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DYNAMIC STUDY AND SEMI-ANALYTICAL SOLUTIONS OF FRACTIONAL-ORDER
KELLER—SEGEL COUPLED SYSTEM

AJAY KUMAR, JUAN LUIS GARCIA GUIRAO

ABSTRACT. In this paper, we studies a fractional-order keller—segel coupled system
focusing on their dynamic behavior and nonlinear wave structures. The caputo—fabrizio
fractional derivative is used. This derivative has a non-singular kernel. It is suitable for
real physical problems. The homotopy perturbation transform method (HPTM) is
applied. The method provides an efficient semi-analytical solution. It avoids
linearization and discretization. The solution is obtained in series form. The
convergence of the solution is smooth and rapid. The dynamic behavior of the system
is analyzed. The effect of different fractional orders a is examined. Two-dimensional
2D graphs are plotted for various a € (0,1] values. Three-dimensional 3D surfaces are
also presented. These graphs show the evolution of the solution clearly. Nonlinear wave
structures are observed. The amplitude and shape of waves change with a. The results
show that fractional order plays a key role. The proposed method is simple and accurate.
It can be used for many nonlinear fractional models.

1 Introduction

In recent decades, fractional calculus has drawn a lot of interest.It expands the notion of
classical integration and differentiation to non-integer orders. A strong framework for simulating
real-world occurrences is offered by this addition. Memory and inherited characteristics are present
in many natural and artificial systems. These properties cannot be accurately described using
classical integer-order models. Fractional differential equations offer a more realistic representation
of such systems [1], [2], [3], [4].

Time-fractional models are particularly important in applied sciences. They integrate
temporal memory effects into the dynamics of the system. Because of this, they can be used to explain
phenomena including heat conduction, anomalous diffusion, viscoelastic behavior, and biological
dynamics. In these systems, the current state depends on both past and present conditions. This
nonlocal property is a key advantage of fractional operators [5], [6].

Numerous fields of science and engineering deal with coupled nonlinear systems.Two or
more interdependent variables make up these systems. Complex dynamic behavior results from the
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interaction of various variables. Examples include fluid—structure interactions, chemical reaction
systems, optical fibers, and ecological models. The system displays interesting dynamics when
coupling and nonlinearity are combined. These consist of stability transitions, pattern generation,
and wave propagation [7], [8], [9].

The capacity to simulate linked nonlinear systems is further improved by incorporating
fractional derivatives. Both interaction effects and memory behavior can be captured by time-
fractional coupled nonlinear systems. They so offer a more profound understanding of actual physical
processes. But the analysis is also more difficult because of this increased complexity. The derivation
of exact solutions is frequently impeded by the inclusion of fractional operators and nonlinear factors
[10],[11], [12].

Various definitions of fractional derivatives have been introduced in the literature. Classical
definitions include the Riemann—Liouville and Caputo derivatives. Although these definitions are
widely used, they involve singular kernels. This can create difficulties in both theoretical analysis
and numerical implementation. To overcome these limitations, newer definitions have been proposed
[13],[14], [15].

One such definition is the Caputo—Fabrizio fractional derivative. This operator is
characterized by a non-singular exponential kernel. It avoids the singularity present in classical
definitions. This makes it more suitable for modeling real physical systems. The Caputo—Fabrizio
derivative also provides a better description of processes with fading memory. Due to these
advantages, it has been widely applied in recent studies of fractional models [16], [17], [18]. A key
mathematical model in chemotaxis, the nonlinear Keller—Segel coupled system describes how
biological organisms, such bacteria or amoebae, move in response to chemical cues in their
surroundings. The model, which was first put forth by Lee Segel and Evelyn Fox Keller, depicts the
relationship between chemoattractant concentration and cell density. In its nonlinear form, the system
is made up of linked partial differential equations in which the chemical concentration varies as a
result of production, degradation, and diffusion, while the cell population density changes as a result
of diffusion and directed movement (chemotaxis). Terms that indicate aggregation effects, signal
sensitivity, or density-dependent responses are the source of the nonlinearity. Pattern creation,
biological aggregation, blow-up events, and spatial-temporal dynamics in biological systems are all
extensively studied using this paradigm. Additionally, it provides a crucial framework for the
analysis of Dynamic behavior, numerical simulation methods, and nonlinear PDEs in applied
mathematics.

In this paper we consider the fractional Non-Linear Keller—Segel Coupled System can be
written as [23]

2
CFD‘L"XCD(X' T) =A 0 ':I)(?ZC‘t) _ 0 (q)(){, T) aA(P)) )
ax ax ax (1 1)
%W (x,t )
FDEP(rT) = § 5~ b (1T — WP T)
and the initial conditions
D(x,0) = Do(x), Y(x, 0) = po(x), XEI (1.2)

where ®(y,7) denotes the density of cells, W(y,t) represents the concentration of the
chemoattractant, y is the spatial variable, and 7 is time. The parameters A and {are the diffusion
coefficients of cells and chemical substance, respectively, while  and u denote the production and
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. . a . 0¥ . .
degradation rates of the chemical. The term ~o (@ a) describes the chemotactic movement of

cells toward higher chemical concentration. This coupled nonlinear system effectively captures the
interaction between diffusion and chemotaxis mechanisms, leading to complex spatiotemporal
dynamics such as aggregation, pattern formation, and possible blow-up behavior.

