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Abstract: In this paper we consider an approach for estimation a residual stress in metals after heat treatment. In the
framework of the considered approach, we introduce a model of changing of stress in metals during heat treatment as well

as analytical approach for its analysis are proposed.
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1. Introduction

Heat treatment is one of the main stages of the production of
metal devices. Quality and resource of these devices depend
on its correct implementation. The main factors that ensure the
quality of heat treatment are temperature and time. Thus, the
above properties of these devices are determined by the
cooling rate of the metal [1-4]. There are different approaches,
that gives a possibility to control the cooling rate of metal
products, were elaborated. The manufacturing of different
structures in a metallic material is accompanied by the
redistribution of various structural defects (atoms,
dislocations, ...) [1,2,4,5]. The final fixed structural state of the
metal is characterized by an internal stress consisting of the
interaction of elastic fields of lattice stresses and defects.
Residual stresses arising during heat treatment, combined with
workloads, have a negative impact on operational reliability
and service life. The main aim of the present paper is
formulation and analysis of a model of changes of stress in
metals during heat treatment. The accompanying aim of the
present paper is to elaboration of an analytical approach to
analyze the considered model.

Method of solution

To solve the considered aim we determine distribution of
temperature T (x,y,z,t) in space and time by solving of the
second Fourier's low [6,7]

o082 2 a2, 2y T2,
+ a{ﬂ,(x, Y, zT)aT(Xth)} +p(x,y,z,t)
oz 0z )

with boundary and initial conditions

oT(x,y,z,t) 0 oT(x,y,z,t) 0
OX x=0 - O X X=Lyx

oT(x,y,z,1) 0 oT(x,y,z,t) 0
0 y y=0 0 y y=Ly

oT(x,y,2,1) 0 oT(x,y,2,t) _0
az 7=0 . az z=L,

T (x,y,2,0) =T.. 2

Here A is the coefficient of thermal conductivity. Value of the
coefficient depends on properties of the considered materials
and temperature. Dependence of the coefficient of thermal
conductivity could be approximated by the following
function: A(xy, z,T)=Aass(X,y,2)[1+1 Ta?ITo(X,y,z,t)]. ¢ (T) =
Cass[1- 3 exp(-T (x,y,2,t)/Tq)] is the heat capacitance; Ty is the
Debye temperature. In the case, when current temperature T
(x.y,z, t) is equal or larger, then the Debye temperature Tq, than
we can use the following approximation ¢ (T) = Cass. This is
most interest for us case. p (x,y,z,t) is the volumetric density of
power, which released in the considered sample. First of all
we estimate distribution of temperature. To make the
estimation we solve the equation (1) by the method of
averaging of function corrections [8-10]. In the framework of
this method, we replace the distribution of temperature in
space and time by not yet known average value a1 in the right
side of equation (1). The replacement gives a possibility to
obtain the following equation to determine the first-order
approximation of the considered temperature

oT,(x,y,2,t) _
ass at

p(x,y,zt)
. ®)
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Integration of left and right sides of equation (3) on time gives
a possibility to obtain the required approximation in the
following form

T.(x,y,z,t ):Cii p(x,y,z,z)dr+T
s @

Not yet known average value aar was calculated by the
following standard relation [8-10]

ass a t

¢ o T(xy.zt) :%(ﬂw (x,Y, z){l+

uTy

oLLL,

X,y,z,t)dzd yd xdt
O = G)LLLHH (xy.zt)dzdy

®)

The second-order approximation of temperature was
calculated by standard replacing of the required function T
(x,y,z,t) on sum of average value of the considered
approximation and approximation with the previous order (i.e.
T (x.y,2,t)> a2+ T1(X,y,z, t)) in the right side of equation (1).
The replacement gives a possibility to obtain equation to
calculate the considered second-order approximation in the
following form

uT! }6Tl(x, y,z,t)}r

[aZT +T1(X’ y,Z,t)](ﬂ oX

0
—| A (X y,2)41

[ar,, +T,(x,y,2,t)]

uT

}a Tl(g,;/, z,t)j N

0
. (xy,2)41

[, +T,(x,y,2,t)]

