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Sharp Coefficient Bounds for a Certain Subclass of Starlike Functions
Connected with j—~Analogue of the Exponential Function

Nizami Mustafa, Veysel Nezir

Department of Mathematics, Faculty of Science and Letters, Kafkas University, Kars 36100, Turkey

Abstract. In this study, by making the use of g-analogue of the exponential function, a new class of starlike
functions is defined. The prime contribution of this study covers the derivation of sharp coefficient bounds
in open unit disk, especially the first three coefficient bounds, Fekete-Szeg6 functional and upper bounds
of second Hankel determinant for the functions belonging to newly defined class. Moreover, in this study
we investigate the Zalcman and generalized Zalcman conjectures of this class functions. In addition, here
some known results are discussed based on the choices of the involved parameter 4.

1. Introduction and preliminaries

This section will present the fundamental information we will use throughout our study and review
existing literature on the topic we are examining.

Let H(UI) be the class of analytic functions in the open unit disk U = {z € C : |z| < 1} of the complex plane
C. By A, we will denote the class of the functions f € H(U) given by the following series expansions

[ee)
f(z):z+a222+a323+u4z4+~~+anz"+---:z+Zanz”, a, € C. (1)
n=2

It is clear that the function f belonging to the class A satisfies the conditions f(0) = 0 and f’(0) = 1. The
subclass of univalent functions of A is denoted by S. The class S was introduced by Koebe [17] in 1907
and has become the core ingredient of advanced research in this field. Later, many mathematicians became
interested in coefficient estimates for this class.

Within a short period, in 1916 Bieberbach [5] published a paper in which the famous coefficient hypoth-
esis was proposed. This hypothesis consists of the following: If f € S and has the series form (1), then
|la,| < n for each n > 2. In 1985, it was de Branges [8], who settled this long-lasting conjecture. There were a
lot of papers devoted to this conjecture in the literature (see [1, 2, 4, 6, 9, 16, 18, 22, 24, 34, 35]).
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It is worth noting that finding bounds for the function coefficients is one of the most fundamental
problems in geometric function theory, since it impacts geometric features. For example, the constraint on
the second coefficient provides the growth and distortion.

One of the important and extensively studied subclasses of univalent functions is the class of starlike
functions. Geometrically, starlike functions are functions that transform the open unit disk U into a starlike
region. Starlike function class in the open unit disk U denoted by S* and defined analytically as follows

S*={f€S:Re(%)>O,ZEU}.

In order to obtain better results in the theory of geometric functions, numerous subclasses of the class
S have been introduced and studied in recent years as special options for the class S* (see for example
[16,18, 22, 35,372 , 38]).

One of the important function classes is the Schwarz function class, which we will now define. It is well
known that an analytic function w along the conditions w(0) = 0 and |w(z)| < 1 is called Schwarz function.
This class of functions we will denoted by Q. For two functions f, g € H(U), we say that f is subordinate to
g (denoted by f < g), if there exists a function w € Q, such that f(z) = g(w(z)). In particular, if g € S, then

f < gifand only if f(0) = g(0) and f(U) c g(U).

In 1992 Ma and Minda [20] presented a unified version of the class S* using subordination terminology.
It was defined by
z2f'(2)

S*(go)z{fES:W<(p(z), ZGU},

where ¢(z) is a univalent function with ¢’(0) > 0 and Re(¢(z)) > 0. Additionally, the region ¢(U) is star-
shaped about the point ¢(0) = 1 and is symmetric along the real-line axis. If we choose ¢(z) = %;, zel,
then we have a class of starlike functions which is given below:

fl+z zf'(2)  1+z
S(l_z)z{fes. @ <E,zeu}.

Janowski [12] investigated the class of Janowski starlike functions and defined it as follows:

zf'(z) 1+Lz
@ 1+MzC

S*(L,M):{feS: eu}, 1<M<L<1.