The remainder of this manuscript is organized as follows: Section 1 provides the introduction
to the problem, Section 2 presents Preliminaries, Section 3 presents the mathematical formulation of
the nonlinear Keller—Segel coupled system, Section 4 describes the applied methodology for solving
the model, Section 5 discusses the obtained results and their interpretation, Section 6 highlights the
key findings and implications, and Section 6 concludes the study with future research directions.

2 Preliminaries
In this part of the fundamental notions of fractional derivative and integrals are talked about.

Definition 2.1 The Caputo derivative of @ (t) is defined [9].

1
'l-a)

§ DF d(1) = = [7(1 — §) - d(E)de. @.1)

Definition 2.2 The Caputo—Fabrizio fractional of @(t) is defined [9].

§F D& @(7) = L“)ford)’ (0)exp [—a@] dy. (2.2)

1-a) 1-a

This function is a normalization function A(a) which depend on a with the conditions
A0) =A) =1.

Definition 2.3 The CFD for integer order 1s defined as [9].

2(1-a)

i D O = g

2
() + 15w do © (A (2:3)

Definition 2.4 The Laplace transform (LT) of the CFD is expressed by [9].

L [SF D CD(T)] w) = ﬁﬁ[‘bk('[)]ﬁ [exp ((1__0;) T)]

_ wkL [ @)]-wk 1o (0)-wk 2/ (0)..—k1(0) (2.4)
B w+a(l-w) .
In this case, we have
§F pit® oL@
£ [0 Dy CD(T)] W) = oeayy k=0

wLD(T)—P(0)
w+a(1-w)

L [gF p+a d)(r)] (w) = , k=1

3 Methodology of the Proposed Technique:
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Let’s look at the following general form of a nonlinear fractional differential
equation(NFDEs).

6 DED(x,T) + 2@ (x,T) + RP(x,T) = E(x,T), (3.1)
such that
e, 0) = £ Q0 (3.2)
Applying the LT to Eq. (3.1), It follows that:

LG = F 00 — (P ) LIEe (1, 7) + XD, D], (33)

Taking the inverse Laplace transformation Eq.(3.3), we obtain the following result.

w+a(l-w)

O 1) = FOn) — £7 | (FG2) LIed (r, 7) + RO (r, D] (34)
Applying the FHPTM to receive the solutions of Eq. (3.4), we get .
P(x,T) = Lito P Pk (x, 7). (3.5)

The decomposition of the nonlinear terms is carried out using homotopy polynomials as
follows

RO (X, 7) = EiZo P* Hi (X, 7). (3.6)
The polynomial H,, (¥, t) are define as ([11]).

He(®y, Dy, Dy, ... D)) = k,apk[(zk oD Cbk)] s k=012 (3.7)

Putting all these values in Equation (3.4), we obtain

w+a(l-w)

B0 @4 007) = G0 - pL™ | (H22822) £[8 520 p* @000, 7) + S0P Hil [ 38)

Comparing the coefficients of p°, p!, p?, p3 and p* we get

Qor) = fO0). _
O(07) =~ () LIBDo (6 ) + Ho(@)]],
©001) = —L7(PER) LB, (r 1) + Hi(@)])],
®301) = —L7|(EER) LB (1, T) + Ho(@)]],

P (07 = —L7 () LIBP () + Hi (@]
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4 Existence and Uniqueness of the Solution

Theorem 1. In the region [0,G] X S, where G is finite, the fractional system (1) possesses a unique
solution, where

S={(®,¥) ER%:N D I< &, ¥ II< e} (4.1)

Proof. Let V(1) =(®(x1), Y D) V(@) = (®,:(x,7), Y1 (X, 7))- and  D(t,V) =
(D1 (t,V), D,(t,V)), where

_ 400 0 (4 00)
Di(x.V) _Aa)(z ax(q) dx )' (4.2)
R Y )

D,(z,C) = {5z —n® — p¥.

Here, D(t,V) is defined on [0, G] X S. Let E = supg || D(t,V) |l and consider the norm as
I V(©) lI= supieo,q |V (t)]. We will demonstrate the existence of a constant A > 0 such that

I D(t, V) =D&, V)ISANV =V I (4.3)

Consider

D V) - DD = 1A -2 (020) - 4220+ 2 (9, 20) (44

ax® ax\ ax ax* " ox\ oy
H T A — ¥ = T | (45)
< (46% = BO + B)|[® — 4| + (567 = wII¥ — Wy “6)
S AP — @4l + A IV — Wil
where
A, = AB? — BO + B, A, = (0% —p,
Assume A = max{A;, A, }. Therefore, we can write
I D, V)—DE)ISANV =TI (4.7)
We will construct Picard’s operator using the fractional integral as:
oV =V(0)+1°D(t,V) (4.8)

