TURKISH JOURNAL OF SCIENCE
VOLUME 11, ISSUE 1, 1-11
ISSN: 2587-0971

Numerical Solution of Inverse Nodal Problems
for Singular Diffusion Equation

Abdullah Ergiin?

?Sivas Vocational School of Technical Sciences, Sivas Cumhuriyet University, 58140, Sivas, Tiirkiye

Abstract. This study focuses on the inverse nodal problem for a singular diffusion equation that involves
eigenparameter-dependent terms and internal discontinuities. First, we derive reconstruction formulas for
the potential function g(x) and the parameter  using nodal data, applying the Chebyshev interpolation
method in the limiting process. Next, we establish the stability of the inverse problem through rigorous
analysis. Finally, approximate solutions are obtained using a numerical approach based on Chebyshev
polynomials. To evaluate the effectiveness of the method, numerical experiments are conducted with
MATLAB, comparing the results to those obtained through classical solution techniques.

1. Introduction

Many mathematical models, particularly in quantum and classical mechanics, are commonly formulated
using Hamiltonian or Schrédinger operators with singular coefficients. These models often lead to the study
of spectral inverse problems involving differential operators with generalized or singular coefficients. In
fact, a large class of problems in mathematical physics can be reduced to such formulations.

A representative example is the problem of stationary vibrations in a spring-connected homogeneous string
fixed at both ends, with density defined by S’ (x) = a6 (x — xo), where 6 (x) denotes the Dirac delta function,
and stiffness S (x) is evaluated at point xy. The domain of this operator is given by:

D(Ly) ={y (x) e W2[0,1]

¥ (xo +0) =y (xo — 0) = ay (x0) , xo € (0,1); y(0) =0 = y (1)}
This system is represented by the differential operator L = —% in the Hilbert space L, [0, 1]. There exists a
comprehensive theory on the proper (regular) definition of such operators and the analysis of their spectral

characteristics [2 — 4].
In this study, we consider a class of Sturm-Liouville-type quadratic pencil differential equations given by:

ly:=-y"+2Ap(x) +g(x)]y = /\2]/, x € [0, 7] / {a} (1)

with boundary conditions:
y'(0) = hy (0) 2)
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y' (m) = -Hy (n) )

Here, q(x) € L,[0,1] is a real-valued function,A is a spectral parameter, and p(x) = po(x —a), where
h,H, B # 0 and a are real constants.
Definition 1. A function y (x) € W% (Q) (QQ =1[0,7]/ {a}), is called a solution of the equation if it satisfies:

-y +q)y =71y, xel0,n]/{a) (4)
along with the discontinuity condition
Y (@+0)-y (a-0)=ABy(a) )

Moreover, if for all such nontrivial functions y (x) satisfying the boundary and discontinuity conditions, the
following inequality holds:

rlyf +Hyf + [

Sturm-Liouville operators with singular coefficients arise frequently in both theoretical and applied physics.
In earlier studies[5 — 13], the spectral properties of such operators with separated or non-separated bound-
ary conditions involving spectral parameters were explored, and uniqueness theorems for the correspond-
ing inverse problems were established. Similar investigations were carried out for Schrédinger-type equa-
tions with singular coefficients under spectral boundary conditions [14 — 17].

One prominent approach to solving inverse problems in this context is through nodal data specifically,
the zeros of eigenfunctions, known as nodal points. The process of recovering the coefficients of the
differential operator from the asymptotic behavior of these nodal points defines the inverse nodal problem.
McLaughlin[18] pioneered this area by demonstrating the uniqueness of solutions for Sturm-Liouville
operators. Further computational developments were provided by Hald and McLaughlin [19] while Yang
introduced a systematic algorithm for inverse nodal problems under separated boundary conditions[20].
Subsequent works extended these results of boundary conditions [21 — 32] .

