  j −   k  i ,   t  p ) ≤   t  p ⋅   p  − 𝛿 .


    N  q


  q


  N   : = m i n   N  p ,   N  q


  𝜀  ( ℓ , 𝛿 ) = 𝜀 > 0


  ℓ


  𝛿


    E  N


    𝒞 ℓ (   E  N ) ≤   m  1 − 𝜀 .


  (   T  p ,   T  q ) = 1


  T = [   T  p ,   T  q ] =   T  p   T  q


    𝛼  p ,   𝛼  q


        𝛼  p ≡ 1            ( m o d   T  p ) ,             𝛼  q ≡ 0      𝛼  p ≡ 0            ( m o d   T  q ) ,             𝛼  q ≡ 1  ( m o d   T  q ) .


  n


  k


    T  p


    T  q


  n   𝛼  p + k   𝛼  q


  T


   h  i ∈  ℤ +


  1 ≤ i ≤ r


    𝜗  i =   𝜗   h  i


    a  i ∈  ℤ  p q ∗


  (  h 1 , … ,  h  r , p − 1 ) = 1


  (  h 1 , … ,  h  r , q − 1 ) = 1


   {   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x }


  m


  T


  p


    T  p


  q


    T  q


    N  p  (   𝜗 1 , … ,   𝜗  r , k , 𝛿 ) =   N  p


    N  p ≤   T  p


  1 ≤ i ≤   N  p


  1 ≤ j ≤ r


  (   k  i  h  j ,   t  p ) ≤   t  p ⋅   p  − 𝛿 ,


    i 1 ,   j 1 ,   i 2 ,   j 2


  1 ≤   i 1 ,   i 2 ≤   N  p


  1 ≤   j 1 ,   j 2 ≤ r


  (   k    i 1  h    j 1 −   k    i 2  h    j 2 ,   t  p ) ≤   t  p ⋅   p  − 𝛿   or   (   k    i 1  h    j 1 −   k    i 2  h    j 2 ,   t  p ) =   t  p .


    N  p


    N  p = 1


    N  q


  q


  𝜀 ( r , 𝛿 ) =   𝜀 1 > 0


  r


  𝛿


  j ∈  ℤ  T


   |   ∑  x = 1  T     e  p q  (   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x )   e  T ( j x ) | ≪    (   t  p   t  q   T  p   T  q )  1 / 2  (   p  −   𝜀 1 +   ( r + 1  )  r / 2    N  p  1 / 2 )  (   q  −   𝜀 1 +   ( r + 1  )  r / 2    N  q  1 / 2 ) .


  (  h 1 ,   t  p ) = 1


  (  h 1 ,   t  q ) = 1


  ( r + 1  )  r / 2


  ( r + 1  )  1 / 2


   |   ∑  x = 1  T     e  p q  (   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x )   e  T ( j x ) | ≪    (   t  p   t  q   T  p   T  q )  1 / 2  (   p  −   𝜀 1 +   ( r + 1  )  1 / 2    N  p  1 / 2 )  (   q  −   𝜀 1 +   ( r + 1  )  1 / 2    N  q  1 / 2 ) ,


    𝜗  i =   𝜗    k  i − 1


  1 ≤ i ≤ r


    t  p >   p  1 / 2 + 𝜈


    t  q >   q  1 / 2 + 𝜇


  𝜈 , 𝜇 > 0


  𝜂 ≥ 2


    𝜀 2 > 1 / 4


   |   ∑  x = 1  T     e  p q  (   a 1   𝜗    k  x + ⋯ +   a  r   𝜗    k  x + r − 1 )   e  T ( j x ) | ≪   k  2   𝜀 2 ( r − 1 )    (   T  p   T  q )  1 −   2 𝜂 + 1  2 𝜂 ( 𝜂 + 1 )    (   t  p   t  q )   1  2 𝜂 ( p q  )   1  4 ( 𝜂 + 1 ) ,


    𝜀 2


  𝜈


  𝜇


  ( p , q ) = 1


  A , B


  A p + B q = 1


  ( B , p ) = 1


  ( A , q ) = 1


    A 1 ,   B 1


    A 1   T  p +   B 1   T  q = 1


   |   ∑  x = 1  T     e  p q  (   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x )   e  T ( j x ) |


     =  |   ∑  x = 1    T  p     ∑  y = 1    T  q     e  p q  ( ( A p + B q )  [   a 1   𝜗 1    k  x   𝛼  p + y   𝛼  q + ⋯ +   a  r   𝜗  r    k  x   𝛼  p + y   𝛼  q ] )   e  T  ( j  (   A 1   T  p +   B 1   T  q )  [ x   𝛼  p + y   𝛼  q ] ) |   = ∣   ∑  x = 1    T  p     ∑  y = 1    T  q     e  p  ( B  [   a 1   𝜗 1    k  x   𝛼  p + y   𝛼  q + ⋯ +   a  r   𝜗  r    k  x   𝛼  p + y   𝛼  q ] )   e    T  p  ( j   B 1 x )   ⋅   e  q  ( A  [   a 1   𝜗 1    k  x   𝛼  p + y   𝛼  q + ⋯ +   a  r   𝜗  r    k  x   𝛼  p + y   𝛼  q ] )   e    T  q  ( j   A 1 y ) ∣


     =  |   ∑  x = 1    T  p     ∑  y = 1    T  q     e  p q  ( ( A p + B q )  [   a 1   𝜗 1    k  x   𝛼  p + y   𝛼  q + ⋯ +   a  r   𝜗  r    k  x   𝛼  p + y   𝛼  q ] )   e  T  ( j  (   A 1   T  p +   B 1   T  q )  [ x   𝛼  p + y   𝛼  q ] ) |   = ∣   ∑  x = 1    T  p     ∑  y = 1    T  q     e  p  ( B  [   a 1   𝜗 1    k  x   𝛼  p + y   𝛼  q + ⋯ +   a  r   𝜗  r    k  x   𝛼  p + y   𝛼  q ] )   e    T  p  ( j   B 1 x )   ⋅   e  q  ( A  [   a 1   𝜗 1    k  x   𝛼  p + y   𝛼  q + ⋯ +   a  r   𝜗  r    k  x   𝛼  p + y   𝛼  q ] )   e    T  q  ( j   A 1 y ) ∣