To construct the contraction map, we map the operator to a non-empty full metric. Suppose

IV-vo)I<i (4.9)

Normalizing both sides of Equation (4.8) yields



DYNAMIC STUDY AND SEMI-ANALYTICAL SOLUTIONS OF FRACTIONAL-ORDER KELLER-SEGEL COUPLED
SYSTEM

GP ~
<] (4.10)

_ p
lwV =V@©) I DEV) 1P < B <L

The inequality holds when

GP
T(p+1) <F

Since a condition has been added to turn @ into a contraction map, we begin with

Il @V —aV < 1°(D(t, V) — D(t, 7))
< I°IID(t,V) = D(t, D)l

<|ID(t, V) = D(t, WP (1) (4.11)
Ge -
= r(p+1)A v=vi.

We infer that @ is a contraction from Equation (4.11) if

GP
F(p+1)

(4.12)

>

The resulting @ is a contraction map from the above condition. We apply Banach’s Fixed-
Point Theorem to guarantee that A has a single fixed point. Furthermore, the System (1.1) has a
unique solution when

GP . 1
Ty S min (5.3): (4.13)

Hence proof holds for the Caputo-Fabrizio fractional derivative

5 Semi-analytical solutions

Example 1. Consider the Keller—Segel equation with the sensitivity function y(p) = 1. Then, the
chemo—tactic term

0 9Ix(P) _
(e %) =0, 5.1)
CFDa(y,7) = A "’ng'”, (5.2)
92 ,
FDEY(LT) = (D b (1) — (1,7, (53)

subject to the initial conditions
O(r,0) =pre™, Y0 =gqe ™, xel

By HTPM, we obtain the following Eq. (3.2)
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TP Pu(x,7) — @(1,0) = L7 [(@)L (A;’—;(z;?:o " (X, r)))]. (5.4)

Lrn=oP" Pn(X,T) = p(x, 0)
+pL71 [(@) L]0 o P Yn(t D) + 1 it P P (1 T) — 1 Zmo B W, r)]] :
(5.5)

Firmly facing the above conditions, we get

q)O(X’T) = ple_le
2
Yo, 1) = qre™*,
P, (pt)=A1—a+ ta:)(—Ze‘X2 + 4){26_X2)p1

() = (1 —a+ta)|e X np— e X uqy + {(—2e7 % + 4e7%" x?)q4],
2.2
- 2t(—a + a2)>

X (8e‘?(2 —32x%e X —2(=2e7X" +4x%e™ ") + 4y (=27 + 4)(2e‘X2))p1

t
®,(x, 1) = A® <1 —2a+a?+

V(1. 7) = %e"‘ztzaz(—ZAnpl — 2{np; — nupy + 4Anx°p, + 4nx°py + 128%qy + 40uqy + pt gy
—480%x*q, — 8Jux*q, + 163 x*q,)
+e X" (—2Anp, + 4Aanp, — 2Aa’np, — 2{np, + 4alnp, — 2a*np,
—nupy + 2anup; — a’nup, + 4Anx*p, — 8Aanx*p, + 4Aa’nx’p,
+4{nx?p, — 8alnx’p, + 4a’{nx?p, + 12{%q, — 24al?qy + 12a%¢%q; + 4duq; — 8aduq;
—8Jux?qy + 16aux®q, — 8a*dux®q, +160%x*q — 32al%x*qy + 16a*¢*x*q; )
—2e X t(2Aanp, — 2Aa’np; + 2a{npy — 2a*{npy + anup, — alnup; — 4Aanx?p,
+4Aa’nyp, — 4alny®py + 4a*inx’py — 12al?q; + 12a*$%q, — 4afuq, + 4a*duq;
—ap’qq + a’p*qy + 48al?x?qy — 48a*{%x*qy + 8alux®q, — 8a*lux*q,

—16a*x*q, + 16a*{*x*q,)
3a3

D3(x, 1) = A3 <1 —3a+3a*—a*+ +3t(a — 2a* + a®) — ;tz(—az + a3)>
—32x2(—2e7%" + 4e X" y2) + 16)(12e X" y — 8e X" x3)

—2(8e 2" —32e7 X" y2 — 2(=2e7X" + 4e X" x2)

+ay%(—2e7 2" + 4e‘X2)(2))

+4y%(8e X" —32e Xy — 2(—2e X" + 4e7X" y?)

+ay%(—2e7 2" + 4e‘X2)(2))p1.