The first treatment of inverse nodal problems involving discontinuous conditions in Sturm-Liouville sys-
tems was presented by Shieh and Yurko and these findings were later expanded by Yang who proved
uniqueness and stability theorems for cases with interior discontinuities located ata = 1 .

Koyunbakan and Mosazadeh [34] addressed Sturm-Liouville problems with spectral boundary conditions
and discontinuities at @ = 7 providing a constructive procedure for recovering the potential function
using nodal lengths, and analyzing Lipschitz stability of the solution. Further studies extended these
investigations to various types of regular Sturm-Liouville and Dirac operators[35 — 38].

However, existing results generally assume that the point of discontinuity is fixed and rational. In contrast,
this paper considers discontinuities occurring at irrational locations of the form a, = nr, (r € (0,1) N Q) and
presents a uniqueness theorem for the inverse nodal problem in such cases. An explicit algorithm is also
proposed for reconstructing the coefficients of the operator using asymptotic nodal data.

y (x))2 +q(x) |y(x)|2}dx >0 (6)

2. Inverse Nodal Problem

Theorem 1. ( [40] ) The asymptotic representations of the solutions of problem (1)-(3) that satisfy condition
(4) are given as follows:
forx <a,

@ (x,4) = cos Ax+ (1 + 3 fq (1)) 55 + o (57) %

@' (x,A) = —Asin Ax + (h +1 g dt) cosAx + 0 (el’rlx) ®)

forx > a,



A. Ergiin /TJOS 11 (1), 1-11 3

(2 (.X', A) =
cos Ax + 25 (sin Ax —sin A (2a — x)) + wq (x) cos Ax + w1 (x) % )
(1 2ﬁ2)f”q(t)dtsm/\(2a x) + oy (%) cosA(Zu x) +O(B||:\T)
@' (x,A) =
A [— sin Ax + %‘B (cos Ax + cos A (2a — x))] + wp (x) cos Ax — w1 (x) sin Ax (10)

+w, (x)sinA (22 —x) — 1 (1 - Zﬁz) j; g(t)dtcosA(2a—x)+o (e'“x)

a)o(x):h—iﬁfq(t)dt+%fq(t)dt w1 (x) = ——ﬁ(h——fq(t)dt+fq(t)dt)
ws (%) —-ﬁ(h—-foq(t)dt+foq(t)dt),wg(x) (1 ﬁ)f () dt

Let us define the auxiliary function:

where:

Ag(A)=A [— sin Am + %ﬁ (cos ATt + cos A (2a — n))] (11)

Following the analytical approach presented by Ya in [40], it is established that the roots of the equation
Ao (A) admit the asymptotic representation:
A =n+ hy,, with sup [hn| = h < oo

n
Applying the same method to the characteristic equation A (1) = 0, and utilizing the expression obtained
from A (1), one derives the refined asymptotic approximation:

A, =A% +0(1) (12)

in the sense of Rouche’s Theorem. ‘
Let us now define the contour G, := {A eC:|A = |/\2| + %}
Moreover, according to [43], the difference between A (1) and Ag (1) satisfies the bound:

A(A) = Ao (1) = O(exp lImA|m), |A] = oo

Therefore, for sufficiently large n and A € G,, , one obtains:
1
[A(A) = Ag(A)] < TR exp (ImA| 7).
5

On the other hand, we also have:
1Mo (W] = Cs [A|exp (IImA| 1) > |A(A) = Ao (A)]

Hence, by Rouche’s theorem, A (1) and A (A) must have the same number of zeros (counting multiplicity)
within the contour G, and that number is exactly n + 1 corresponding to the zeros Ao, A1, ..., A,.
Furthermore, by applying Rouche’s theorem again in a neighborhood around each individual A9, namely
the disk

Cs == {A:]A= A9 <o)

we conclude that, for sufficiently large #, each such disk contains precisely one zero A, of A (A). Since 0 is
arbitrary but small, it follows that
Ap =A%+ e, where e, =0(1), n — oo.

