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ABSTRACT. Small-world networks are characterized by the existence, on average, of

short

est paths between any arbitrary pair of nodes with only a few edges. In order to

preserve the local clustering while permitting the existence of the small-world
phenomenon, Watts and Strogatz introduced their celebrated network model (Nature,

1998

) exemplifying what they observed in different types of networks, such as the

neural network of the C. elegans, the power grid network, or the collaboration network
in cinema.

As the number of data increases, the networks and matrices that model it also do so,
which makes it increasingly expensive to manipulate them. Recent work has shown the
efficiency of tensor-based structures when performing, for example, matrix products,
reducing the number of operations performed.

In the present work, we want to approximate the representative matrices of the Watts—
Strogatz networks using tensor methods and compare the accuracy and the
computational cost involved in operating with the original matrices and the matrices
written in the approximate tensor form.
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1 Introduction

Nowadays, networks are widely used to study and model different situations in real life, so
they are a tool that gains importance in manipulating large data sets. For example, they have been
used to analyze connections in a social network [1][2][3], the spreading of information in a network
[4] to determine optimal transport routes [5][6], and even to analyze medical images [7] or discover
new drugs from chemical data [8][9].

As the size of the matrices or vectors involved in these problems increases, most of the
mechanisms we use to solve them (matrix decompositions, iterative methods, optimization
algorithms, etc.) lose efficiency. This effect is known as the curse of the dimensionality problem. In
the current situation, where massive data analysis is increasingly present, we need to search for and
implement techniques that allow us to manipulate them. This is where tensor structures come into
play since their use reduces and speeds up the number of operations to be carried out, as it has been
recently seen [ 10]. Other works that illustrate the goodness of these structures in working with high-
dimensional problems are [11][12][13].

One of the most intriguing properties in networks is the small world phenomenon, firstly
conjectured by Milgram [14]. A small-world network is a type of graph where most of the nodes are
not neighbors of each other, but a relatively small edge path can connect two randomly chosen nodes
[15][16]. In this work, we analyze the tensor decompositions of the Laplacian matrices of small-
world networks in the sense of Watts and Strogatz, and compare the results obtained with the original
Laplacian matrices to determine if this approach is helpful to study these networks.

The Laplacian matrix of a network is obtained as the difference between the degree and the
adjacency matrix of the network. These matrices are commonly used in spectral graph theory to study
the properties of the graph, in relation to its characteristic polynomial, and for representing diffusion
processes on networks. They are also used to study some particular diffusion problems, as seen in
[17]. Watts—Strogatz networks are constructed from a given k-regular graph, where some edges are
rewired to connect a different pair of nodes with a certain probability p. For low values of p, the
Laplacian matrices of these networks have a structure close to a k + 1 diagonal matrix.

Motivated by the good properties of tensor products [18][19], we can look for a tensor
decomposition of a given Laplacian matrix £ in the form of

Lrx A Qidy, ® @ idy, +idy, ® 4y ®  ® idy, + -+ idy, ® idy, ® -~ ® Ag, (1)

where A; € R™*™ with N = n; ...ng4. As shown in [20], we can define an algorithm that provides
the best tensor approximation in form (1) of any square matrix. In particular, for the Laplacian
matrices of graphs with N nodes, this decomposition is an interesting approximation of £, when
calculating their eigenvalues or eigenvectors from algorithms that use tensors, and that, therefore,
are more efficient in calculation times. So, we want to study the algorithm’s performance in [20]
over Laplacian matrices of Watts—Strogatz networks. In particular, we want to study how close the
obtained tensor decomposition is to the Laplacian matrices of the k-regular network used for
generating the Watts—Strogatz network. In order to measure how close are the initial and the tensor
decomposed networks, we compare the distribution of eigenvalues and eigenvectors of their
corresponding Laplacian matrices [21].

Laplacian eigenvalues and eigenvectors are relevant to multiple aspects of complex network
structures, like spanning trees [22], community structure [23] or algebraic connectivity [24].
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Moreover, they represent some significant physical or chemical properties of networks, and help to
understand the relations between their topology and the dynamics. For example, in the framework of
generalized Gaussian structures, the dynamics of polymer networks are fully described through the
Laplacian eigenvectors and eigenvalues [25][26].

The paper is divided as follows: In Section 2, we briefly review the construction of Watts—
Strogatz networks from k-regular networks. Then, in Section 3, we recall some concepts about
tensors and tensor decompositions, and we will describe the methodology used for obtaining tensor
decompositions in order to obtain approximations of the Laplacian matrices of Watts—Strogatz
networks generated from circular 2-regular and 4-regular networks. Finally, we show our results and
discuss them in Sections 4 and 5, respectively.