Hence, the truncated approximate analytical solution becomes
Dapp = Li=0 P, Yapp = 2azo ¥n (5.6)

Example 2. Consider the following Keller—Segel equation with the sensitivity function A(y) =
Y, A = B, with the chemotactic term
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( 0T )6/'1(9)) 9D 01!1()( D) + &y, 1) a? ll’()( T).

ox
92D 0P 0 92
CFDa(D(X )_ﬁ a)i)zfr) a(j{(":) w[gj;'f)_l_(b(x ) W(XT)’ (57)
6
FDEPT) = § AR+ b (1, T) — (T, (5.8)

and subject to the initial conditions
O(r,0) =pie,, PR =qet, xelL 3.7)

By applying the proposed Homotopy Perturbation Transform Technique (HPTT) to
Equations (3.15) to (3.16), subject to the given initial conditions, the solution is obtained as follows:

Dy(x,7) = P19_X2,
Yo(x,T) = g%,
D1(r, 1) = (1 —a+ta)[B(=2e7%" + 4x2e~ )p, + 4x2e 2X piqy + e X (=27 + 4x%e " )pyq4),
p1(01) = (1 —a +ta)[e ™ npy — e X pgy +{(—2e7% + 4e X x2)q,]
D, (x, 1) = 263 [2a2A(x) + 2(1 — @)?A(x) — 4ta(a — 1DA(Y)]
P2000) = o2 (55 4+ (1 - @)2) Fo) — 2ta(a - DC)]
(5.9)

where

A(x) = 3e2X°B2p; — 12e2X° B2x%p, + 4e2X° B2 x*py + eX np? (x + 1% — 2x%)
+eX’p1q (7B — 6 — px — 58Bx% — 60x% — ux? + 2403 + 2ux® + 40Bx* + 4{x* — 8x®)
+p1G2 (1 — 18)? + 24x%).

F(x) = —2eX'n(B + Opy — eX nup, + 4eX (B + Ox’py
+eXqy (122 + 40u + u? — 48722 — 8ux® + 160%x*)
—2np1q1 + 8nx*p1ds

G(x) = 2eX°n(B + Oy + eX nup; — 4eX° (B + O x’ps
—eX*qy (1202 + 40u + p® — 4802 x% — 8{ux? + 16{2x*)
+2np1q1 — 8NX*P1t

Hence, the truncated approximate analytical solution becomes

app Zn 0Pn, lpapp = Z%:o Yn (5.10)

Example 3. Consider the following Keller-Segel equation with the sensitivity function A(y) =
Y2, A = B, with the chemotactic term

2 2
( 2 )al(P))_a‘i’a(;T)all) XT)+¢,(X T)aw XT)_



AJAY KUMAR AND JUAN LUIS GARCIA GUIRAO

2d(x1)  0P(x,T) 3P (x,0) 2Y? (x1)
FDED(y, 1) = pIG AR~ FEDWLD 1 gy, ) HELD, (51D)
a2 ,
FDEY(LT) = (D b (1) — (1,7, (512)

and subject to the initial conditions
P(x,0) = pisin(x), P, 0) =qsin(y),  x €l (3.7)

By applying the proposed Homotopy Perturbation Transform Technique (HPTT) to
Equations (3.15) to (3.16), subject to the given initial conditions, the solution is obtained as follows:

@y (x,7) = pysin(x),

Yo(x, 1) = q1sin(x),

@1 (r,7) = (1 — @ + ta)[=pssin(x) — p1qfcos® (x) — p1qisin® V)],
Y1) = (1 — a + ta)[npisin(x) — (§ + wqasin(r)],

22
®,(x,7) = —p1 (1 —2a+a?+ - 2t(—a + a2)>

X [6G%Bcos? ysin y + 3q7cos* ysiny

+6q3 Bcos xsin® y — 2q cos® x(—pin + q1 (2B + { + ) + 2g3sin® x)

—sin y(B? + 2q1 (—p1n + q1 (2B + { + w))sin® x + qisin* y)].
Yo (X, 7) = —p1qincos®(x) + 2p1q3 ancos® (x) — p1qi a®ncos®(x)

+q:%sin(x) — 2q;ad2sin(y) + g a*{?sin(y)

—p1Bnsin(x) + 2pyafnsin(x) — pra®fnsin(x)

—p1{nsin(x) + 2p;adnsin(y) — pya®{nsin(x)

+2q,Jusin(y) — 4q;alusin(y) + 2q,a*qusin(x)

—pinusin(x) + 2p;anusin(y) — pya®nusin(y)

+q1usin(y) — 2qyap®sin(y) + g a®p?sin(y)

—p1qinsin® (x) + 2p1qiansin® (x) — p1qf a®nsin’(x)

1
_Etzaz (p1aincos®(x) — q1{?sin(x) + p1Bnsin(y) + p1dnsin(x) — 2q;{usin(x)

+pinusin(x) — gy u*sin(x) + p1ginsin®(x))

+2t(—p1qZancos®(x) + p1qa®ncos®(x) + qral?sin(x) — q; a*¢%sin(x)
—pyafnsin(x) + pra?pnsin(x) — pradnsin(x) + pyadnsin(x) + 2q; adusin(x)
—2q, a*qusin(x) — pyanusin(x) + p;a®nusin(x) + g, ap?sin(x) — q; a*u*sin(x)
—p1qiamsin® (x) + p1qa®nsin® (x)).

(5.13)

Hence, the truncated approximate analytical solution becomes

q)app = 2121=0 Dy, lpapp = Z%:o Yn (5.14)
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(a) Dynamic Wave Surface a = 0.25 (b) Dynamic Wave Surface a = 0.5

(c) Dynamic Wave Surface ¢ = 0.75 (d) Dynamic Wave Surface a = 1

Figure 1. Wave propagation surface of the solution @ (y, 7) illustrating the smooth and stable
behavior over the computational domain.