  {   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x }


    T  p


  p


    T  q


  q


    T  p


    T  q


       |   ∑  x = 1    T  p     ∑  y = 1    T  q     e  p  ( B  [   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x ] )   e    T  p  ( j   B 1 x )   e  q  ( A  [   a 1   𝜗 1    k  y + ⋯ +   a  r   𝜗  r    k  y ] )   e    T  q  ( j   A 1 y ) |    =  |   ∑  x = 1    T  p     e  p  ( B  [   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x ] )   e    T  p  ( j   B 1 x ) | ⋅  |   ∑  y = 1    T  q     e  q  ( A  [   a 1   𝜗 1    k  y + ⋯ +   a  r   𝜗  r    k  y ] )   e    T  q  ( j   A 1 y ) |


    a  i ,   𝜗  i


  1 ≤ i ≤ r


    N  p ,   N  q


  M , L ∈ ℕ


  L < T


  𝜀 ( r , 𝛿 ) =   𝜀 1 > 0


  r


  𝛿


   |   ∑  x = M  M + L     e  p q  (   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x ) | ≪    (   t  p   t  q   T  p   T  q )   1 2  (   p  −   𝜀 1 +   ( r + 1  )  r / 2    N  p  1 / 2 )  (   q  −   𝜀 1 +   ( r + 1  )  r / 2    N  q  1 / 2 ) log ⁡ p q .


  (  h 1 ,   t  p ) = 1


  (  h 1 ,   t  q ) = 1


  ( r + 1  )  r / 2


  ( r + 1  )  1 / 2


   |   ∑  x = M  M + L     e  p q  (   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x ) | ≪    (   t  p   t  q   T  p   T  q )   1 2  (   p  −   𝜀 1 +   ( r + 1  )  1 / 2    N  p  1 / 2 )  (   q  −   𝜀 1 +   ( r + 1  )  1 / 2    N  q  1 / 2 ) log ⁡ p q ,


  𝜂 ≥ 2


    𝜀 2 > 1 / 4


    t  p >   p  1 / 2 + 𝜈


    t  q >   q  1 / 2 + 𝜇


  𝜈 , 𝜇 > 0


    a  i ,   𝜗  i =   𝜗    k  i − 1


  1 ≤ i ≤ r


  M , L ∈ ℕ


  L < T


   |   ∑  x = M  M + L     e  p q  (   a 1   𝜗    k  x +   a 2   𝜗    k  x + 1 ⋯ +   a  r   𝜗    k  x + r − 1 ) | ≪   k  2   𝜀 2 ( r − 1 )    (   T  p   T  q )  1 −   2 𝜂 + 1  2 𝜂 ( 𝜂 + 1 )    (   t  p   t  q )   1  2 𝜂 ( p q  )   1  4 ( 𝜂 + 1 ) log ⁡ p q ,


    𝜀 2


  𝜈


  𝜇


  r = 1


   |   ∑  x = M  M + L     e  p q  (   a 1   𝜗    k  x ) | ≪    (   T  p   T  q )  1 −   2 𝜂 + 1  2 𝜂 ( 𝜂 + 1 )    (   t  p   t  q )   1  2 𝜂 ( p q  )   1  4 ( 𝜂 + 1 ) log ⁡ p q ,


  𝜈


  𝜇


  S =  |   ∑  x = M  M + L    e  p q (   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x ) |


    ∑  j = 1  T    e  T ( j n ) =  {    T , if  T | n ,   0 ,  otherwise.


  S =  1  T |   ∑  y = 1  T    e  p q (   a 1   𝜗 1    k  y + ⋯ +   a  r   𝜗  r    k  y )   ∑  x = M  M + L    ∑  j = 1  T    e  T ( j ( y − x ) ) |


   |   ∑  x = 1  T     e  p q  (   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x )   e  T ( j x ) | ≪    (   t  p   t  q   T  p   T  q )  1 / 2  (   p  −   𝜀 1 +   ( r + 1  )  1 / 2    N  p  1 / 2 )  (   q  −   𝜀 1 +   ( r + 1  )  1 / 2    N  q  1 / 2 ) .


    𝜗  i =   𝜗    k  i − 1


  1 ≤ i ≤ r


  𝜂 ≥ 2


      |   ∑  x = 1  T     e  p q  (   a 1   𝜗    k  x + ⋯ +   a  r   𝜗    k  x + r − 1 )   e  T  ( j x ) | ≪ 𝛾   k  2   𝜀 2  ( r − 1 )    (     T ^  p     T ^  q )  1 −   2 𝜂 + 1  2 𝜂  ( 𝜂 + 1 )    (   t  p   t  q )   1  2 𝜂 ( p q  )   1  4  ( 𝜂 + 1 )   ≪   𝛾    4 𝜂 + 2  2 𝜂  ( 𝜂 + 1 ) − 1   k  2   𝜀 2  ( r − 1 )    (   T  p   T  q )  1 −   2 𝜂 + 1  2 𝜂  ( 𝜂 + 1 )    (   t  p   t  q )   1  2 𝜂 ( p q  )   1  4  ( 𝜂 + 1 ) ,


    4 𝜂 + 2  4 𝜂 ( 𝜂 + 1 ) − 1 ≤ 0


  𝜂 ≥ 2


   1  T   ∑  j = 1  T |   ∑  x = M  M + L    e  T ( − j x ) | |   ∑  y = 1  T    e  p q (   a 1   𝜗 1    k  y + ⋯ +   a  r   𝜗  r  k y )   e  T ( j y ) |


  Q   : =  max  j |   ∑  y = 1  T    e  p q (   a 1   𝜗 1    k  y + ⋯ +   a  r   𝜗  r    k  y )   e  T ( j y ) | .


  S ≤  1  T   ∑  j = 1  T |   ∑  x = M  M + L    e  T ( − j x ) | Q .


  | 1 − e ( x ) | ≥ 4 ∥ x ∥


    ∑  j = 1  T |   ∑  x = M  M + L    e  T ( − j x ) | ≤   ∑  j = 1  T   2  | 1 − e (   − j  T ) | ≤  1 2   ∑  j = 1  T   1  | | j / T | | = T   ∑  j = 1  T   1  j ≪ T log T .