Sokol and Stankiewicz [34] chose ¢(z) = V1 + z, z € U and defined the family of class S; as
zf'(2)
f@)

They examined some geometric properties of the class S;.
Recently, Cho et al. [7] chose ¢(z) =1 + sinz, z € U and defined a class S, of starlike functions:

S;m:{feS:ZJj:;S) <1+sinz, z € u},

S*L:{fES: < 1+z,z€ll}.

and they examined some geometric properties of the class S, .
Bano and Raza [4] chose ¢(z) = cosz, z € U, and Alotaibi et al. [1] considered ¢(z) = coshz, z € U; they
defined a family of new classes as follows:

2f'(2)
f@)

z2f'(2)
f@@)

cosh

<cosz,zeU} and S° —{feS: <coshz,zeLl},

SZOS={f€S:
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and they examined some geometric properties of the classes St and S __, .
Recently, Swapur [36] defined a starlike function class associated with the Salagean differential operator
and connected with the g-analogue of the hyperbolic tangent function as follows

. _ . 54/ (2)
S:(1,9) = {f €S: @ <1+ tanh(gz), z € U}.

Swapur found sharp upper bounds for the first four coefficients of functions belonging to this class.

As is known, the study of upper bound estimates of the Fekete-Szegd functional and the Hankel
determinant is an important topic in the theory of geometric functions. It is well known that the first order
of Hankel determinant of the function f € S is determined as Hy1(f) = a3 —a3. For u € C or u € R the
functional Hy1(f, ) = lag — pa%l is known as the generalized Fekete-Szego functlonal [22]. Estimating the
upper bound of |a3 — ua3| is known as the Fekete-Szegd problem in the literature. Many researchers have
investigated this problem for different subclasses of univalent functions (see [15, 25, 26, 28, 30]).

The Hankel determinants H,,,(f), m,n € IN for the function f € S was introduced by Pommerenke
[31, 32] and defined by

n A1l °°0 Apam-1
An+1 Any2 v An+m
Hm,n(f): . . . . , m,néeN.
Anym-1  Apam An+2m-2

It is not hard to note that the second order of Hankel determinant of the function f can be given by
Hao(f) = azay —a3.

There are relatively few results about the Hankel determinant for functions belonging to the general
family class S. The first sharp inequality for the function f € S is given by |H, ,(f)| < ¢ Vn, n € N, where ¢
is a positive constant. This result is due to Hayman [11].

Additionally, for f € S, it is calculated in [30] that [Hy2(f)| < ¢, for c € [1, %]

The challenges of determining the bounds of Hankel determinants for a certain set of complex valued
functions have attracted the interests of many researchers. For example, Janteng et al. [13, 14] obtained the
sharp bounds of |[H,,(f)| for the subfamilies S* and C, where C is convex function class in U. They give the
following estimates
1 forfeS,

220l < {1 for f e C.

In 1960, Zalcman defined the conjecture for univalent functions. He stated that every f € S of the form
(1) satisfies the following inequality:
lay = azpal < (n = 1) )

forne N, =1{2,3,...}.
In 1999, Ma [21] proved a generalized version of Zalcman conjecture and stated that every univalent
function f € S satisfies the following inequality:

|anam - an+m—1| < (I’l - 1)(1’?1 - 1) (3)

forn,me N, =1{2,3,...}.
For n = m = 2, the inequality (2) and (3) has the form

Iaé —a3| < 1.

For q € (0,1) the g-analogue of the exponential function ¢** defined as follows

@ L, @ @@ (q2)"
D M T A R
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It is clear that lim,_,;- T = €*.
By using the definition of subordination, we introduce a new subclass of starlike functions connected to
g-analogue of the exponential function.

Definition 1.1. For g € (0,1) a function f € S is said to be in the class S*(e¥*) if it satisfies the following condition

z2f'(2) zf'(2)
f@@) f@)

In the case g — 17, from Definition 1.1 we obtain the following class of functions.

<e”, zelU; thatis, §(e%) = {f €S: <e”, ze€ U}.

Definition 1.2. A function f € S is said to be in the class S*(e%) if it satisfies the following condition

2f'(2) . R 2f@
@ <é, zel thatzs,S(e)—{feS.m<e, zeu}.

Remark 1.3. It is worth noting that the classes defined above are not empty.
Indeed, for q € (0,1) the function

32
f(z):z+qzz+%z3+...

is a member of the class S*(e%*), which derived from the equality

S,
@

This equality is a consequence of the condition in the definition of the class S*(eT).
Also, in the special case ¢ — 17, the function

zell

f(z):z+zz+Zz3+...
is a member of the class S*(¢7).