Wave propagation surface of the solution ®(y, t) illustrating the smooth and stable behavior
over the computational domain.

10



AJAY KUMAR AND JUAN LUIS GARCIA GUIRAO

(a) Dynamic Wave Surface a = 0.25 (b) Dynamic Wave Surface a = 0.5

(c) Dynamic Wave Surface ¢ = 0.75 (d) Dynamic Wave Surface a = 1

Figure 2. Wave propagation surface of the solution Y (, ) illustrating the smooth and stable
behavior over the computational domain.

0000 1
o — a=025 f\ — a=025
: : x — a=05

— a=05

L n X -3 &9 -1 1 2 2
W" L W — a=075 LF — a=075

— a=1 — a=1

(a) Variation ®(y, 1) (b) Variation Y (y, 7).

Figure 3. (a),2D graphical representation of the approximate solution ®(y, t) obtained by HPTM
for different fractional orders a.,(b) ¥ (x, T) approximate solution in 2D view.

11
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(c) Dynamic Wave Surface ¢ = 0.75 (d) Dynamic Wave Surface a = 1

Figure 4. Wave propagation surface of the solution @ (y, t) illustrating the smooth and stable
behavior over the computational domain.

(a) Dynamic Wave Surface a = 0.25 (b) Dynamic Wave Surface a = 0.5

12



AJAY KUMAR AND JUAN LUIS GARCIA GUIRAO

..
wix.7) |}

-200000 |-

(c) Dynamic Wave Surface o = 0.75 (d) Dynamic Wave Surface o = 1

Figure 5. Wave propagation surface of the solution ¥ (, 7) illustrating the smooth and stable
behavior over the computational domain.

wix.n)

200000
100 000
— a=025 AAA
: x — a=075

— a=1

(a) Variation ®(y, 1) (b) Variation Y (y, 7).

Figure 6. (a),2D graphical representation of the approximate solution ®(y, t) obtained by HPTM
for different fractional orders a.,(b) ¥ (), T) approximate solution in 2D view.

13



DYNAMIC STUDY AND SEMI-ANALYTICAL SOLUTIONS OF FRACTIONAL-ORDER KELLER-SEGEL COUPLED
SYSTEM

My .
2x=10 ;
2xq0M L

O(x.7) .| A

_oxqoMb L

1‘1011 '-,/. " '..'
D(X,7) ol
St g
owoMb

(a) Dynamic Wave Surface a = 0.25

(c) Dynamic Wave Surface & = 0.75 (d) Dynamic Wave Surface a = 1

Figure 7. Wave propagation surface of the solution @ (y, t) illustrating the smooth and stable
behavior over the computational domain.

(a) Dynamic Wave Surface & = 0.25 (b) Dynamic Wave Surface a = 0.5

14
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(c) Dynamic Wave Surface ¢ = 0.75 (d) Dynamic Wave Surface o = 1

Figure 8. Wave propagation surface of the solution ¥ (, 7) illustrating the smooth and stable
behavior over the computational domain.

(a) Variation ® (¥, 7) (b) Variation ¥ (x, 7).

Figure 9. (a),2D graphical representation of the approximate solution ®(y, t) obtained by HPTM
for different fractional orders a.,(b) ¥ (), T) approximate solution in 2D view.

6 Conclusion

In this study, the nonlinear Keller—Segel coupled system has been successfully analyzed
using the Homotopy Perturbation Transform Method within the framework of the Caputo—Fabrizio
fractional derivative, incorporating fractional analysis to capture the memory-dependent and
nonlocal characteristics of the system; the obtained approximate solutions exhibit good convergence
and accuracy, while the 2D and 3D graphical representations effectively illustrate the spatiotemporal
dynamics, diffusion—chemotaxis interaction, and aggregation behavior, thereby confirming the
efficiency and reliability of the proposed approach for analyzing complex nonlinear fractional-order
biological models.

15
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   Φ app =   ∑  n = 0 3   Φ  n ,       𝜓 app =   ∑  n = 0 2    𝜓  n


  𝜆 ( 𝜓 ) = 𝜓 , A = 𝛽


   ∂  ∂ 𝜒 ​  ( Φ ( 𝜒 , 𝜏 )   ∂ 𝜆 ( 𝜌 )  ∂ 𝜒 ) =   ∂ Φ ( 𝜒 , 𝜏 )  ∂ 𝜒   ∂ 𝜓 ( 𝜒 , 𝜏 )  ∂ 𝜒 + Φ ( 𝜒 , 𝜏 )    ∂ 2 𝜓 ( 𝜒 , 𝜏 )  ∂   𝜒 2 .