2 Regular networks and the Watts—Strogatz networks

Let us consider a non-directed simple connected network G = (V, E), where V = {v4, ..., v}
is the set of nodes, and E is the set of edges. We recall that the adjacency matrix A of G is defined
asA;; =1if (vi, vj) € E and 0 elsewhere. Since the network is simple, all elements in the diagonal
satisfy A;; = 0, and since the network is non-directed A;; = Aj; forall 1 < i,j < n.

The degree of a vertex v;, denoted by §(v;), is defined as the number of edges incident on
it. We can define the degree matrix D of G as a diagonal matrix where D;; = §(v;) forall1 <i < n.
Then, the Laplacian matrix L is defined as L = D — A. Since A is symmetric and D is diagonal, we
have that £ is symmetric, too. Laplacian matrices of simple networks satisfy that the sum of all the
elements in a row (or column) is equal to 0. Therefore, A = 0 is always an eigenvalue (with
associated eigenvector u" = (1, ...,1))), of the Laplacian matrix. On the other hand, for every node
v; € V, we can define the state on this node at instant ¢ as u;(t). So, we can express the diffusion
between adjacent nodes as the Abstract Cauchy Problem on €, defined on (2).
{ui(t) =D Z(i,j)EE (u](t) — ui(t)),i = 1, e, n (2)
u;(0) = uo (D), uo(i) ER

where D is the diffusion coefficient. If u = (u;(t))j=; € €5, where u = (u;(t))j=, € £ is the
number of nodes, this diffusion equation can be stated as du(t)/dt = —DLu(t), in terms of the
Laplacian matrix of the network.

In the sequel, we deal with circular networks, in which we represent the nodes presented
over a circumference and link them with their neighbors. We recall that a network is k-regular if
6(v;) =k forall1 <i < n. So as to, a circular network C,,, is a 2-regular network with n vertices,
n = 3. Up to isomorphism, there is a unique representation of C,,, with the following Laplacian

matrix:
2 -1 0 0 -1
/—1 2 -1 .. 0 0\
T )
0 0 -1 2 -1
-1 0 0o -1 2
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We can also consider 4-regular circular networks, denoted by C,,,, with n nodes, with n >
5. Here, a node is connected to the next two nodes on the right and the next two on the left until both
cycles are completed (doubly circular graphs), see Figure 1.

w0

Figure 1. Examples of 4-regular graphs: Cy 5, C4 6, C4 7, and Cy 5.

The Laplacian matrix of 4-regular circular network has 4 in all the elements in the main
diagonal, and —1 in the two diagonals above and below the main one, as we can see below

4 -1 -1 0 . -1 -1
-1 4 -1 -1 .. 0 -1
-1 -1 4 -1 .. 0 0
L:i 0 -1 -1 4 0 0 @)
0 0 . -1 4 -1 -1
\—1 0 . -1 -1 4 —1/
1 -1 .. 0 -1 -1 4

Watts and Strogatz introduced randomness into k-regular graphs to construct networks that
preserve a high local clustering coefficient while reducing the average shortest length path between
any pair of nodes to resemble the small world phenomenon. They set an algorithm in order to
construct these networks. First, we start with a circular 2k-regular network of n nodes, denoted by
Cyk.n» Where each node is connected with its closest 2k neighbor nodes. Then, we set a probability
p, and for every existing edge, we decide whether to rewire a different pair of nodes, with probability
p, or to leave it as it is.

The case p = 0 returns the original 2k-regular network Cyj ,. As we increase the value of
p, we introduce randomness in the connectivity while maintaining the average degree equal to 2k.
In the case of p = 1, the generated network is completely random. We can appreciate how the
network changes while increasing the value of p in Figure 2.

Regular Small-world

\ 4

Increasing randomness
Figure 2. Watts—Strogatz networks constructed from a circular Cy ,, network for different values of
p:p = 0 (left), 0 < p < 1 (center), and p = 1 (right) [27].
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3 The best tensor based decomposition

First of all, let’s remember that the Kronecker product of two matrices A € RN+*M1 B €
RN2*Mz i5 defined by

AypB A1pB . Ay B

A ® B — AZ,.IB AzczB AZva/IlB € RNlNZXMlMZ'

Ay, 1B Ay, 2B .. Ay M, B
And, also, some of the well-known properties of the Kronecker product are:

) A®BR®C)=(A®B)C.
2) (A+B)R®C=AR®C)+(BQCO).
3) ABQ®CD=(A® C)(B QD).