  Q


  (   T  p ,   T  q ) ≠ 1


  (   u  n )


  T


  𝜆 ≥ 0


  𝛾 ≥ 1


  (   u  𝜆 + 𝛾 n )


    T  ( T , 𝛾 )


  𝛾   : = (   T  p ,   T  q )


      |   ∑  x = 1  T     e  p q  (   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x )   e  T ( j x ) | =  |   ∑  𝜆 = 0  𝛾 − 1     ∑  n = 1  T / 𝛾     e  p q  (   a 1   𝜗 1    k  𝜆 + n 𝛾 + ⋯ +   a  r   𝜗  r    k  𝜆 + n 𝛾 )   e  T ( j ( 𝜆 + n 𝛾 ) ) |   =  |   ∑  𝜆 = 0  𝛾 − 1     e  T ( j 𝜆 )   ∑  n = 1  T / 𝛾     e  p q  (   a 1   𝜗 1    k  𝜆 + n 𝛾 + ⋯ +   a  r   𝜗  r    k  𝜆 + n 𝛾 )   e  T / 𝛾 ( j n ) |    ≤   ∑  𝜆 = 0  𝛾 − 1   ∣   ∑  n = 1  T / 𝛾     e  p q  (   a 1   𝜉  𝜆 , 1    k  n + ⋯ +   a  r   𝜉  𝜆 , r    k  n )   e  T / 𝛾 ( j n ) ) ∣ ,


    𝜉  𝜆 , i   : =   𝜗  i    k  𝜆


    k ^   : =   k  𝛾


  {   a 1   𝜉 1      k ^  n + ⋯ +   a  r   𝜉  r      k ^  n }


  T / 𝛾


  {   a 1   𝜗 1    k  n + ⋯ +   a  r   𝜗  r    k  n }


  T


    𝜉  𝜆 , i


  p


  q


    t  p


    t  q


      T ^  p


      T ^  q


  p


  q


    T  p / 𝛾


    T  q / 𝛾


      ∣   ∑  n = 1  T / 𝛾     e  p q  (   a 1     𝜉 ^  𝜆 , 1      k ^  n + ⋯ +   a  r     𝜉 ^  𝜆 , r  n )   e  T / 𝛾 ( j n ) )  | ≪    (   t  p   t  q     T ^  p     T ^  q )   1 2  (   p  −   𝜀 1 +   ( r + 1  )  r / 2      N ^  p  1 / 2 )  (   q  −   𝜀 1 +   ( r + 1  )  r / 2      N ^  q  1 / 2 )   ≪    (   t  p   t  q ⋅     T  p   T  q    𝛾 2 )  1 / 2  (   p  −   𝜀 1 +   ( r + 1  )  r / 2      N ^  p  1 / 2 )  (   q  −   𝜀 1 +   ( r + 1  )  r / 2      N ^  q  1 / 2 ) .


      N ^  p =   N  p


      N ^  q =   N  q


  (   k  i  h  j ,   t  p ) = (   k  𝛾 i  h  j   k  𝜆 ,   t  p )


  (   k    i 1  h    j 1 −   k    i 2  h    j 2 ,   t  p ) = (   k  𝛾   i 1  h    j 1   k  𝜆 −   k  𝛾   i 2  h    j 2   k  𝜆 ,   t  p )


  ( k ,   t  p ) = 1


  q


   |   ∑  x = 1  T     e  p q  (   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x )   e  T ( j x ) | ≪    (   t  p   t  q   T  p   T  q )  1 / 2  (   p  −   𝜀 1 +   ( r + 1  )  1 / 2    N  p  1 / 2 )  (   q  −   𝜀 1 +   ( r + 1  )  1 / 2    N  q  1 / 2 ) .


    𝜗  i =   𝜗    k  i − 1


  1 ≤ i ≤ r


  𝜂 ≥ 2


      |   ∑  x = 1  T     e  p q  (   a 1   𝜗    k  x + ⋯ +   a  r   𝜗    k  x + r − 1 )   e  T ( j x ) | ≪ 𝛾   k  2   𝜀 2 ( r − 1 )    (     T ^  p     T ^  q )  1 −   2 𝜂 + 1  2 𝜂 ( 𝜂 + 1 )    (   t  p   t  q )   1  2 𝜂 ( p q  )   1  4 ( 𝜂 + 1 )   ≪   𝛾    4 𝜂 + 2  2 𝜂 ( 𝜂 + 1 ) − 1   k  2   𝜀 2 ( r − 1 )    (   T  p   T  q )  1 −   2 𝜂 + 1  2 𝜂 ( 𝜂 + 1 )    (   t  p   t  q )   1  2 𝜂 ( p q  )   1  4 ( 𝜂 + 1 ) ,


    4 𝜂 + 2  4 𝜂 ( 𝜂 + 1 ) − 1 ≤ 0


  𝜂 ≥ 2


  n ∈ ℕ


    r  m ( n )


  r ∈ { 0 , … , m − 1 }


  n ≡ r   ( m o d   m )


  m


    𝜈  m ( a , x ) : ℤ × ℤ → ℂ


   1  m   ∑  | a | < m / 2     𝜈  m ( a , x )   e  m ( a n ) =  {     1 ,            if    r  m ( n ) ≡ x           ( m o d 2 ) ,    0 ,            if    r  m ( n ) ≢ x           ( m o d 2 ) .


    𝜈  m ( 0 , x ) =  {      m + 1 2 ,  if  x ≡ 0   ( mod   2 ) ,     m − 1 2 ,  if  x ≡ 1   ( mod   2 ) ,


  1 ≤ | a | < m / 2


  |   𝜈  m ( a , x ) | ≪   m  min { | a | , m − 2 | a | } .


  n ∈ ℕ


  m


   1  m   ∑  | a | < m / 2 ​    𝜈  m ( a )   e  m ( a n ) =  {    + 1 ,  if    r  m ( n ) ≡ 0   ( mod   2 ) ,   − 1 ,  if    r  m ( n ) ≡ 1   ( mod   2 ) ,


    𝜈  m ( a ) =   𝜈  m ( a , 0 ) −   𝜈  m ( a , 1 )


  |   𝜈  m ( 0 ) | = 1 ,   |   𝜈  m ( a ) | ≪   m  m i n { | a | , m − 2 | a | }   ( 1 ≤ | a | < m / 2 ) .


    t  p ≤   p  11 / 12


    t  q ≤   q  11 / 12


    t  p ≤   p  11 / 12


    t  q >   q  11 / 12


    t  p >   p  11 / 12


    t  q ≤   q  11 / 12


    t  p >   p  11 / 12


    t  q >   q  11 / 12


  T


  T ≤ t ≤   t  p   t  q ≤   m  11 / 12


  𝒲 (   E  T )


  𝒲 (   E  T ) =  max  a , b , M | U (   E  T , M , a , b ) | =  max  a , b , M  |   ∑  j = 1  M    e  a + j b | ,


  a ∈ ℤ


  b , M ∈ ℕ


  1 ≤ a + b ≤ a + M b ≤ T


   |   ∑  j = 1  M     e  a + j b | =  1  m  |   ∑   |   a 1 | < m / 2     𝜈  m  (   a 1 )   ∑  j = 1  M     e  m  (   a 1   u  a + j b ) | ≤  1  m   ∑   |   a 1 | < m / 2    |   𝜈  m  (   a 1 ) | ⋅  |   ∑  j = 1  M     e  m  (   a 1   u  a + j b ) |