0z

}a T,(x.y, Z,t)J +p(xy,2,t)

- (6)

Termwise differentiation gives a possibility to transform the equation to the following form

uT/

aTl(nysZ:t)aﬂ’ass (X’y’z)_ﬂ (X y Z) X

¢ 0T, (x,y,2,t) _ {1+
ot

|

[, +T.(x, Y, 2,0)]

0 X 0 X

oT(xy,z,t)] 1 uT!
T? 1 ) Y, 1 d
TP |: 0 X :| [a2T +T1(X,y,Z,t)]¢+l T (X Y Z){ " [a2T +T1(X’ y!Z’t)]¢ "
><aZTl(x, y,z,t)+ 1. uTy OT(xy,2,t)04,. (x,y.2) [0T.(xy,zt) ZX
ox? [, +T.(X,y,2,t)] oy oy oy
@ @ 2
 OuTI A YD) ol 1T, Tyt
[aZT +Tl(x’ y’ Z’t)]go [a2T +T1(X’ y’ Z’t)](p 6 y (6&)
a Tl(x’ y’ Z’t) 82&155 (X’ y’ Z) /u Td(p (DIU Td(pﬂ’ass (X’ y’ Z)
+ 1+ - +1 X
oz 0z o + T,y 2] ey +T(x Y, 2,t))
2 0 2T
y o T.(x y,2,1) ca (xy )1 uT, 0°T,(x,y,2 t) +p(xy.zt)
0z [a2T+T(x y,z,t)] 07’

Integration of the above equation on time gives a possibility to obtain equation to determine the second-order approximation of

temperature in the following form
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C... 2(x Y, Z, t) M} 1+ uT! 8T1(X,y,z,r)d
0% 0 [a2T +T1(X, y;Z;T)]w 0 X

FT(X .2 r)} Ao (,¥,2) d 7

O0X
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0
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—puT/|

0
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[a2T +T1(X, y’ Z,T)]Wl + ass (X y Z).([

Xalass (X’ y’z)_j' aTl(X,y,Z,T) 2 ¢IUTd¢ﬂ’ass (X,y,Z)
oy 0 oy o, +T,(x,y,2,7)]

xj 1+ pIy 0 Tl(x’)zl’z’f)dr+j 1+ a1y X
o o, + (%Y 2,7)) oy o o, +T(x Y 2,7))

oT(xy,2,7), 04_.(xY, 1) JoT,(x,y.2,7)| 1
X d T - J- +1
01 01 oL oz ot + Ty, 2,7)f

: : Ty O*T,(x,y,2,7)
. ardesth uT, 5y
X1y ass(x y Z)+E[p(x v,z T) T+.‘[{ +[a2T +T1(X’y’Z’T)] } 07’ -

dr x

x /Iass (X’ y’ Z)_

(6b)
Average value a2 was calculated by using the following standard relation [8-10]
eLLyL,
Uy = HH[T(Xyzt) T,(x y,zt)]dzd yd xdt
@L L,L, o 0

Substitution of the first- and the second-order approximations of the considered temperature gives a possibility to obtain the
following equation to determine the average value ar,

fo-yff{etintly, 4T JoTnay
£(® t)£ H {H [, +T1(x,y,z,t)]"’} O X

cr o Ten0] ATt o i oy

dzdydxdt—eux

uTl 0°T,(x,y,2,t) by
1 L dzdydxdt+[(O®-t
><{jL[ocZT+T xy,zt)]} Ox’ yer +I( )H

x{l+ A1y }aTl(X’ Y.21) 44 yd xdt—pp Tﬁ?f}{—a T(xy.2 t)} ‘

[, +T,(x,y,2,t)] oy
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(x,y,z)d zd yd x 0 Lyl uT’
A O-t)dt -t A (X y,z2)k1 d
o+ Tz O VOO A Gy

2 @
0 T,(x,y,2,t) {l+ uT, }aTl(x, y,z,t)><

Ly

1]

dzdydxdt+j® O
0 0

oy’ [, +T(x,y,2,t)] 0z
Xaﬂ“ass(xiyiz)dzdydxdt_-"( )LJ‘X.[yLJ‘Z Tl(Xth) ass(xyz)dZdydjdtx
0z 000 [O(ZT +T1(X,y,Z,t)]¢
® LylyL, e LylyL, T(P
T2+ (@t y,z,t)dzd yd xdt 1 £ g
<outi = fo-0]{fp(yziozsyas m{+[%+Tl(x,y,z,t>]w}x