Let’s define another class of functions that we will frequently use throughout our study.
Let P be the class of analytic functions in U with Re(p(z)) > 0 and p(0) = 1. This class can be defined
using the subordination principle as follows:

P={peA:p(z)<%, zeu}.

It is clear that the functions that satisfy these conditions have the following series expansion

(o]

p(Z)Z1+P12+P222+p3z3+"':1+anzn/ zel ®)

n=1

The class P defined above is known as the class Carathéodory functions in the literature [23].

The subsequent lemmas are essential for the proof our main results.

It should be noted that the equality given for p, in Lemma 1.1 below was proven by Pommerenke [32]
and the equality given for p; was proven by Libera and Ztotkiewicz [19].

Lemma 1.4. Let the an analytic function p be of the form (5), then

2py = pi + (4 - ), ©6)
4ps = p; +2(4 - pDp1x — (4 — pDp1xX” + 2(4 - p})(1 = Py, 7)

forsome x,y € Cwith |x| < 1and |y| < 1.
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Lemma 1.5. [10]. Let the function p belong to the class P. Then,
lpnl <2 foreachn € N. (8)

Also,
|Pn — Apipn-kl <2 forn,k e N,n>kand A € [0,1]. )

The equality hold for the function p(z) = (1 + z)/(1 — z).
Lemma 1.6. [3]. Let the function p belong to the class P. Then,
Ips — 2Bpip2 + D3| <2, if0<B<1land B2B-1)<D <B.

In this study, we defined the sharp coefficient bounds on the open unit disk, specifically the first three
coefficient bounds, the upper bounds of the Fekete-Szeg6 functional, and the upper bounds of the second
Hankel determinant for functions belonging to the newly defined class 5*(¢%%). Additionally, in the study
we examine the Zalcman conjecture for the defined class. Moreover, some known results are highlighted
based on the choice of the parameter 4.

2. Main Results

2.1. Upper Bound Estimate for the Coefficients

In this subsection, we give some coefficient estimates for the functions belonging to the class 5*(e7).
Let’s give the following theorem on upper bound estimates of coefficients.

Theorem 2.1. Let the function f given by series expansions (1) belong to the class S*(e*). Then, we have the
following estimates

2 ifge(0,2], (3g+2
wl<q <1 7 (2 | € el
4139 ifge(31). 6
Obtained here results are sharp.
Proof. Let f € §*(e%*), then exists Schwarz function w : U — U, such that
M =190 e (10)

f@ '

According to the relationship between the Schwarz and Carathéodory function classes, there exists a
function p € P such that

1+ w(z) _p) -1
PEO= 100 © 997 vt
It is follows from that
1 pi 1 121
w(z) = %z+ 5 (pz — 31)22 + E[m - pip2 + Zl]Z3 +..., zel (11)

If we consider equality (11) in the expansion (4), we can write

W q q 2_q
=14z (PZ‘T’“%)f
q 2-q 7 —64+6 (12
i _ T 1 F.31.3

+2(P3 5 pip2 + i pl)z +..., zel
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Using simple differentiation operations, we write the following equality

zf'(2)
f@@)

= 1+azz+(2a3—a%)zz+(3a4—3a2a3+a§)z3+..., ze ll

70

(13)

Taking into account the expansions of (12) and (13) in the equality (10), and equating the coefficients of

the same powers with respect to the variable z in the resulting equality, we obtain:

a2=gpl,

q 2-q
203 — @ = E(PZ - TP%)/
2_

5 qupz +

> —6q+6 3)

3a4—3a2a3+a§:g(p3— o 1Z4 B

Using inequality (8) (see Lemma 1.5) to the equality (14), we have the first result of theorem.

Now let’s find an upper bound for the modulus of the coefficient as.

. 2 42 . .
Since p; = p—21 + %x for some x € C with |x| < 1 (see Lemma 1.4), then from (15) can written

o2 2
a3 =1¢ [2(4 pX+ 3qp1].
Using triangle inequality to the equality (17), we can write the following inequality:
q 2 2
a3l < 3¢ [24 = #)E + 398,

where, & = |x] and t = |py].

