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Abstract. In this paper, we investigate the zero-Hopf bifurcation in a class of generalized Hiemenz
equations. By applying averaging theory, we derive explicit sufficient conditions for the existence of
periodic solutions bifurcating from the zero-Hopf equilibrium at the origin. Furthermore, we establish
conditions that guarantee the stability of the resulting periodic orbits.

1. Introduction and statement of the main results

Stagnation-point flows form a fundamental class of problems in fluid mechanics and applied mathe-
matics. They describe the motion of a fluid in the neighborhood of a point or region where the velocity
vanishes. Such flows are of particular interest because the stagnation region is associated with pronounced
pressure and transport effects and occurs in a variety of configurations involving fluid impingement, solid
surfaces, heat transfer, and mass transport [15, 20]. Their mathematical structure has also made them an
important source of nonlinear differential equations arising from similarity reductions of the governing
fluid equations.

The classical analysis of this type of flow originates from the work of Karl Hiemenz in 1911 [9]. By
introducing an appropriate similarity representation, Hiemenz transformed the equations governing a
steady two-dimensional viscous flow near a stagnation point into a nonlinear ordinary differential equation
of third order. This reduction was important not only from the fluid-mechanical point of view, but also
mathematically, since it provided a relatively simple nonlinear model retaining the essential characteristics
of the original flow problem [12, 15].

The resulting classical Hiemenz equation can be written in the form

f ′′′ + f f ′′ − f ′2 + 1 = 0, (1)

supplemented with boundary conditions describing the behavior of the velocity field at the solid surface
and away from it. The equation has subsequently become one of the classical models for planar stagnation-
point flow. In particular, the Hiemenz solution provides an exact similarity solution of the governing
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Navier–Stokes equations and can be studied independently as a nonlinear third-order boundary-value
problem [12, 18].

The theory was subsequently extended beyond the original planar configuration. In 1936, Homann
investigated the axisymmetric stagnation-point flow and obtained the corresponding formulation for a
three-dimensional configuration [10]. Later, Howarth studied more general three-dimensional stagnation-
point flows and showed that the governing problem can be reduced to a pair of coupled third-order ordinary
differential equations involving a parameter related to the ratio of the principal strain rates [11]. In this
sense, the developments of Homann and Howarth extended the original Hiemenz formulation from planar
flow to more general three-dimensional geometries.

Further mathematical developments were obtained by Davey, who examined the saddle-point solutions
associated with the three-dimensional equations introduced by Howarth [4]. In particular, the structure of
the solutions depends strongly on the ratio between the relevant strain rates. Subsequent investigations by
Davey and other authors contributed to a more detailed description of non-axisymmetric stagnation-point
flows and their associated solution branches [4, 5]. These classical studies established a connection between
the geometry of the underlying fluid flow and the qualitative structure of the solutions of the corresponding
nonlinear ordinary differential equations.

The Hiemenz model has also provided a basis for numerous subsequent extensions. The classical
stagnation-point configuration has been combined with stretching or shrinking surfaces, wall transpiration,
permeability, heat and mass transfer, magnetic fields, rotation, and non-Newtonian constitutive effects
[15, 19, 21]. Such extensions demonstrate that the original Hiemenz problem is not restricted to a single
fluid-mechanical configuration; rather, it constitutes a useful mathematical framework from which a broad
range of nonlinear flow models can be constructed. In particular, stagnation-point flows remain relevant
in problems involving high-pressure regions and enhanced heat-transfer rates near the stagnation location
[20, 21].

From the perspective of nonlinear dynamics, the importance of the Hiemenz-type equations goes beyond
their original interpretation as boundary-layer models. Since the governing equation is of third order, it can
be converted naturally into a three-dimensional autonomous system by introducing the first and second
derivatives of the dependent variable as additional state variables. This formulation makes it possible to
investigate the associated phase space, equilibria, stability properties, invariant structures, and periodic
trajectories by means of methods from the qualitative theory of differential equations.