4 (A®B)l=A41Q®BL

55 (AQ®B)T=4ATQBT.

6) tr(A® B) = tr(A) - tr(B).

One of the most popular techniques among the algorithms based on tensor products strategies
[28] is the Proper Generalized Decomposition (PGD) family, based on the so-called Greedy Rank-
One Updated (GROU) algorithm [29][30]. In particular, they impose a separation of variables to
approximate the exact solution of a problem without knowing, in principle, the functions involved in
this decomposition [31].

There is a particular type of matrices to solve high-dimensional linear systems for which the
GROU algorithm works particularly well, those that are written in the form

A=3L A Qidpy =3, idy, ® - ®idy,_, ®A4; Qidy,,, ® - @ idy, )
where A € RV*N with N = n; ..ng4, A; € R"*" for 1 <i < d, and idy, is the identity matrix of
size n; X n;. These matrices are called Laplacian-like matrices, since they can be easily related to

the classical Laplacian operator [32][33]. However, to avoid falling into a nomenclature ambiguity,
we will refer to this structure as the tensor decomposition (of rank d) of a matrix.

So, we are interested in trying to achieve a structure similar to (5), to study the matrices of
large-dimensional graphs. To do this, we will use the following theorem (Theorem 7 in [20]), which
describes the Greedy Algorithm that calculates the best tensor decomposition (of rank d) of a given
square matrix A.

Theorem 1. LetA be a matrix in RN*N, with N = n, ---ng4 such thattr (A) = 0 and let

A={AeRVN:A=3L, A ®idp, withtr(4) =0,i =1,...,d}.

If we consider the following iterative procedure:
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1. TakeX,EO) =0forl1<k<d

2. Foreacht =1 compute for1 <i < d the matrix Ui(g) as

£4 . i I3 . . - .
Ui = arg , min, (4= Tk X0 @ idpyy — EU) @ idny — Bibeip X0 @ idpnyg .

tr(U;)=0

where
f—
§U) =x""Y+uy,
andputXi({)) = Xi(e_l) + Ui({), then
lim $¢-; X ® idjn,) = Pa(4
1?1_)72 k=1 &g 1d[n,] A(A),
where P, (A) solves the problem
min||A — A*||.
A*EA

The algorithm described in the previous theorem can be written in the form of the pseudocode
Algorithm 1.
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3.1 Tensor decomposition of Watts-Strogatz networks

We study the tensor decomposition of Watts—Strogatz networks for low values of p. The
Laplacian matrices of these networks will be very close to the Laplacian matrix of the associated
circular k-regular network, with most of their non-null elements grouped in the main diagonals of
the matrix.

We will consider the families of 2-regular and 4-regular networks, and we will modify them
to get Watts—Strogatz networks for small probability values p, ranging between 0.05 and 0.2. Then,
we will compute the Laplacian tensor-based approximation, with canonical rank d, as given in (1).
With these numerical experiments, we want to determine whether, given a Watts—Strogatz network,
its Laplacian matrix decomposition, written in the form (1), is a good approximation of the Laplacian
matrix of the network and, if writing the matrix in tensor form, this speeds up the computations
involving it, for example, in the computation of eigenvalues and eigenvectors.

For this purpose, we have analyzed networks of different sizes, from 100 to 2000 nodes per
graph. For each network, we have conducted the following study, which consists of two parts.

First part: Analysis of the k -regular network

1) We start with a 2 (or 4) regular circular network and we obtain its Laplacian matrix L.

2)  We compute the tensor-based approximation of £, and we denote it by Lg. This
approximation is obtained using the algorithm described in [20], which is summarized
in the pseudocode of Algorithm 1, using a maximum of 50 iterations and a tolerance of
2.22e — 4.

3) To determine how good such an approximation is, the resulting residual will be
computed as res = norm(L — Lg)/norm(L).

4)  Lastly, we study the relationship between eigenvalues and eigenvectors of £ and Lg),
and compare the time to obtain them in each case using the command eigs. To measure
the relative distance between the eigenvalues obtained, we will use the indicator dist; =
norm(/l — A®) /norm(A); and we will measure the computational time of A and Ag

with the tic-toc instruction implemented in Matlab.

It is worth mentioning that each network has a different decomposition depending on the
prime factor decomposition of the network size N. Thus, if N = n, --- ng, we will look for matrices
A; € R™"*™_ We will call the vector [n4, ..., ng]| as the vector of sizes.

For the sake of completeness, we present the pseudocode of the algorithm used for this
decomposition, which has been described in [20].