  (   a 1 , m )


   1  m ( |   𝜈  m ( 0 ) | M +   S 1 +   S  p +   S  q ) ,


    S 1 =   ∑     |   a 1 | < m / 2   (   a 1 , m ) = 1 ​ |   𝜈  m (   a 1 ) | ⋅ |   ∑  j = 1  M    e  m (   a 1   u  a + j b ) | ,


    S  p =   ∑     |   a 1 | < p / 2     a 1 ≠ 0 ​ |   𝜈  m ( q   a 1 ) | ⋅ |   ∑  j = 1  M    e  m ( q   a 1   u  a + j b ) | ,


    S  q


  p


  q


    S  q =   ∑     |   a 1 | < q / 2     a 1 ≠ 0 ​ |   𝜈  m ( p   a 1 ) | ⋅ |   ∑  j = 1  M    e  m ( p   a 1   u  a + j b ) | .


      u ^  j = (   𝜗    k  a  )  (   k  b  )  j


      u ^  j


  m


    T ^ ≤ T


  p


  q


      T ^  p


      T ^  q


    t  p ≤   p  11 / 12


    t  q >   q  11 / 12


    S 1


  |   ∑  j = 1    T ^    e  m (   a 1     u ^  j )   e    T ^ (   j ^ x ) | = |   ∑  𝜆 = 0  𝛾 − 1    ∑  n = 1    T ^ / 𝛾    e  m (   a 1     u ^  𝜆 + n 𝛾 )   e    T ^ (   j ^ ( 𝜆 + n 𝛾 ) ) |


  = |   ∑  𝜆 = 0  𝛾 − 1    e    T ^ (   j ^ 𝜆 )   ∑  n = 1    T ^ / 𝛾    e  m (   a 1     u ^  𝜆 + n 𝛾 )   e    T ^ / 𝛾 (   j ^ n ) | ≤   ∑  𝜆 = 0  𝛾 − 1 |   ∑  n = 1    T ^ / 𝛾    e  m (   a 1   𝜉  𝜆 , n )   e    T ^ / 𝛾 (   j ^ n ) ) |


  = |   ∑  𝜆 = 0  𝛾 − 1    e    T ^ (   j ^ 𝜆 )   ∑  n = 1    T ^ / 𝛾    e  m (   a 1     u ^  𝜆 + n 𝛾 )   e    T ^ / 𝛾 (   j ^ n ) | ≤   ∑  𝜆 = 0  𝛾 − 1 |   ∑  n = 1    T ^ / 𝛾    e  m (   a 1   𝜉  𝜆 , n )   e    T ^ / 𝛾 (   j ^ n ) ) |


  =   ∑  𝜆 = 0  𝛾 − 1 |   ∑  x = 1    𝒯  𝜆 , p    e  p ( B   a 1   𝜉  𝜆 , x )   e    𝒯  𝜆 , p (   j ^   B 1 x ) | ⋅ |   ∑  y = 1    𝒯  𝜆 , q    e  q ( A   a 1   𝜉  𝜆 , y )   e    𝒯  𝜆 , q (   j ^   A 1 y ) | ,


  =   ∑  𝜆 = 0  𝛾 − 1 |   ∑  x = 1    𝒯  𝜆 , p    e  p ( B   a 1   𝜉  𝜆 , x )   e    𝒯  𝜆 , p (   j ^   B 1 x ) | ⋅ |   ∑  y = 1    𝒯  𝜆 , q    e  q ( A   a 1   𝜉  𝜆 , y )   e    𝒯  𝜆 , q (   j ^   A 1 y ) | ,


    j ^ ∈  ℤ    T ^


  𝛾   : = (     T ^  p ,     T ^  q )


    𝜉  𝜆 , n   : =     u ^  𝜆 + n 𝛾


    𝒯  𝜆 , p ,   𝒯  𝜆 , q


    𝜉  𝜆 , n


  p


  q


    𝒯  𝜆 , p ≤     T ^  p ≤   T  p ≤   t  p ≤   p  11 / 12


    t  q >   q  1 / 2 + 𝜇


  p


  q


  r = 1


  𝜂 = 2


   |   ∑  j = 1    T ^     e  m  (   a 1     u ^  j )   e    T ^ (   j ^ x ) | ≪   ∑  𝜆 = 0  𝛾 − 1     𝒯  𝜆 , p ⋅   𝒯  𝜆 , q  7 / 12   t  q  3 / 12   q  1 / 12 ≤   p  11 / 12 ⋅     T ^  q  7 / 12   t  q  3 / 12   q  1 / 12 ≪   m  11 / 12 .


  |   ∑  j = 1  M    e  m (   a 1     u ^  j ) | ≪   m  11 / 12 log m .


    S 1 ≪   ∑     |   a 1 | < m / 2   (   a 1 , m ) = 1 ​ |   𝜈  m (   a 1 ) | ⋅   m  11 / 12 log m


    S  p


    S  q


  M


      T ^  p


      T ^  q


     M  =   b  p     T ^  p +   m  p ,     b  p ,   m  p ∈ ℕ ∪ { 0 } ,   0 ≤   m  p <     T ^  p ,   M  =   b  q     T ^  q +   m  q ,     b  q ,   m  q ∈ ℕ ∪ { 0 } ,   0 ≤   m  q <     T ^  q .


  M ≤   T  b ≤     T  p   T  q  b ≤   T  p     T ^  q


  ≤     T ^  p   T  q


    b  p ≤   T  q


    b  q ≤   T  p


    S  p ≪   ∑  |   a 1 | < p / 2 ​ |   𝜈  m ( q   a 1 ) | ⋅ (   T  q |   ∑  j = 1      T ^  p    e  p (   a 1     u ^  j ) | + |   ∑  j = 1    m  p    e  p (   a 1     u ^  j )  | )


  r = 1


  𝜂 = 2


    S  p ≪   ∑  |   a 1 | < p / 2 ​ |   𝜈  m ( q   a 1 ) | ⋅ (     T ^  p  7 / 12   t  p  3 / 12   p  1 / 12 q +     T ^  p  7 / 12   t  p  3 / 12   p  1 / 12 log p )


  ≪   ∑  |   a 1 | < p / 2 ​ |   𝜈  m ( q   a 1 ) | ⋅   p  11 / 12 q log p


  ≪   ∑  |   a 1 | < p / 2 ​ |   𝜈  m ( q   a 1 ) | ⋅   p  11 / 12 q log p


    S  q ≪   ∑  |   a 1 | < q / 2 ​ |   𝜈  m ( p   a 1 ) | ⋅ p   q  11 / 12 log q .