   ​  C F   D  𝜏  𝛼 Φ ( 𝜒 , 𝜏 ) = 𝛽    ∂ 2 Φ ( 𝜒 , 𝜏 )  ∂   𝜒 2 −   ∂ Φ ( 𝜒 , 𝜏 )  ∂ 𝜒   ∂ 𝜓 ( 𝜒 , 𝜏 )  ∂ 𝜒 + Φ ( 𝜒 , 𝜏 )    ∂ 2 𝜓 ( 𝜒 , 𝜏 )  ∂   𝜒 2 ,


   ​  C F   D  𝜏  𝛼 𝜓 ( 𝜒 , 𝜏 ) = 𝜁    ∂ 2 𝜓 ( 𝜒 , 𝜏 )  ∂   𝜒 2 + 𝜂 Φ ( 𝜒 , 𝜏 ) − 𝜇 𝜓 ( 𝜒 , 𝜏 ) ,


  Φ ( 𝜒 , 0 ) =   p 1   e  −   𝜒 2 , ,     𝜓 ( 𝜒 , 0 ) =   q 1   e  −   𝜒 2 ,     𝜒 ∈ I .


      Φ 0 ( 𝜒 , 𝜏 )  =   p 1   e  −   𝜒 2 ,     𝜓 0 ( 𝜒 , 𝜏 )  =   q 1   e  −   𝜒 2 ,    Φ 1 ( 𝜒 , 𝜏 )  = ( 1 − 𝛼 + t 𝛼 )  [ 𝛽  ( − 2   e  −   𝜒 2 + 4   𝜒 2   e  −   𝜒 2 )   p 1 + 4   𝜒 2   e  − 2   𝜒 2   p 1   q 1 +   e  −   𝜒 2  ( − 2   e  −   𝜒 2 + 4   𝜒 2   e  −   𝜒 2 )   p 1   q 1 ] ,     𝜓 1 ( 𝜒 , 𝜏 )  = ( 1 − 𝛼 + t 𝛼 )  [   e  −   𝜒 2 𝜂   p 1 −   e  −   𝜒 2 𝜇   q 1 + 𝜁 ( − 2   e  −   𝜒 2 + 4   e  −   𝜒 2   𝜒 2 )   q 1 ]    Φ 2 ( 𝜒 , 𝜏 )  = 2   e  − 3   𝜒 2  [   t 2   𝛼 2 A ( 𝜒 ) + 2 ( 1 − 𝛼  ) 2 A ( 𝜒 ) − 4 t 𝛼 ( 𝛼 − 1 ) A ( 𝜒 ) ]     𝜓 2 ( 𝜒 , 𝜏 )  =   e  − 2   𝜒 2  [  (     t 2   𝛼 2 2 + ( 1 − 𝛼  ) 2 ) F ( 𝜒 ) − 2 t 𝛼 ( 𝛼 − 1 ) C ( 𝜒 ) ]


     A ( 𝜒 ) =    3   e  2   𝜒 2   𝛽 2   p 1 − 12   e  2   𝜒 2   𝛽 2   𝜒 2   p 1 + 4   e  2   𝜒 2   𝛽 2   𝜒 4   p 1 +   e    𝜒 2 𝜂   p 1 2  ( 𝜒 +   𝜒 2 − 2   𝜒 3 )    +   e    𝜒 2   p 1   q 1  ( 7 𝛽 − 6 𝜁 𝜒 − 𝜇 𝜒 − 58 𝛽   𝜒 2 − 6 𝜁   𝜒 2 − 𝜇   𝜒 2 + 24 𝜁   𝜒 3 + 2 𝜇   𝜒 3 + 40 𝛽   𝜒 4 + 4 𝜁   𝜒 4 − 8 𝜁   𝜒 5 )    +   p 1   q 1 2  ( 1 − 18   𝜒 2 + 24   𝜒 4 ) .


     F ( 𝜒 ) =  − 2   e    𝜒 2 𝜂 ( 𝛽 + 𝜁 )   p 1 −   e    𝜒 2 𝜂 𝜇   p 1 + 4   e    𝜒 2 𝜂 ( 𝛽 + 𝜁 )   𝜒 2   p 1    +   e    𝜒 2   q 1  ( 12   𝜁 2 + 4 𝜁 𝜇 +   𝜇 2 − 48   𝜁 2   𝜒 2 − 8 𝜁 𝜇   𝜒 2 + 16   𝜁 2   𝜒 4 )    − 2 𝜂   p 1   q 1 + 8 𝜂   𝜒 2   p 1   q 1


     F ( 𝜒 ) =  − 2   e    𝜒 2 𝜂 ( 𝛽 + 𝜁 )   p 1 −   e    𝜒 2 𝜂 𝜇   p 1 + 4   e    𝜒 2 𝜂 ( 𝛽 + 𝜁 )   𝜒 2   p 1    +   e    𝜒 2   q 1  ( 12   𝜁 2 + 4 𝜁 𝜇 +   𝜇 2 − 48   𝜁 2   𝜒 2 − 8 𝜁 𝜇   𝜒 2 + 16   𝜁 2   𝜒 4 )    − 2 𝜂   p 1   q 1 + 8 𝜂   𝜒 2   p 1   q 1