(14)
(15)

(16)

(17)

(18)

Let’s define the function x(&) = 2(4 — *)& + 3gt2, & € [0,1]. Since x'(§) =4 — > > 0, & € [0,1], then from

(18), we write
q 2
las| < 16 [(3q —-2)t° + 8] .

Maximizing the function ¢ : [0,2] — R defined as follows
Pt)=Bqg -2 +8, t€[0,2],

we can easily see that ¢(t) < 8if g € (O, z] and ¢(t) < 12gifg € [%, 1).

So that
2 ifge(0,2],
jagl < 142 TAELS
4 |3q ifge|3,1).

Now let’s find an upper bound for the modulus of the coefficient a;. From (16), we get

1 2- 2-6q+6
a4=az(a3—5a§)+g(ps— e+ ] Pi’)-

Using triangle inequality to the last equality we have

2-9q g —69+6 ,

q
p3_ 2 p1p2+ 24 pl ‘

6

1
a; — a3 +

ay| < |a
|as| < las| 3

Then, from (15) we can write

1 q 6 —5g
g = (p- )

(19)
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Since (6 — 59)/12 € [0,1] for g € (0, 1), then using inequality (9) (see Lemma 1.5) to the last equality, we

have
1,
asz — gtlz

1
<z 2
<3 0)
Now let’s find an upper bound evaluation for

2-gq 7*—6g+6
p3_ 2 p1p2+ 24 p:l3

For this, we write
2— 2_69+6
P qmpz + 1 ZZ pi = ps = 2Bpipa + Dp3,

where B=(2—¢)/4€[0,1]and D = (4° — 6q + 6)/24.
Since B=(2—-¢)/4 €[0,1] and B2B —1) < D < B for q € (0, 1), then

2—9q > —65+6
P — P1P2+TP§’ <2 (21)

(see Lemma 1.6).
Finally, taking into account inequalities (21), (20) and the evaluation we found for a,, from the inequality
(19) we arrive at the following inequality:

L Ba+2q

| 3

For sharpness of the first result, consider the function f : U — C, defined by

2f'(2)
f@

32
=eqzzf(z)=z+qzz+%z3+....

Also, in the case g € [%, 1) second result of the theorem is sharp for this above function.
Third result of the theorem is sharp for the function

30+2
SRl P

fl@)=z+ 73

Thus, the proof of theorem is completed. [
In the special case g — 17, from Theorem 2.1 we have the following result for the class 5*(¢%).

Corollary 2.2. If f € 5*(¢*), then we have
3 5
laxl <1, |as| < 1 and  |ag] < A

2.2. Fekete-Szego Problem
In this subsection, we will examine the Fekete-Szegt problem for the class 5*(e#).
Theorem 2.3. Let f € S*(e%) and u € C, then

o if13 —4ul <2/q,
las — pas| < o {|3 —4plg if13-4ul > 2/q.
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Proof. Let f € S*(e7) and u € C. Then, from the equalities (14) and (15) the generalized Fekete-Szeg6
functional a3 — pa3 can written as follows

1-2p, 4 —q5
a3 - pay = — a§+4(Pz——P1)
Applying the equality (6) (see Lemma 1.4) to the last equality and considering (14), we get

a5 = el = 2 [3 - 40qp7 + 264 - pha] (22)

for some x € C with |x| < 1.
Using triangle inequality to the equality (22), we have

13 — 4ulg? + 2(4 - )¢ (23)

3 — e < 1 |

where, £ = |x| and t = |p4].
By maximizing the expression on the right side of the inequality (23) with respect to the variable £ € [0, 1],
we obtain the following inequality

las — ua?| < T [(|3 aulg -2 +8|, te[o,2]. (24)
Maximizing the function ¢ : [0,2] — R defined as follows
O(t) = (13 —4ulg-2)# +8, te]0,2],

we can easily see that ¢(t) < 8if |3 —4u| < 2/q and ¢(t) < 4|3 — 4plq if [3 — 4u| > 2/q. When we take these
into account in the inequality (24), we arrive at the desired result of theorem.
Thus, proved the theorem. O

In the special cases 1 = 0 and p = 1, from Theorem 2.3 we obtain the following results, respectively.