Lemma 1.( [40])
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For sulfficiently large n and uniformly with respect toj = j(n) , the nodal points xi,(n)satisfy the following
asymptotic formulas:if x]n(n) €(0,a),

. 1 J(n)
i ]__ TC X itn
x,]f)z—( 2) +{k+1f q(t)dt—dnx]n( )}L+o 1
0 0

0 2 A ()
if ¥/ € (a,m),
w U—3)m 1 B B o, Crler” -
xiz( ) _ % + /\—2 arctal‘l(A—:) - A_%D” (sz( )) + f‘ln ) (Ag)z e (A2)2 .

ER RN
A ke ()’ ()’

Definition 1 .
The set X (L) := {xil("), n=12.;jmn)=1,.., n}is referred to as the nodal set corresponding to the boundary

value problem defined by equations L.Let X, (L)be a subset of X (L). This subset is referred to as a twin set
if, for each element xi(k"")
x{,(knk)_lor xz,(knk)ﬂor both.

Now consider the set o

Xo (L) = {x{fknk) me=1,2,.;j(m) =1, 2...,nk}which forms a subsequence of the nodal points x;; " that is dense

in the interval (0, 7t).In light of previous results, the existence of such a set is evident.

€ Xp (L), the set also includes at least one of its neighboring nodal points either

Lemma 2.Let X (L)and X (i)be two dense and twin subsets of nodal points. Suppose that X (L) = X (i)),

and for each ¢, there exist indices ny, i, and ny,7i; such that X,,, (L) = Xg, (l) Then for all sufficiently large ¢,
it follows that ny = 7.

Proof.Assume, for the sake of contradiction, that n; # 7i;Without loss of generality, suppose n; > fi;.

SinceX,, (L) = X, (i)there must exist indices Z; and Z,such that
xil(k”k) = 322 and x,];(knk)ﬂ = J?':Elzk
L)

_ &2
23 e = Xg 7l

k 03

#(1_@)2 ﬁkj_%+o(;)
g (Z2 — Z1) Ny 1y Ak

As ny, fiy — co. The above implies that Z, = Z; + land consequently ny = ik
Therefore, it must be that
xf(nk) _ f’;; and xj(nk)+1 5

03 g - xﬁk .

This yields the relation:

and
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From this, it follows that:
, hy N hy,
](nk)(l - n—k")+o(1) 221(1 - n—kk)+o(1)
which implies that for all sufficiently larget, j (1x) = Z;. Therefore, we conclude that:

X[ = I

Lemma 3. ( [40])
The nodal lengths corresponding to the boundary value problem L satisfy the following asymptotic ap-
proximations:

For nodal points xz, lying in the interval (0, a) we have:

a(l])

1 51(")” 1
)\0 (/\91)2 fx/() gt)ydt+o ()\g)z (13)
() — o

Theorem 2. ([40] ). Letx € (0,a), R = {rn tr= g, p<4q,p,qe€ N}and assume xl(("") C X (L) with lim x;

k—o0

Then, for any point a € Rthe following limits exist and are finite:

f(x) = hm [nkx]( 2 (] (ng) — %)n] ](n") €(0,a)

(f (ny) = %) ], fq(knk) € (0,0)
i

g1 (x) : _hril:olk [nkx’” (](n )—1)
fr(x):= hm[ ](”k> (](le) ) ] ]("k € (a,m)

B"k ) (] (le) B %) Tt

Ank Ny

" € @),

i,

g2 (x) := lim ny [nkx]( ) _ (] (ny) — %) ™ — arctan(
k—oo

Theorem 3. ([40] ). Let X, (L) € X (L)) be a subset of nodal points that is dense in the interval(0, 7). Then, for
any real number a € Rthe specification of the set X, (L)uniquely determines the potential function g (x) — {(g)
almost everywhere on (0, )as well as the boundary coefficientsh, H and the interface parameterp.
Moreover, the potential g (x) — (q)), along with the constants /1, H and Bcan be reconstructed through the
following procedure:

1. For each x € (0, mt)), select a sequence {x: { o k)} C Xp (L)such that

lim x]( ")

n—o0

=x
h=g1(0)
B=(01+ tanaho)tan(w)

Here, the function f (x)is defined piecewise as:

_ ) fix), x€]0,a)
fw‘{émxemm
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1. The function g (x) — {g) can be explicitly reconstructed using the expression:

2(h+H) [sin mthy + %cos nho] - %ﬁ (H = h) cos (2a — 1) hy

q(x) —{q) =2g1 (x) +

T [cos mthy + % sin nho] + %ﬁ (2a — ) sin (22 — ) hg

- 1 1(gai
<q> - [cos nh0+% sinnhg]+%ﬁ(2n—n) sin(2a—m0)hg {[_E (ﬁ Sm ﬂl’lo +cos 71]”10
+1Bcos (2a - m)ho) + £ (1 - f?)sin (22 — m) o [ q () it
+ [sin 1thy + B cos 1thy + %ﬁ cos (2a — 1) ho] foa q(t) dt}
This formulation expresses how the mean value of the potential function is analytically related to the
boundary parameters and the discontinuity coefficient .

3. Numerical Strategy for Solving the Inverse Problem

Inverse Problem Statement.
Given a set of nodal points {x]n(")} forj=1,2,..,n—1and n € N the objective is to reconstruct the potential
function g (x).

Since the nodal values {xi,})} represent the zeros of the nnnth eigenfunction ¢ (x, A,), one can express the
inverse problem accordingly as follows:

(p(xi,/\n) = O,xZ1 € (0,%),11 =2m
(p(xL,An> = O,xz, € (g,n),n =2m

By replacing ¢, with ¢, (x{,(”)), the expression becomes:

i

fxﬂ q(t)sin A9 (x,]1 - t) cos (Ayt)dt = —hsin (/\gxi) - A% cos (/\gxi)
0

i

X{, 0,/ x); . .
sin A%/ q (t) cos? (A,t) dt — M g (t)sin2(A%)dt = —hsin (A%]) — A9 cos (A0,
0 2 0

Dividing both sides of the expression by sin (Agxz,), we arrive at

x) )
f q(t) cos? (Aut)dt = —h — A% cot (Agxi,) .
0

Letf € L, (0, ). Then f (f)can be expressed in the form
fFO=YY vobe ®
=1 m=0

where the collection {4, (f)}constitutes an orthogonal system in L; (0, 7). Therefore, the coefficients y,, can
be interpreted as the Fourier coefficients of f () with respect to this basis or as projections onto these basis
functions:

Yim = fo £ on () dt

We may write the expansion compactly as:

FO =Y M ythen () = YT -9 ()

where the coefficient vector Yand the basis vectory (t) are defined respectively as:

T
Y= [ylo Y11 Yz --Yum-1) Y20 Y21 --Yor-10 Yor11 Yoo ---l/zk-l(M—l)]



A. Ergiin/TJOS 11 (1), 1-11 7

Y(t) = [1#10 Y11 P12 Pr-1) P20 Po1 - Po-g Pore1g Hbzk-lz---lpzk-l(M—l)]

The basis function 4, (f)is defined piecewise as:

, otherwise

_ 1
L (f) = ,/m+§-Lm(t), m=0,1,.M-1

with Ly, (t) denoting the classical Legendre polynomials.
Let the first two Legendre polynomials be defined as:

27 (& o (20-2) )
l#fm(t):{ (?Lm(?—zc+1), if S <t< X

where € =1, ..., 2k and

Li)=1, Li() =t

form = 1,2, ..., the higher-order polynomials can be generated recursively using:

2m +1 m
. t)y— —— L1 (t
+1th() m+1 ml()

Since the function g (x)belongs to the space L, (0, ), it can be expanded in terms of the orthogonal basis
functions g, (t), yielding the following representation:

o oo 21 p-1
q(t) = Z Z YemWem (1) = Z Z YemWem (1)
=1 m=0 =1 m=0

Xy

21 M-1 J
Z Z Yem { Ve (t)sin AD (x,ﬂ - t) cos Agtdt} = —hsin A%/, — A% cos A%/,
=1 m=0 0

and this holdsforn>1, j=1,..,n.
Let us now proceed with the numerical algorithm.