@JXnyaEleiMzdydﬂ®—ﬂdt:O

2
z ®)

Solution of the above equation (i.e. average value ar2) depends on value of parameter ¢. Solution of the above equation could
be obtained by standard approaches [11]. Stress in metals was estimated by solution of the following system of equations [12]

2
o y.21) ux(x,zy, 2t)_00,(xy.zt) 00,(y.2t) 00,(xy,21)
ot oX ay oz
(%, Z’t)az uy(x,zy, Z,t) _ 0o, (X y,2,t) N oo, (XY, Z’t)+ 0o, (% y,2,t)
ot OX oy oz
2
P (X1 Y Z’t)a UZ(X,zy’ Z’t) = aGZX(X’ Y: Z’t) + aO'Zy(X, Y, Z't) + 80_22 (X’ Y, Z’t)
ot oX ay 0z

)

o K ou, (x, y,z,t)a_ s E
! OX, 2L+ y)

X

Here g is the stress tensor, which equal to

x aui(xi y,Z,t)Jrauj(x,yl,t)_ﬁauk(x,y,z,t)
OX, OX, 3 OX,

}— KA[T(xy zt)-T]

p is the density of metal; & is the Kronecker symbol; E isthe  material; K is the modulus of uniform compression; £ is the

tensile modulus (Young modulus); ui, u; are the components  coefficient of thermal expansion; T, is the equilibrium

Ux(X,Y,Z,t), Uuy(x,y,z,t) and u.(x,y,z,t) of the displacement vector  temperature, which coincide (for our case) with room

G(x Y,z t ) _ _ temperature. With account of the above relation for the stress
' ; Xi, X; are the coordinate X, y, z; y is Poisson  tensor the system of equation (9) could be written as

coefficient; & = (as-aeL)/aeL is the mismatch parameter; as, ag.

are lattice distances in different areas of the considered

pazux(x,y,z,t): « . OE azux(x,y,z,t)+ «__E azuy(x,y,z,t)+
ot 6(1+y) ox? 31+y)| oxoy
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O X
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2
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ot’ oXx’

E 0

oy’

0X01Z 0yoz }

X

0 X

mJFE{K {aux(x, y.zt) 5Uy(>;;', 2t) , 0u,(x.y, z,t)}}ﬁi{ E

0z 60z |1+0

0z o)

. {6auz(x, y,z,t) ou(xy,zt) oulxy,zt) au/xy, z,t)H_ K'BaT (x,y,z,t)

02 0 X oy

Conditions for the above equations could be written as

0u(0,y,2t)_, du(L,y.zt)_, au(x0zt)_ otulxLyzt)_
O X O X oy oy
0U(xy.0.t)_ o 2d(xy.L.b)_,
Y Y (U(x,y,2,0)=0,. U(x,y,z,0)=0,

Now we determine solutions of equations (10). To determine
the first-order approximations of the considered components
in the framework of the method of averaging of functions
corrections [8-10] we substitute not yet known average values

o of the considered components instead of the required
functions. The substitution gives a possibility to obtain the
following equations to determine the considered
approximations

Cuxyzt) . poT(xy.zt) U, (Y2t o poT(xy,z)
ot’ O X ot? oy

o’ u,,(x, y,z,t):_KﬂaT (x,y,2,t)
ot? 01
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Integration of left and right sides of the above equations on time t leads to the following results

u,(x,y,z,t)= HKﬁ@T(Xaiu)d dg— HKpﬁaT(xsz)