  |   𝜈  m ( 0 ) | = 1


  |   𝜈  m (   a 1 ) | ≪   m  min { |   a 1 | , m − 2 |   a 1 | }


  1 ≤ |   a 1 | <   m 2


   1  m ( M +   S 1 +   S  p +   S  q )


     ≪  1  m ( M  +  (   ∑     |   a 1 | ≤ m / 3     a 1 ≠ 0 ​    m  |   a 1 | +   ∑     m / 3 < |   a 1 | < m / 2     a 1 ≠ 0 ​    m  m − 2 |   a 1 | + 1 ) ⋅   m  11 / 12 log m    +  (   ∑     |   a 1 | ≤ p / 3     a 1 ≠ 0 ​    m  q |   a 1 | +   ∑     p / 3 < |   a 1 | < p / 2     a 1 ≠ 0 ​    m  m − 2 q |   a 1 | + 1 ) ⋅   p  11 / 12 q log p    +  (   ∑     |   a 1 | ≤ q / 3     a 1 ≠ 0 ​    m  p |   a 1 | +   ∑     q / 3 < |   a 1 | < q / 2     a 1 ≠ 0 ​    m  m − 2 p |   a 1 | + 1 ) ⋅   q  11 / 12 p log q )


  ≪ 1 +   m  11 / 12 ( log m  ) 2 +   p  11 / 12 ( log p  ) 2 +   q  11 / 12 ( log q  ) 2 ≪   m  11 / 12 ( log m  ) 2


  ≪ 1 +   m  11 / 12 ( log m  ) 2 +   p  11 / 12 ( log p  ) 2 +   q  11 / 12 ( log q  ) 2 ≪   m  11 / 12 ( log m  ) 2


  𝜀 > 1 / 4


  ℓ ≤ T


  0 < M ≤ T + 1 − ℓ


  T (   E  T , M , X ) =  |  { n : 0 ≤ n < M , (   e  n + 1 , … ,   e  n + ℓ ) = X } |


  =  1    m ℓ  |   ∑   |   a 1 | < m / 2   ⋯   ∑   |   a ℓ | < m / 2     𝜈  m  (   a 1 ,   x 1 )   𝜈  m  (   a 2 ,   x 2 ) ⋯   𝜈  m  (   a ℓ ,   x ℓ )   ∑  n = 0  M − 1     e  m  (   a 1   u  n + 1 + ⋯ +   a ℓ   u  n + ℓ ) |


  =  1    m ℓ  |   ∑   |   a 1 | < m / 2   ⋯   ∑   |   a ℓ | < m / 2     𝜈  m  (   a 1 ,   x 1 )   𝜈  m  (   a 2 ,   x 2 ) ⋯   𝜈  m  (   a ℓ ,   x ℓ )   ∑  n = 0  M − 1     e  m  (   a 1   u  n + 1 + ⋯ +   a ℓ   u  n + ℓ ) |


  ≤  1    m ℓ   ∑   |   a 1 | < m / 2   ⋯   ∑   |   a ℓ | < m / 2    |   𝜈  m  (   a 1 ,   x 1 )   𝜈  m  (   a 2 ,   x 2 ) ⋯   𝜈  m  (   a ℓ ,   x ℓ ) | ⋅  |   ∑  n = 0  M − 1     e  m  (   a 1   u  n + 1 + ⋯ +   a ℓ   u  n + ℓ ) | .


  ≤  1    m ℓ   ∑   |   a 1 | < m / 2   ⋯   ∑   |   a ℓ | < m / 2    |   𝜈  m  (   a 1 ,   x 1 )   𝜈  m  (   a 2 ,   x 2 ) ⋯   𝜈  m  (   a ℓ ,   x ℓ ) | ⋅  |   ∑  n = 0  M − 1     e  m  (   a 1   u  n + 1 + ⋯ +   a ℓ   u  n + ℓ ) | .


  (   a 1 , … ,   a ℓ ) = ( 0 , … , 0 )


  |   ∑  n = 0  M − 1    e  m (   a 1   u  n + 1 + ⋯ +   a ℓ   u  n + ℓ ) | ≤ M .


    ( m − 1  ) ℓ   2 ℓ ≤ |   𝜈  m ( 0 ,   x 1 )   𝜈  m ( 0 ,   x 2 ) ⋯   𝜈  m ( 0 ,   x ℓ ) | ≤   ( m + 1  ) ℓ   2 ℓ .


   1    m ℓ   ∑  |   a  i | < m / 2 ​ |   𝜈  m (   a 1 ,   x 1 ) ⋯   𝜈  m (   a ℓ ,   x ℓ ) | ⋅ |   ∑  n = 0  M − 1    e  m (   a 1   u  n + 1 + ⋯ +   a ℓ   u  n + ℓ ) |


  =  1    m ℓ ( |   𝜈  m ( 0 ,   x 1 ) ⋯   𝜈  m ( 0 ,   x ℓ ) | ⋅ M +   S 1 +   S  p +   S  q ) ,


  =  1    m ℓ ( |   𝜈  m ( 0 ,   x 1 ) ⋯   𝜈  m ( 0 ,   x ℓ ) | ⋅ M +   S 1 +   S  p +   S  q ) ,


    S 1 =   ∑      |   a  i | < m / 2    (   a  i , m ) = 1    |   𝜈  m  (   a 1 ,   x 1 ) ⋯   𝜈  m  (   a ℓ ,   x ℓ ) | ⋅  |   ∑  n = 0  N − 1     e  m  (   a 1   u  n + 1 + ⋯ +   a ℓ   u  n + ℓ ) | ,


    S  p =   ∑      |   a  i | < p / 2    (   a 1 , … ,   a ℓ ) ≠  ( 0 , … , 0 )    |   𝜈  m  ( q   a 1 ,   x 1 ) ⋯   𝜈  m  ( q   a ℓ ,   x ℓ ) | ⋅  |   ∑  n = 0  M − 1     e  m  ( q   a 1   u  n + 1 + ⋯ + q   a ℓ   u  n + ℓ ) | ,


    S  p =   ∑      |   a  i | < p / 2    (   a 1 , … ,   a ℓ ) ≠  ( 0 , … , 0 )    |   𝜈  m  ( q   a 1 ,   x 1 ) ⋯   𝜈  m  ( q   a ℓ ,   x ℓ ) | ⋅  |   ∑  n = 0  M − 1     e  m  ( q   a 1   u  n + 1 + ⋯ + q   a ℓ   u  n + ℓ ) | ,


    S  q =   ∑      |   a  i | < q / 2    (   a 1 , … ,   a ℓ ) ≠ ( 0 , … , 0 )    |   𝜈  m  ( p   a 1 ,   x 1 ) ⋯   𝜈  m  ( p   a ℓ ,   x ℓ ) | ⋅  |   ∑  n = 0  M − 1     e  m  ( p   a 1   u  n + 1 + ⋯ + p   a ℓ   u  n + ℓ ) | .