This dynamical interpretation has motivated the construction of generalized Hiemenz-type equations.
For example, Uribe and Martı́nez considered a ten-parameter third-order differential equation derived from
a generalization of the equation associated with Hiemenz flow after omitting the boundary conditions [17].
Their formulation illustrates how the classical Hiemenz model can be embedded into a broader family
of nonlinear autonomous differential equations. Such generalizations provide a convenient framework
for investigating dynamical phenomena that are not directly accessible from the original boundary-value
formulation.

A zero-Hopf bifurcation is one of the mechanisms responsible for the appearance of periodic orbits
from a nonhyperbolic equilibrium. For a three-dimensional autonomous system, an equilibrium P is said
to be of zero-Hopf type when the eigenvalues of the Jacobian matrix at P are 0, iω, and iω, with ω , 0.
This configuration has been considered for several classes of three-dimensional polynomial systems by
means of averaging theory [7, 14]. In particular, Diab, Guirao, and Vera studied the zero-Hopf bifurcation
in a generalized Genesio equation and established the existence of periodic trajectories emerging from
the corresponding equilibrium [7]. The study of this phenomenon is not restricted to dimension three.
Diab, Guirao, and Llibre considered a five-dimensional quadratic polynomial system and, using averaging
theory, obtained two families of periodic orbits associated with a zero-Hopf equilibrium [6].

Motivated by these results, we investigate the zero-Hopf configuration for the generalized Hiemenz
equation

...
x +

(
a1ẋ + b1x2 + c1

)
ẍ +

(
a2ẍ + b2ẋ2 + c2x + d2

)
ẋ +

(
a3ẍ2 + b3ẋ + c3

)
x = 0, (2)

where all parameters a1, b1, c1, a2, b2, c2, d2, a3, b3 and c3 are real.
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Letting y = ẋ, z = ẏ and ż = w, the differential equation (2) can be transformed into the following system
of first order differential equation

ẋ = y,
ẏ = z,
ż = −

(
a1y + b1x2 + c1

)
z −

(
a2z + b2y2 + c2x + d2

)
y −

(
a3z2 + b3y + c3

)
x,

(3)

The equilibria of system (3) are O = (0, 0, 0) and E = (x, 0, 0), whenever the corresponding equilibrium
conditions are satisfied. We determine the conditions on the parameters for which the origin is a zero-Hopf
equilibrium. A suitable perturbation of the parameters is then introduced, and averaging theory is applied
to the resulting system. This allows us to derive explicit conditions for the existence of the periodic solutions
bifurcating from the origin.

Proposition 1.1. Suppose that c1 = 0, c3 = 0 and d2 > 0 hold. Then the equilibrium O = (0, 0, 0) is a zero-Hopf
equilibrium of the generalized Hiemenz system (3).

Theorem 1.2. Suppose that
c1 = ε

2a, c3 = ε
2c and d2 = ω

2 + εb,

withω > 0 and ε a sufficiently small parameter. Then, the generalized Hiemenz system (3) has a zero-Hopf bifurcation
at the equilibrium point O = (0, 0, 0), and at most three periodic orbits can bifurcate from this equilibrium when ε = 0
if (

4ω2b1a − 2ω4a3a − ω2ca3 − cb1

) (
aω2
− c

)
3ω6 (ω2a3 − b1)

, 0,

and (
4ω2b1a − 2ω4a3a − ω2ca3 − cb1

)
c

ω6 (ω2a3 − 2 b1)
, 0,

Furthermore, the stability of these periodic orbits is determined by the real parts of the corresponding characteristic
quantities. If

Re
(
−

aω2
− c
ω3

)
< 0,

and

Re
(

4ω2b1a − 2ω4a3a − ω2ca3 − cb1

3ω3 (−ω2a3 + b1)

)
< 0,

then one of the three periodic orbits is stable. The other two are stable whenever

Re
(

3ω2ca3−3cb1+
√

25ω4c2a3
2−34ω2c2a3b1−23 c2b1

2
−128ω4a3cb1a+32ω6a3

2ca+128 cω2b1
2a

4(ω2a3−2 b1)ω3

)
< 0,

and

Re
(

3ω2ca3−3cb1−

√
25ω4c2a3

2−34ω2c2a3b1−23 c2b1
2
−128ω4a3cb1a+32ω6a3

2ca+128 cω2b1
2a

4(ω2a3−2 b1)ω3

)
< 0.