K,B@T(xy,ZT)d 49 HKﬂ@T(xyZT)
yo oy oo PO oy

sKBoT(Xx Y, 2,7
drdg-[KAIT(xy.2.7)
Yo, 8 Z 00 O 0z

of the required functions in equations (8) on the following sum
aituia(X, y,z,t) [8-10]. The replacement gives a possibility to

obtain equations to calculate the second-order approximations
in the following form

dzd 9+u,,

drdd+u,,

dzd 9+u,,

Approximations of the considered components of the
displacement vector with the second order and approximations
with higher order could be calculated by standard replacement

pazuzx(x,y,z,t):{KJrG(SE )}azulx(x,y,z,t)+{K(z)_ E )}ézuly(x,y,z,t)Jr

ot’ 1+y X’ 31+y OXOY

k. E (’52ulz(x,y,z,t)+ E [d%u,(xy.zt) éuu(x,y,z,t) ~
3Q+y)| oxoz 2(1+7) oy’ 01z’
_KﬁaT(x,y,z,t)
O X
pazuzy(x,zy,z,t): E 82u1y(x,2y,z,t)+azulx(x,y,z,t) . 5B ]
ot 2(1+7) oX oxoy 12(1+y)
><azuly(x,y,z,t)Jri E 8uly(x,y,z,t)+aulz(x,y,z,t) o E §
oy’ oz |2(1+y) 01 oy 6(L+y)
><(32uly(x,y,z,'[)+KaZUly(x,y,Z,'[)_KﬂM
oyoz OXOYy oy
o'u,,(x,y,2,t)  E [du,(xy,2,1) .\ o’u,(x,y,z,t) A (x,y,2,t) .\
ot’ 2(1+7y) dx* dy? X017

Lo, (0, z,t)} +i{K (Z){aulx(x, y,z,t) 90U, (X y.2t) au,(xy, z,t)}}Jr

o0yoz 0z 0 X oy 0z

0z |6(1+y) 01 ox oy 01

+i{ E |:68U12(X, y,z,t)_aulx(x, y’z’t)_ﬁuly(x’ y,Z,t)_aulz(x,y,z,t)}}_
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oT(x,y,z,t
ks (az )

Integration of left and right sides of the above equations on time t leads to the following results
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o 2
drdo-fft ke B [OMl0y2D)y g
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_Eoopaﬁﬂo oy’ fﬁz) 7 oxoz
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{ 5E +K}a ulx(x,y,z,r)drdLngjfE@ u, (x,y,2,7)
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2 w a 1 Y1 &) 7
Xi&ulx(x,zl,z,r)drdg_lg “Ji E uly(XYZr)d dl9+jf E «
o, y 01 oop(1+}/) 0z 00:0( +7)
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@Z 00 P 0 X 00 O 8y 00 P

ou, (x y z,r)Edzdd 1=20u,(x,Y,z, 2')

drdals 2|1
_l__
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-1

Z P (1 +y ) 00 0 X
XEdfdy_lﬁawxmyln)Edrdg_;ﬁawxnyJ)Edrdg
pl+y) 600 ay  pl+y) 60 3z p(+y)
=K BOT(X,Y,2,7
-1 poTxy, )drd3+um
00 01
In the framework of this paper, we calculate components of 1.0 -
displacement vector and spatio-temporal distribution of
temperature by using the second-order approximation in the 08
framework of method of averaging of function corrections. o]
The approximation is usually enough good approximation to 1
make qualitative analysis and to obtain some quantitative 0.6
results. All obtained results have been checked by comparison  U.
with results of numerical simulations. 04
2. Discussion ] 2
02
In this section we analyzed changing of stress in metals during |
thermal treatment. Based on the analysis we estimate residual
stress after finishing of the thermal treatment. Figure 1 shows 0.0

typical dependences of components of displacement vector on
coordinate. On this figure as an example, we consider
dependence of component u, on coordinate z. Increasing of
number of curve and decreasing of coordinate correspond to
increasing of defects of metals (dislocations, pores). The
defects became as reasons residual stress in metals.

0.0
z

Fig. 1: Normalized dependences of component u, of
displacement vector on coordinate z. Increasing of number of
curve and decreasing of coordinate correspond to increasing
of defectiveness of metals.
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3. Conclusion

In this paper we introduce an approach for estimation of
stresses in metals during heat treatment and residual stresses
in these materials after the treatment. In the framework of the
considered approach, we introduce a model of changing of
stress in metals during heat treatment as well as an analytical
approach for its analysis.
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