    S  q =   ∑      |   a  i | < q / 2    (   a 1 , … ,   a ℓ ) ≠ ( 0 , … , 0 )    |   𝜈  m  ( p   a 1 ,   x 1 ) ⋯   𝜈  m  ( p   a ℓ ,   x ℓ ) | ⋅  |   ∑  n = 0  M − 1     e  m  ( p   a 1   u  n + 1 + ⋯ + p   a ℓ   u  n + ℓ ) | .


    S 1


    S  p


    S  q


    𝜀 2 = 𝜀


  r = ℓ


  𝜂 = 2


    S 1 ≪   ∑     |   a  i | < m / 2   (   a  i , m ) = 1 ​ |   𝜈  m (   a 1 ,   x 1 ) ⋯   𝜈  m (   a ℓ ,   x ℓ ) | ⋅   k  2 𝜀 ( ℓ − 1 )   m  11 / 12 log m ,


    S  p ≪   ∑  |   a  i | < p / 2 ​ |   𝜈  m ( q   a 1 ,   x 1 ) ⋯   𝜈  m ( q   a ℓ ,   x ℓ ) | ⋅   k  𝜀 ( ℓ − 1 )   p  11 / 12 q log p ,


    S  p ≪   ∑  |   a  i | < p / 2 ​ |   𝜈  m ( q   a 1 ,   x 1 ) ⋯   𝜈  m ( q   a ℓ ,   x ℓ ) | ⋅   k  𝜀 ( ℓ − 1 )   p  11 / 12 q log p ,


    S  q ≪   ∑  |   a  i | < q / 2 ​ |   𝜈  m ( p   a 1 ,   x 1 ) ⋯   𝜈  m ( p   a ℓ ,   x ℓ ) | ⋅   k  𝜀 ( ℓ − 1 ) p   q  11 / 12 log q .


    S  q ≪   ∑  |   a  i | < q / 2 ​ |   𝜈  m ( p   a 1 ,   x 1 ) ⋯   𝜈  m ( p   a ℓ ,   x ℓ ) | ⋅   k  𝜀 ( ℓ − 1 ) p   q  11 / 12 log q .


  | T (   E  T , M , X ) − M /  2 ℓ | ≪  1    m ℓ |   ( m + 1  ) ℓ   2 ℓ M −   M   2 ℓ |


     +  1    m ℓ  (   ∏  i = 1 ℓ    (   ∑      |   a  i | ≤ m / 3     a  i ≠ 0     m   |   a  i | ) ⋅   k  2 𝜀 ( ℓ − 1 )   m  11 / 12 log ⁡ m +   ∏  i = 1 ℓ    (   ∑      |   a  i | ≤ p / 3     a  i ≠ 0     m  q  |   a  i | ) ⋅   k  𝜀 ( ℓ − 1 )   p  11 / 12 q log ⁡ p    +   ∏  i = 1 ℓ    (   ∑      |   a  i | ≤ q / 3     a  i ≠ 0     m  p  |   a  i | ) ⋅   k  𝜀 ( ℓ − 1 ) p   q  11 / 12 log ⁡ q )


  ≪ 1 . 5 +   k  2 𝜀 ( ℓ − 1 )   m  11 / 12 ( log m  )  ℓ + 1 +   k  𝜀 ( ℓ − 1 )  (   p  11 / 12 ( log p  )  ℓ + 1 +   q  11 / 12 ( log q  )  ℓ + 1 )


  ≪ 1 . 5 +   k  2 𝜀 ( ℓ − 1 )   m  11 / 12 ( log m  )  ℓ + 1 +   k  𝜀 ( ℓ − 1 )  (   p  11 / 12 ( log p  )  ℓ + 1 +   q  11 / 12 ( log q  )  ℓ + 1 )


  ≪   k  2 𝜀 ( ℓ − 1 )   m  11 / 12 ( log m  )  ℓ + 1 ,


  ≪   k  2 𝜀 ( ℓ − 1 )   m  11 / 12 ( log m  )  ℓ + 1 ,


  ℓ < p


   1    m ℓ |   ( m + 1  ) ℓ   2 ℓ M −   M   2 ℓ | ≤  (   ( m + 1  ) ℓ    m ℓ − 1 )   M   2 ℓ ≤   e ℓ M  m  2 ℓ ≤   e ℓ   2 ℓ < 1 . 5 .


  M +   d ℓ ≤ N + 1


  | V (   E  N , M , D ) | = |   ∑  n = 0  M − 1    e  n +   d 1   e  n +   d 2 ⋯   e  n +   d ℓ |


  =  1    m ℓ |   ∑  |   a 1 | < m / 2 ​ ⋯   ∑  |   a ℓ | < m / 2 ​    𝜈  m (   a 1 ) ⋯   𝜈  m (   a ℓ )   ∑  n = 0  M − 1    e  m (   a 1   u  n +   d 1 + ⋯   a ℓ   u  n + ℓ ) |


  =  1    m ℓ |   ∑  |   a 1 | < m / 2 ​ ⋯   ∑  |   a ℓ | < m / 2 ​    𝜈  m (   a 1 ) ⋯   𝜈  m (   a ℓ )   ∑  n = 0  M − 1    e  m (   a 1   u  n +   d 1 + ⋯   a ℓ   u  n + ℓ ) |


  ≤  1    m ℓ   ∑  |   a 1 | < m / 2 ​ ⋯   ∑  |   a ℓ | < m / 2 ​ |   𝜈  m (   a 1 ) ⋯   𝜈  m (   a ℓ ) | ⋅ |   ∑  n = 0  M − 1    e  m (   a 1   u  n +   d 1 + ⋯ +   a ℓ   u  n +   d ℓ ) |


  ≤  1    m ℓ   ∑  |   a 1 | < m / 2 ​ ⋯   ∑  |   a ℓ | < m / 2 ​ |   𝜈  m (   a 1 ) ⋯   𝜈  m (   a ℓ ) | ⋅ |   ∑  n = 0  M − 1    e  m (   a 1   u  n +   d 1 + ⋯ +   a ℓ   u  n +   d ℓ ) |