     G ( 𝜒 ) =  2   e    𝜒 2 𝜂 ( 𝛽 + 𝜁 )   p 1 +   e    𝜒 2 𝜂 𝜇   p 1 − 4   e    𝜒 2 𝜂 ( 𝛽 + 𝜁 )   𝜒 2   p 1    −   e    𝜒 2   q 1  ( 12   𝜁 2 + 4 𝜁 𝜇 +   𝜇 2 − 48   𝜁 2   𝜒 2 − 8 𝜁 𝜇   𝜒 2 + 16   𝜁 2   𝜒 4 )    + 2 𝜂   p 1   q 1 − 8 𝜂   𝜒 2   p 1   q 1


     G ( 𝜒 ) =  2   e    𝜒 2 𝜂 ( 𝛽 + 𝜁 )   p 1 +   e    𝜒 2 𝜂 𝜇   p 1 − 4   e    𝜒 2 𝜂 ( 𝛽 + 𝜁 )   𝜒 2   p 1    −   e    𝜒 2   q 1  ( 12   𝜁 2 + 4 𝜁 𝜇 +   𝜇 2 − 48   𝜁 2   𝜒 2 − 8 𝜁 𝜇   𝜒 2 + 16   𝜁 2   𝜒 4 )    + 2 𝜂   p 1   q 1 − 8 𝜂   𝜒 2   p 1   q 1


   Φ app =   ∑  n = 0 2   Φ  n ,       𝜓 app =   ∑  n = 0 2    𝜓  n


  𝜆 ( 𝜓 ) =   𝜓 2 , A = 𝛽


   ∂  ∂ 𝜒 ​  ( Φ ( 𝜒 , 𝜏 )   ∂ 𝜆 ( 𝜌 )  ∂ 𝜒 ) =   ∂ Φ ( 𝜒 , 𝜏 )  ∂ 𝜒   ∂   𝜓 2 ( 𝜒 , 𝜏 )  ∂ 𝜒 + Φ ( 𝜒 , 𝜏 )    ∂ 2   𝜓 2 ( 𝜒 , 𝜏 )  ∂   𝜒 2 .


   ​  C F   D  𝜏  𝛼 Φ ( 𝜒 , 𝜏 ) = 𝛽    ∂ 2 Φ ( 𝜒 , 𝜏 )  ∂   𝜒 2 −   ∂ Φ ( 𝜒 , 𝜏 )  ∂ 𝜒   ∂   𝜓 2 ( 𝜒 , 𝜏 )  ∂ 𝜒 + Φ ( 𝜒 , 𝜏 )    ∂ 2   𝜓 2 ( 𝜒 , 𝜏 )  ∂   𝜒 2 ,


   ​  C F   D  𝜏  𝛼 𝜓 ( 𝜒 , 𝜏 ) = 𝜁    ∂ 2 𝜓 ( 𝜒 , 𝜏 )  ∂   𝜒 2 + 𝜂 Φ ( 𝜒 , 𝜏 ) − 𝜇 𝜓 ( 𝜒 , 𝜏 ) ,


  Φ ( 𝜒 , 0 ) =   p 1 sin ( 𝜒 ) ,     𝜓 ( 𝜒 , 0 ) =   q 1 sin ( 𝜒 ) ,     𝜒 ∈ I .