Algorithm 1. Laplacian decomposition Algorithm

1:  procedure LAP(A", iter_max, tol)
2: A=A"— (tr(4A)/N)idy, iter =1,Lap =0
3: while iter < iter max do
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A< A-— Lap
fork =1,2,...,d do
P(A) =idy, @ - Qidy,_, @ X ®idy,,, ® - Qidy,

A- Z;Pi(A)H

Lap = Lap + P, (4)
end for
if ||A — Lap || < tol then goto 14
end if
iter = iter +1
end while
return Lap

Xk «— minxk

end procedure

In this first part, there is no randomness introduced, so the tensor approximation Lg of L,
for a concrete graph G is always the same.

Second part: Analysis of the Watts—Strogatz networks

1)
2)

3)

4)

5)

We take the 2 (or 4) regular circular networks considered in the first part.

For each one of these networks, name it G, we convert it into different Watts—Strogatz

networks Gy, using four different probabilities: p; = 0.05, p, = 0.1, p3 = 0.15, and

ps = 0.2

Once fixed p; and for every edge e € E, we generate a random 7, number from a

uniform distribution on (0,1). This number 7, will be used for deciding if we rewire the

nodes connected by e or not, using the following rule.

e If r, <pj, then the edge e is rewired, connecting a new pair of nodes chosen
randomly among all of them that were not already connected.

o I[fp; <r,, the edge is maintained as it is.

We repeat the process described in the first part for each network Gy,. We first obtain

the associated Laplacian matrices £;, , and then we compute the respective approximate

Laplacians L, .

Finally, we obtain the eigenvalues and eigenvectors of matrices £, and L<’X>.m’ and we

measure the difference between the eigenvectors and eigenvalues, as described at the

end of the first part.

To make a more robust and consistent analysis in this second part, in order to avoid
randomness effects, we repeat 1000 times this scheme. The charts and results in Section 4 will show
the averaged values obtained from the 1000 repetitions.

4 Results analysis
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We will now show and comment on the results of the experiment described in Section 3.1.

The experiments were carried out on a computer with the following characteristics: 11th Gen Intel(R)

Core(TM) 17-11370H @ 3.30GHz, RAM 16,0 GB, 64 bit operating system; and a Matlab version
R2021b 0.

First, we compare the Laplacian matrices of the 2 and 4-regular graphs and their tensor
approximations. In Figure 3, we compare the computation time taken to compute the eigenvalues in
the starting £ Laplacian matrices and their approximate Lg matrices in tensor form. As the number

of nodes increases, the computation time for the original matrices increases much faster than the
times required by the tensor-based approximate matrices.

06
—&—2-r onginal
—-EF - 2-r aproximated
0.5 - |—*—4-ronginal
—-#-—4-r aprcimated

time (s)

. S = %‘_,ﬂ, -8 --®
| | i |
1800 2000

400 600

800 1000 1200

Number of nodes

1400 1600

Figure 3. Eigenvalue calculation time

We also compare the eigenvalues of each of the matrices £ and Lg, measuring the norm of
their difference.

011 i
[ 1 ! Ik J" i !
01 — ’ /

\ / i, / 1 _II |
0.09— A | :

i / i | I
Vo \ | oy \
0.07 - i '

Normalized difference

i Vo
0.06 —

b Y YERY
0.05

0.04

0.03

—#— 4-regular

i | rI‘
-G - 2-regular ® /

200 400

600 800 1000 1200

Number of nodes

Figure 4. Distance (norm) between eigenvalues

1800

2000
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In Figure 4, we see that the results oscillate between the values 0.03 and 0.12. So that, the
eigenvalues of the Lg approximate pretty well the eigenvalues of the original matrix L. We observe
that the distance between the eigenvalues of the Laplacian matrix and its approximation depends on
the network size but not on being a 2-regular or a 4-regular network.

Also, noteworthy that there are cases where the approximations are much better than in the
rest. This occurs for 700, 1100, 1300, 1700, and 1900 nodes, where prime numbers 7,11, 13,17, and
19 are involved in the factorization of the network size, which yields vectors of sizes of shorter
lengths. For example, if we look at N = 1700, the vector of sizes obtained from the factorization of
N will be factor(N) = [2,2,5,5,17]; which is shorter than the vector associated to N = 1800,
factor(N) = [2,2,2,3,3,5,5]. This fact illustrates the importance of the number (and which) prime
factors appear in the decomposition of the network size into prime factors.