  =  1    m ℓ ( M +   S 1 +   S  p +   S  q ) ,


  =  1    m ℓ ( M +   S 1 +   S  p +   S  q ) ,


    S 1 =   ∑     |   a  i | < m / 2   (   a  i , m ) = 1 ​ |   𝜈  m (   a 1 ) ⋯   𝜈  m (   a ℓ ) | ⋅ |   ∑  n = 0  M − 1    e  m (   a 1   u  n +   d 1 + ⋯ +   a ℓ   u  n +   d ℓ ) | ,


    S  p =   ∑     |   a  i | < p / 2   (   a 1 , … ,   a ℓ ) ≠ ( 0 , … , 0 ) ​ |   𝜈  m ( q   a 1 ) ⋯   𝜈  m ( q   a ℓ ) | ⋅ |   ∑  n = 0  M − 1    e  m ( q   a 1   u  n +   d 1 + ⋯ + q   a ℓ   u  n +   d ℓ ) | ,


    S  p =   ∑     |   a  i | < p / 2   (   a 1 , … ,   a ℓ ) ≠ ( 0 , … , 0 ) ​ |   𝜈  m ( q   a 1 ) ⋯   𝜈  m ( q   a ℓ ) | ⋅ |   ∑  n = 0  M − 1    e  m ( q   a 1   u  n +   d 1 + ⋯ + q   a ℓ   u  n +   d ℓ ) | ,


    S  q =   ∑     |   a  i | < q / 2   (   a 1 , … ,   a ℓ ) ≠ ( 0 , … , 0 ) ​ |   𝜈  m ( p   a 1 ) ⋯   𝜈  m ( p   a ℓ ) | ⋅ |   ∑  n = 0  M − 1    e  m ( p   a 1   u  n +   d 1 + ⋯ + p   a ℓ   u  n +   d ℓ ) | .


    S 1


    S  p


    S  q


   h  i =   k    d  i


  (  h 1 ,   t  p ) = 1


  (  h 1 ,   t  q ) = 1


    S 1 ≪   ∑      |   a  i | < m / 2    (   a  i , m ) = 1    |   𝜈  m  (   a 1 ) ⋯   𝜈  m  (   a ℓ ) | ⋅    (   t  p   t  q   T  p   T  q )   1 2  (   p  −   𝜀 1 +   ( ℓ + 1  )  1 / 2    N  p  1 / 2 )  (   q  −   𝜀 1 +   ( ℓ + 1  )  1 / 2    N  q  1 / 2 ) log ⁡ m


  ≪   ∑     |   a  i | < m / 2   (   a  i , m ) = 1 ​ |   𝜈  m (   a 1 ) ⋯   𝜈  m (   a ℓ ) | ⋅ m  (   p  −   𝜀 1 +   ( ℓ + 1  )  1 / 2    N  1 / 2 )  (   q  −   𝜀 1 +   ( ℓ + 1  )  1 / 2    N  1 / 2 ) log m ,


  ≪   ∑     |   a  i | < m / 2   (   a  i , m ) = 1 ​ |   𝜈  m (   a 1 ) ⋯   𝜈  m (   a ℓ ) | ⋅ m  (   p  −   𝜀 1 +   ( ℓ + 1  )  1 / 2    N  1 / 2 )  (   q  −   𝜀 1 +   ( ℓ + 1  )  1 / 2    N  1 / 2 ) log m ,


    S  p ≪   ∑  |   a  i | < p / 2 ​ |   𝜈  m ( q   a 1 ) ⋯   𝜈  m ( q   a ℓ ) | ⋅ p q  (   p  −   𝜀 1 +   ( ℓ + 1  )  1 / 2    N  p  1 / 2 ) log p ,


    S  p ≪   ∑  |   a  i | < p / 2 ​ |   𝜈  m ( q   a 1 ) ⋯   𝜈  m ( q   a ℓ ) | ⋅ p q  (   p  −   𝜀 1 +   ( ℓ + 1  )  1 / 2    N  p  1 / 2 ) log p ,


    S  q ≪   ∑  |   a  i | < q / 2 ​ |   𝜈  m ( p   a 1 ) ⋯   𝜈  m ( p   a ℓ ) | ⋅ p q  (   q  −   𝜀 1 +   ( ℓ + 1  )  1 / 2    N  q  1 / 2 ) log q .


    S  q ≪   ∑  |   a  i | < q / 2 ​ |   𝜈  m ( p   a 1 ) ⋯   𝜈  m ( p   a ℓ ) | ⋅ p q  (   q  −   𝜀 1 +   ( ℓ + 1  )  1 / 2    N  q  1 / 2 ) log q .


  N ≤   m  1 / 3


  N


  min {   N  p ,   N  q } = N >   m  1 / 3 .


   ℓ 3 < m


    S 1 ≪   ∑     |   a  i | < m / 2   (   a  i , m ) = 1 ​ |   𝜈  m (   a 1 ) ⋯   𝜈  m (   a ℓ ) | ⋅   m  1 −   𝜀 1 / 2 ,


    S  p ≪   ∑  |   a  i | < p / 2 ​ |   𝜈  m ( q   a 1 ) ⋯   𝜈  m ( q   a ℓ ) | ⋅   p  1 −   𝜀 1 / 2 q ,


    S  p ≪   ∑  |   a  i | < p / 2 ​ |   𝜈  m ( q   a 1 ) ⋯   𝜈  m ( q   a ℓ ) | ⋅   p  1 −   𝜀 1 / 2 q ,


    S  q ≪   ∑  |   a  i | < q / 2 ​ |   𝜈  m ( p   a 1 ) ⋯   𝜈  m ( p   a ℓ ) | ⋅ p   q  1 −   𝜀 1 / 2 .


    S  q ≪   ∑  |   a  i | < q / 2 ​ |   𝜈  m ( p   a 1 ) ⋯   𝜈  m ( p   a ℓ ) | ⋅ p   q  1 −   𝜀 1 / 2 .


   1    m ℓ  ( M +   S 1 +   S  p +   S  q ) ≪   m  1 −   𝜀 1 / 2 ( log ⁡ m  ) ℓ +   p  1 −   𝜀 1 / 2 ( log ⁡ p  ) ℓ +   q  1 −   𝜀 1 / 2 ( log ⁡ q  ) ℓ ≪   m  1 −   𝜀 1 / 4 ,


    𝜀 1


  p


  q


  𝜀 > 0


  N <   m  1 / 2


  N <   m  1 − 𝜀


  N < m i n { p , q } <   m  1 / 2


  𝜀 > 1 / 2


  m =   p 1   p 2 ⋯   p  n


    p 1 <   p 2 < ⋯ <   p  n


  m


  t , T ,   t 1 ,   T 1 , … ,   t  n ,   T  n


  (   u  n )


  m


    p 1 , … ,


    p  n


  𝒲 (   E  T ) ≪   m  11 / 12 ( log m  ) 2 .