1. Suppose the nodal points {x{d} forn > land j = 1,2,...,n are provided. Let k, M, h,H € R, and choose
n=2km.
2. The vector Y is determined by the linear system AxY = B, where:

A=[A Ay Asee Agis |

with each A, given by:

& Py, sin AY (x} — t) cos (A, ) dt ... " Ve SINAD (XL — t) cos (A1) dt
0 o Ve
A, = fox” Py, sin A9 (x%, - t) cos (Ant)dt ... fox” Yey SINAY (x%, - t) cos (Ant)dt

foxil Yy, sin A (x — t) cos (Aut) dt ... fox: Wty SINAY (2 — £) cos (A,t) dt
The right-hand side vector Bis defined as:
T
B = [—h sin ()\Sx,lq) - A%cos (/\Q,x}l) w. —hsin (/\gxﬁ) — A% cos (Agxﬁ)]
1. To compute the values q (t;)for i = 1,2, ...,m, we use the system:

[(t)] = YTx¢
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where the sample points t; are defined by

_@i-Dmn

t = =122 M=M
2k M

and the vector ¢is given by:

o=lolaie) vl - o5

Accordingly, the potential function g (f)can be represented as an infinite series:

CEDIIO)
i=1

where each term g; (t) is expressed as:

qi = i Yepe,-
m=0

4. Experimental Analysis and Numerical Validation

In this part, we demonstrate several computational examples to illustrate the application of the inverse
nodal problem using the previously outlined algorithm. All visualizations and computations are carried
out with the help of MATLAB. These examples clearly reveal the convergence behavior of the suggested
approach and highlight the stability of the reconstructed solution to the inverse problem.

Example 1.

Let us consider the function g (x) = cos 2x

We take the boundary parametersash =1, H =2, § = land leta = 7.

Assuming k = 4 and m = 3, it follows that n = 2k=1. 4y = 24. Therefore, i=1,2,..24
Under these conditions, the nodal points satisfy the following relations:

)\ ' 2j-1)m , .
Hald) + (1= 3+ 2) () = B2 4 £(=12,..,29,0¢ (0.3)
4 (J‘))S (_5 36 )((f))z(zf*)'ﬂ 12 (5.n)
73.3(x24 +11 7o\ ) = 9 +98+74(]_1,2,...,24),ue 7T

These expressions define the roots of the equations. The numerical values of these roots are given in Table
1.

4.1. Table 1. Numerical values of nodal points in Example 1

j 1 2 3 4 5

x), 1010127225 | 022959331 | 0.35782623 | 0.48592215 | 0.61383272
j 6 7 8 9 10

x), | 074151030 | 0.86890811 | 0.99598043 | 1.12268269 | 1.24897168
j 11 12 13 14 15

x), 137480562 | 1.50014431 | 1.6249492 | 174918353 | 1.87281231
j 16 17 18 19 20

x), 199580248 | 2.11812286 | 2.23974423 | 236063934 | 2.48078290
j 21 2 23 24

x), | 2.60015156 | 2.71872391 | 2.83648045 | 2.95340354
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1 T T T T T

. l ! /

0 0.5 1 1.5 2 2:5 T
for 6 points; k=2, m=3

1 T T T T T

) | | ]

0 0.5 1 (ES 2 723 T
for 12 points; k=3, m=3

: N\\\\\\\N_ _/////// |

for 24 pomts k=4, m=3

L)
=
X
=
o
T

o]
=
X
=
o
T

o]
=
X
=
o
T

Figure 1: Approximate reconstruction of the potential function g(x) = cos 2x using 6, 12, and 24 nodal points.