      Φ 0 ( 𝜒 , 𝜏 )  =   p 1 sin ⁡ ( 𝜒 ) ,     𝜓 0 ( 𝜒 , 𝜏 )  =   q 1 sin ⁡ ( 𝜒 ) ,    Φ 1 ( 𝜒 , 𝜏 )  = ( 1 − 𝛼 + t 𝛼 )  [ − 𝛽   p 1 sin ⁡ ( 𝜒 ) −   p 1   q 1 2  cos 3 ⁡ ( 𝜒 ) −   p 1   q 1 2  sin 3 ⁡ ( 𝜒 ) ] ,     𝜓 1 ( 𝜒 , 𝜏 )  = ( 1 − 𝛼 + t 𝛼 )  [ 𝜂   p 1 sin ⁡ ( 𝜒 ) − ( 𝜁 + 𝜇 )   q 1 sin ⁡ ( 𝜒 ) ] ,    Φ 2 ( 𝜒 , 𝜏 )  = −   p 1  ( 1 − 2 𝛼 +   𝛼 2 +     t 2   𝛼 2 2 − 2 t ( − 𝛼 +   𝛼 2 ) )    ×  [ 6   q 1 2 𝛽  cos 2 ⁡ 𝜒 sin ⁡ 𝜒 + 3   q 1 4  cos 4 ⁡ 𝜒 sin ⁡ 𝜒    + 6   q 1 2 𝛽 cos ⁡ 𝜒  sin 2 ⁡ 𝜒 − 2   q 1  cos 3 ⁡ 𝜒  ( −   p 1 𝜂 +   q 1 ( 2 𝛽 + 𝜁 + 𝜇 ) + 2   q 1 3  sin 2 ⁡ 𝜒 )     − sin ⁡ 𝜒  (   𝛽 2 + 2   q 1 ( −   p 1 𝜂 +   q 1 ( 2 𝛽 + 𝜁 + 𝜇 ) )  sin 2 ⁡ 𝜒 +   q 1 4  sin 4 ⁡ 𝜒 ) ] .     𝜓 2 ( 𝜒 , 𝜏 )  = −   p 1   q 1 2 𝜂  cos 3 ⁡ ( 𝜒 ) + 2   p 1   q 1 2 𝛼 𝜂  cos 3 ⁡ ( 𝜒 ) −   p 1   q 1 2   𝛼 2 𝜂  cos 3 ⁡ ( 𝜒 )    +   q 1   𝜁 2 sin ⁡ ( 𝜒 ) − 2   q 1 𝛼   𝜁 2 sin ⁡ ( 𝜒 ) +   q 1   𝛼 2   𝜁 2 sin ⁡ ( 𝜒 )    −   p 1 𝛽 𝜂 sin ⁡ ( 𝜒 ) + 2   p 1 𝛼 𝛽 𝜂 sin ⁡ ( 𝜒 ) −   p 1   𝛼 2 𝛽 𝜂 sin ⁡ ( 𝜒 )    −   p 1 𝜁 𝜂 sin ⁡ ( 𝜒 ) + 2   p 1 𝛼 𝜁 𝜂 sin ⁡ ( 𝜒 ) −   p 1   𝛼 2 𝜁 𝜂 sin ⁡ ( 𝜒 )    + 2   q 1 𝜁 𝜇 sin ⁡ ( 𝜒 ) − 4   q 1 𝛼 𝜁 𝜇 sin ⁡ ( 𝜒 ) + 2   q 1   𝛼 2 𝜁 𝜇 sin ⁡ ( 𝜒 )    −   p 1 𝜂 𝜇 sin ⁡ ( 𝜒 ) + 2   p 1 𝛼 𝜂 𝜇 sin ⁡ ( 𝜒 ) −   p 1   𝛼 2 𝜂 𝜇 sin ⁡ ( 𝜒 )    +   q 1   𝜇 2 sin ⁡ ( 𝜒 ) − 2   q 1 𝛼   𝜇 2 sin ⁡ ( 𝜒 ) +   q 1   𝛼 2   𝜇 2 sin ⁡ ( 𝜒 )    −   p 1   q 1 2 𝜂  sin 3 ⁡ ( 𝜒 ) + 2   p 1   q 1 2 𝛼 𝜂  sin 3 ⁡ ( 𝜒 ) −   p 1   q 1 2   𝛼 2 𝜂  sin 3 ⁡ ( 𝜒 )    −  1 2   t 2   𝛼 2  (   p 1   q 1 2 𝜂  cos 3 ⁡ ( 𝜒 ) −   q 1   𝜁 2 sin ⁡ ( 𝜒 ) +   p 1 𝛽 𝜂 sin ⁡ ( 𝜒 ) +   p 1 𝜁 𝜂 sin ⁡ ( 𝜒 ) − 2   q 1 𝜁 𝜇 sin ⁡ ( 𝜒 )     +   p 1 𝜂 𝜇 sin ⁡ ( 𝜒 ) −   q 1   𝜇 2 sin ⁡ ( 𝜒 ) +   p 1   q 1 2 𝜂  sin 3 ⁡ ( 𝜒 ) )    + 2 t  ( −   p 1   q 1 2 𝛼 𝜂  cos 3 ⁡ ( 𝜒 ) +   p 1   q 1 2   𝛼 2 𝜂  cos 3 ⁡ ( 𝜒 ) +   q 1 𝛼   𝜁 2 sin ⁡ ( 𝜒 ) −   q 1   𝛼 2   𝜁 2 sin ⁡ ( 𝜒 )    −   p 1 𝛼 𝛽 𝜂 sin ⁡ ( 𝜒 ) +   p 1   𝛼 2 𝛽 𝜂 sin ⁡ ( 𝜒 ) −   p 1 𝛼 𝜁 𝜂 sin ⁡ ( 𝜒 ) +   p 1   𝛼 2 𝜁 𝜂 sin ⁡ ( 𝜒 ) + 2   q 1 𝛼 𝜁 𝜇 sin ⁡ ( 𝜒 )    − 2   q 1   𝛼 2 𝜁 𝜇 sin ⁡ ( 𝜒 ) −   p 1 𝛼 𝜂 𝜇 sin ⁡ ( 𝜒 ) +   p 1   𝛼 2 𝜂 𝜇 sin ⁡ ( 𝜒 ) +   q 1 𝛼   𝜇 2 sin ⁡ ( 𝜒 ) −   q 1   𝛼 2   𝜇 2 sin ⁡ ( 𝜒 )     −   p 1   q 1 2 𝛼 𝜂  sin 3 ⁡ ( 𝜒 ) +   p 1   q 1 2   𝛼 2 𝜂  sin 3 ⁡ ( 𝜒 ) ) .


   Φ app =   ∑  n = 0 2   Φ  n ,       𝜓 app =   ∑  n = 0 2    𝜓  n
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