Corollary 2.4. If f € 5*(e¥), then
etfe T
S4\3 ifqe 2
Corollary 2.5. If f € 5*(e¥?), then
q
2’

Remark 2.6. As can be seen that the estimate obtained in Corollary 2.4 confirms the second result of Theorem 2.1.

|az — azl

In addition, when g — 17 from Theorem 2.3, we have the following result.
Corollary 2.7. If f € 5*(¢*) and u € C, then we have
112 if|13—4ul <2,
las — ua3| < - f13 = u
4|13 —-4ul if13—4ul=2.

Furthermore, in the special cases u = 0 and u = 1, from Corollary 2.7 we obtain the following results,
respectively.

Corollary 2.8. If f € S*(¢*), then we have

las| < —

Corollary 2.9. If f € S5*(¢?), then we have

a3 — a5 < =
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2.3. Upper Bound Estimate for the Second Hankel Determinant

Now let’s give an upper bound estimate of the second Hankel determinant for the functions belonging
to the class 5*(e).

Theorem 2.10. Let the function f given by series expansions (1) belong to the class S*(e%). Then, we have

|aa—a2|<£ 84" +14 ifg€(0,3),
T 24182 v 9948 ifge|2].

Proof. To prove Theorem 2.10, we will use some results obtained in Subsection 2.1 and Subsection 2.2.
Let f € §5*(¢7), then find the expression a,a, — a3 from (16) and apply the triangle inequality, we obtain

2- 7 —6q+6 ,

la|* q
= L P1P2+TP1 .

2 2|, 4
|azay — az] < - * laal|as — @3] + g|112|

(25)

Taking into account inequality (21) and the estimates we obtained for |a,|, |a3| and |as — a%l in Subsection
2.1 and Corollary 2.5, respectively in inequality (25), we arrive at the following result:

|aza4—a2|<£ 8q” + 14 ifge(0,3],
YT 241842 +99+8 ifgel?,1f.

Thus, the proof of theorem is completed. [
In the case g — 1~ from the Theorem 2.10, we have the following result.

Corollary 2.11. If f € S*(¢*), then we have
25

2
Ay — a5 < —.
lazay — a3 Y

2.4. Zalcman and Generalized Zalcman Conjecture

In this subsection, we will examine the Zalcman conjecture for the class S*(e%?).
As we stated in the introduction to our study, Zalcman in the assumption she defined in 1960, states
that every univalent function f € S satisfies the inequality

|a% — agyq| < (n — 1)

forne N, =1{2,3,...}.
In 1999, Ma [21] proved a generalized version of Zalcman conjecture and stated that every univalent
function f € S satisfies the following inequality

|anam - an+m—1| < (Tl - 1)(m - 1)

forn,me N, ={2,3,...}.
For n = m = 2, the above inequalities has the form

Iaé —a3| < 1.
In Subsection 2.2 (see Corollary 2.5) of our study, we proved the following result.

Theorem 2.12. Let the function f given by series expansions (1) belong to the class S*(e%). Then, we have

q

2
a, —az| < —.
|2 3| 2

Bound obtained here is sharp for the function f(z) =z + 12>+ ...,z € UL
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When g — 17, from Theorem 2.12, we have the following result.

Corollary 2.13. If f € 5*(¢%), then we have

|IZ§ —a3| <

N[ —

Now let’s give the following theorem on the generalized Zalcman conjecture.

Theorem 2.14. Let the function f given by series expansions (1) belong to the class S*(e%*). Then, we have

2+1
|1121/'l3 - a4| < W

Bound obtained here is sharp.

Proof. Let f € 5*(eF), then from the equality (16) we can write

2 - 2_6q+6 @
Ay — 203 =g Pa-%lﬁpﬁ%lﬂf —gz-

Applying the triangle inequality to this equality and using inequalities (21) and |a;| < g, we arrive at the

result of theorem.

Obtained result in Theorem 2.14 is sharp for the function

2
1
f(z):z+(q+T)qz4+..., ze U

O

When g — 17, from Theorem 2.14, we have the following result.

Corollary 2.15. If f € S*(¢*), then we have

a, — u2u3| <

WIN
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