In the second part, we study the approximations obtained of the Watts—Strogatz Laplacian
matrices. In this case, we group the figures into two different groups: in Figure 5 and Figure 6, we
show the computation times of eigenvectors of the original Laplacian matrices and those written in
tensor form for the different probabilities p4, ..., 4.

—&— Prob=0.05
= === Apmx. Prob = 0.05

—&—Prob=0.1
==%-=Aprx. Prob =0.1

0-—&-& ' . !
0 500 1000 1500 2000
Number of nodes Number of nodes
08
—&—Prob=0.15

08 == ¥--Apm. Prob=0.15 ==¥-=Aprx. Prob =0.2
2
o 04
E
=

0.2

D 500 1000 1500 2000
Number of nodes Number of nodes

Figure 5. Mean time spent computing eigenvectors in Watts—Strogatz networks from
2-RG

Again, we see that we need less time to calculate eigenvalues and eigenvectors of the tensor
approximate matrices than for the original Laplacian ones. Besides, the time increases as long as the
network size does.

10
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—E&—Prob=0.05
- - %- - Aprx. Prob = 0.05

Number of nodes

Number of nodes

08
—&—Prob=0.15

o5l == ¥--Apmx. Prob=0.15
0
@ 04
£

021

0 500 1000 1500 2000 0 500 1000 1500 2000
Number of nodes Number of nodes

Figure 6. Mean time spent computing eigenvectors in Watts—Strogatz networks from

4-RG

Finally, in Figure 7 and Figure 8, we measure the difference between the eigenvalues of the
original Laplacian matrices and those from the tensor-based approximations.

0.28 -
0.26 |- o Q 0---Q o) o)
‘O.—’O'_'O'“G‘\ IID ‘\‘ SN ,”l \l\ ,.” N o
024 (3‘/@‘ o e — e
‘Gj ‘\0’,' sl ‘\‘ K
022 © o
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=
S o2
5 o 0--0--Q 2 @ B ¥
T M 50 @R ALY L .
S c [ o \ &y
E 0.16 |- S Y L
2 .o---0--@ p-o-¢ © 2 8 | 2% Y RY F
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Figure 7. Difference (in norm) between the eigenvalues obtained in Watts—Strogatz networks from

2-regular graphs.
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Figure 8. Difference (in norm) between the eigenvalues obtained in Watts—Strogatz networks from
4-regular graphs.

The norms of the difference take small values, less than 0.26 for Watts—Strogatz networks
obtained from 2-regular networks, and less than 0.19 for those obtained from 4-regular networks.
As the probability increases, we obtain worse approximations, since networks become more random
and less regular, which results in a structure that is harder to approximate in tensor form. It is also
worth mentioning that the prime factorization of the matrix size is relevant, as the algorithm works
in blocks. For instance, if we compute the sum of the cubes of the prime factors for n =
1000,1100, ...,2000, we find that the sum for 1100, 1300,1700, and 1900 is greater than for the
rest. This observation is consistent with the performance plots, where the execution time for the other
dimensions is higher than for those ones. On the other hand, the accuracy of the decomposition may
improve for those values of n that have a dominant factor in their product representation. Therefore,
a trade-off between decomposition accuracy and execution time must be considered.

Nevertheless, we remark the importance of the vectors of sizes and which prime numbers
are involved in the factorization, as the spikes in the graph appeared similarly for each network size.

5 Conclusions

In this work, we have used tensor decompositions of the form (1) to approximate Laplacian

matrices of 2 and 4-regular networks, and of some Watts—Strogatz networks obtained from these
regular networks.

By introducing the randomness in Watts—Strogatz networks, we lose the regularity in the
structure of the Laplacian matrices, which is reflected in the approximations that we obtained: as the
randomness increases, the matrices in tensor form approximate worse the original Laplacian
matrices, although we still obtain interesting results. Based on the results obtained, we can affirm
that this technique allows us to work with tensor approximations of the different networks, by

12
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reducing the costs of time spent in computations, as it is the case for computing eigenvectors and
eigenvalues.

It may be interesting to carry out similar experiments, using regular networks of higher
degree (6,8, ...) to see if the ‘repetition of patterns’ is still maintained in the resulting graphs. It is
also interesting to ask what would happen if we modified the vecfor of sizes, that is, the number of
matrices that we use in each decomposition and what would be the optimal size of the matrices in
that case. For example, if we only use two matrices, are the results better if the matrices have similar
sizes, or if, on the contrary, they have the smallest and largest possible size, respectively? Therefore,
there are still interesting studies to be carried out to estimate the goodness of the use of tensor
decompositions.
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