At this stage, we treat 4 as an unknown potential function, and assume that the nodal data listed in
Table 1 serve as the input for our computations. Utilizing the proposed algorithm, our objective is to
approximate the function g as the solution to the associated inverse nodal problem.

Example 2.

Let us consider the function g (x) = 4x® — 2x.

We take the boundary parametersash =1, H = 2and § = land leta = 7.

Assuming k = 4 and m = 3, it follows that n = 2k=1. 1 = 24. Therefore, i=1,2,..,24.
Under these conditions, the nodal points satisfy the following relations:

-3 () <3 () < #(6 + -) (o)

« DT, 4 (21,0,.,24) 0 ¢ (0.%)
) _( (1‘))2 (%Jr 52 _g.q 4 8O )(xa))

74 7
(j
(x24 24

; N
2
4_%+5Tn+w %n(j:l,z,...,%})ae(%,n)

4.2. Table 2. Numerical values of nodal points in Example 2

j 1 2 3 4 5

x), | 0033285160 | 0.127050880 | 0.220749620 | 0.314396110 | 0.408012880
j 6 7 8 9 10

x), | 0501632020 | 1.6242536421 | 0.595286280 | 0.689027260 | 0.876990170
j 11 12 13 14 15

x), 0971350130 | 1.066068160 | 1161239990 | 1.256973590 | 1353392140
j 16 17 18 19 20

x), | 1450636720 | 1.548869800 | 1.648279900 | 1.749087970 | 1.851559490
j 21 2 23 24

x), | 1955984040 | 2.062790590 | 2.172416520 | 2.285476130
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40 — T T T T g
q(x)20 |- R
0 8 1 |
0 0.5 1 1.5 2 2.5 T
for 6 points; k=2, m=3
40 F T T T T 3
q(x)20 - .
0 1 1 |
0 0.5 1 1.5 2 25 5
for 12 points; k=3, m=3
40 F T T T T T =
q(x)20 - -
0 & 1 1
0 0.5 1 15 2 2.5 T

for 24 points; k=4, m=3

Figure 2: Approximate reconstruction of the potential function g(x) = 4x® — 2x using 6, 12, and 24 nodal points.

For instance, as revealed by the behavior of the nodal points x,jf") within the interval (O, %), the values j that
satisfy the condition le(") > 7 are selected to ensure the given inequality holds, and these values coincide

with the value of x{,(n) in the interval (%, n).

Conclusion 4
As indicated by the asymptotic behavior of the nodal points xﬂ,(”), if no discontinuity conditions exist at
the point x = 7, then the behavior of all nodal points of the problem coincides with their behavior in the

interval (0, g) Consequently, if discontinuity conditions are indeed present at x = 7, the behavior within

(0, %) must coincide with that in the interval (%, n) for sufficiently large values of j. Therefore, although the
behaviors of the nodal points xi(") in the intervals (0, %) and (%, n) may appear different, their positions can
be adjusted within both intervals depending on the values of j. Hence, when plotting the potential function

with respect to the nodal points xz,(n), it is essential to utilize the behavior observed in both intervals (O, g)

and (%, n). Based on this idea, Graph 1 and Graph 2 have been constructed.

Subsequently, we demonstrated the stability of the inverse nodal formulation. Moreover, an approximate
solution was developed using the Chebyshev interpolation method tailored to the Sturm-Liouville operator
with jump discontinuities. Employing Chebyshev polynomials of the first kind, we provided computational
examples that illustrate the numerical reconstruction of the potential function and confirmed the stability
of the results.

Recent advancements have shown the Chebyshev interpolation technique to be particularly effective in
the numerical treatment of integral and integro-differential equations. Within the context of this study, it
has been established that this approach is also well-suited for computing approximate solutions to inverse
nodal problems with discontinuities.
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