  𝜀 > 1 / 4


    𝒩 ℓ (   E  T ) ≪   k  n 𝜀 ( ℓ − 1 )   m  11 / 12 ( log m  )  ℓ + 1 ,


  𝜀


   ℓ  n + 1 < m


  1 ≤ l ≤ n


    N  l =   N  l ( 𝜗 , k , 𝛿 ) ≤   T  l


  1 ≤ i < j ≤ 2   N  l


  (   k  j −   k  i ,   t  l ) ≤   t  l ⋅   p  l  − 𝛿 .


  N   : = m i n {   N 1 ,   N 2 , … ,   N  n }


  𝜀 ( ℓ , 𝛿 ) = 𝜀 > 0


  ℓ


  𝛿


    E  N


    𝒞 ℓ (   E  N ) ≤   m  1 − 𝜀 .


  n


  n = 2


   h  i ∈  ℤ +


    𝜗  i =   𝜗   h  i


  1 ≤ i ≤ r


    a  i ∈  ℤ  m ×


  (  h 1 , … ,  h  r ,   p  l − 1 ) = 1


  1 ≤ l ≤ n


  {   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x }


  m


  T


    p  l


    T  l


  1 ≤ l ≤ n


    N  l (   𝜗 1 , … ,   𝜗  r , k , 𝛿 ) =   N  l


    N  l ≤   T  l


  1 ≤ i ≤   N  l


  1 ≤ j ≤ r


  (   k  i  h  j ,   t  l ) ≤   t  l ⋅   p  l  − 𝛿 ,


  {   i 1 ,   j 1 } , {   i 2 ,   j 2 }


  1 ≤   i 1 ,   i 2 ≤   N  l


  1 ≤   j 1 ,   j 2 ≤ r


  (   k    i 1  h    j 1 −   k    i 2  h    j 2 ,   t  l ) ≤   t  l ⋅   p  l  − 𝛿   or   (   k    i 1  h    j 1 −   k    i 2  h    j 2 ,   t  l ) =   t  l .


    N  l


    N  l = 1


  𝜀 ( r , 𝛿 ) =   𝜀 1 > 0


  r


  𝛿


  j ∈  ℤ  T


  |   ∑  x = 1  T    e  m (   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x )   e  T ( j x ) | ≪ (   ∏  l = 1  n    t  l   T  l  )   1 2   ∏  l = 1  n   (   p  l  −   𝜀 1 +   ( r + 1  )  r / 2    N  l  1 / 2 ) .


  (  h 1 ,   t  l ) = 1


  1 ≤ l ≤ n


  ( r + 1  )  r / 2


  ( r + 1  )  1 / 2


  |   ∑  x = 1  T    e  m (   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x )   e  T ( j x ) | ≪ (   ∏  l = 1  n    t  l   T  l  )   1 2   ∏  l = 1  n   (   p  l  −   𝜀 1 +   ( r + 1  )  1 / 2    N  l  1 / 2 ) ,


    𝜗  i =   𝜗    k  i − 1


  1 ≤ i ≤ r


    t  l >   p  l  1 / 2 +   𝜈  l


    𝜈  l > 0


  1 ≤ l ≤ n


  𝜂 ≥ 2


    𝜀 2 > 1 / 4


   |   ∑  x = 1  T     e  m  (   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x )   e  T ( j x ) | ≪   k  n   𝜀 2 ( r − 1 )    (   ∏  l = 1  n     T  l )  1 −   2 𝜂 + 1  2 𝜂 ( 𝜂 + 1 )    (   ∏  l = 1  n     t  l )   1  2 𝜂   m   1  4 ( 𝜂 + 1 ) ,


    𝜀 2 ,   𝜈 1 , … ,   𝜈  n


    a  i ,   𝜗  i


  1 ≤ i ≤ r


    N  l


  1 ≤ l ≤ n


  M , L ∈ ℕ


  L < T


  𝜀 ( r , 𝛿 ) =   𝜀 1 > 0


  r


  𝛿


  |   ∑  x = M  M + L    e  m (   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x ) | ≪ (   ∏  l = 1  n    t  l   T  l  )   1 2   ∏  l = 1  n   (   p  l  −   𝜀 1 +   ( r + 1  )  r / 2    N  l  1 / 2 ) log m .


  (  h 1 ,   t  l ) = 1


  1 ≤ l ≤ n


  ( r + 1  )  r / 2


  ( r + 1  )  1 / 2


  |   ∑  x = M  M + L    e  m (   a 1   𝜗 1    k  x + ⋯ +   a  r   𝜗  r    k  x ) | ≪ (   ∏  l = 1  n    t  l   T  l  )   1 2   ∏  l = 1  n   (   p  l  −   𝜀 1 +   ( r + 1  )  1 / 2    N  l  1 / 2 ) log m .


  𝜂 ≥ 2


    𝜀 2 > 1 / 4


    t  l >   p  l  1 / 2 +   𝜈  l


    𝜈  l > 0


  1 ≤ l ≤ n


    a  i ,   𝜗  i =   𝜗  i − 1


  1 ≤ i ≤ r


  M , L ∈ ℕ


  L < T


   |   ∑  x = M  M + L     e  m  (   a 1   𝜗    k  x +   a 2   𝜗    k  x + 1 ⋯ +   a  r   𝜗    k  x + r − 1 ) | ≪   k  n   𝜀 2 ( r − 1 )    (   ∏  l = 1  n     T  l )  1 −   2 𝜂 + 1  2 𝜂 ( 𝜂 + 1 )    (   ∏  l = 1  n     t  l )   1  2 𝜂   m   1  4 ( 𝜂 + 1 ) log ⁡ m ,


    𝜀 2 ,   𝜈 1 , … ,   𝜈  n


  r = 1


  |   ∑  x = M  M + L    e  m (   a 1   𝜗    k  x ) | ≪ (   ∏  l = 1  n    T  l  )  1 −   2 𝜂 + 1  2 𝜂 ( 𝜂 + 1 ) (   ∏  l = 1  n    t  l  )   1  2 𝜂   m   1  4 ( 𝜂 + 1 ) log m ,


    𝜈 1 , … ,   𝜈  n