2. Preliminaries

2.1. The averaging theory of first and second order
Averaging theory of the first and second orders is employed to investigate the existence of periodic

solutions; the reader is referred to [3, 13] for a detailed presentation of the corresponding theoretical
framework. This approach constitutes a well-established analytical method for studying the qualitative
behavior of smooth nonlinear differential systems, particularly in the detection and analysis of periodic
trajectories. The first formalization of this procedure is due to Fatou [8] in 1928. Important practical
and theoretical contributions in this theory were made by Krylov and Bogoliubov [2] in the 1930s and
Bogoliubov [1] in 1945.
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Theorem 2.1. Consider the differential system

ẋ = εF(t, x) + ε2G(t, x) + ε3R(t, x, ε), x (0) = x0, (4)

where F,G : R × D → Rn,R : R × D ×
(
−ε f , ε f

)
→ Rn are continuous functions, T-periodic in the first variable,

and D is an open subset of Rn. Assume that the following hypotheses (i) and (ii) hold.

(i) F(t, ·),G(t, ·) ∈ C1(D) for all t ∈ R,F,G,R,DxF and DxG are locally Lipschitz with respect to x, and R
is differentiable with respect to ε. We define f,g : D→ Rn as

f(z) =
1
T

∫ T

0
F(s, z)ds,

g(z) =
1
T

∫ T

0

[
DzF(s, z)

∫ s

0
F(t, z)dt +G(s, z)

]
ds.

(ii) For V ⊂ D, an open and bounded set and for each ε ∈
(
−ε f , ε f

)
\{0}, there exists p ∈ V such that

f(p) + εg(p) = 0 and

det
(
∂(f + εg)
∂z

∣∣∣∣∣
z=p

)
, 0,

Then, for |ε| > 0 sufficiently small, there exists a T-periodic solution φ(t, ε) of system (4) such that
φ(0, ε) → p when ε → 0. If the function f is not identically zero, then the zeros of f + εg are mainly the
zeros of f for ε sufficiently small. In this case, Theorem 2.1 provides the so-called averaging theory of first
order. If the function f is identically zero and g is not identically zero, then the zeros of f + εg are the zeros
of g. In this case, Theorem 2.1 provides the so-called averaging theory of second order. In the case of the
averaging theory of first order, we consider in D the averaged differential equation

ẏ = εf(y), y(0) = x0, (5)

where

f(y) =
1
T

∫ T

0
F(t, y)dt

Then Theorem 2.1 gives us information about the stability or instability of the limit cycle φ(t, ε). In fact, it is
given by the stability or instability of the equilibrium point p of the averaged system (5). In fact, the singular
point p has the stability behavior of the Poincaré map associated to the limit cycle φ(t, ε). In the case of the
averaging theory of second order, that is, f ≡ 0 and g non-identically zero, we have that the stability and
instability of the limit cycle φ(t, ε) coincide with the type of stability or instability of the equilibrium point
p of the averaged system

ẏ = ε2g(y), y(0) = x0,

that is, it is the same that the singular point p associated the Poincaré map of the limit cycle φ(t, ε). For
additional information on averaging theory, see the book [16].

3. Proof of Proposition 1.1 and Theorem 1.2

Proof. [Proof of Proposition 1.1] The characteristic polynomial p(λ) of the linear part of the generalized
Hiemenz system at the equilibrium point located at the origin O is given by

p(λ) = λ3 + c1λ
2 + d2λ + c3,

Imposing that p(λ) = λ
(
λ2 + ω2

)
, with ω > 0. Then, we obtain c1 = 0, c3 = 0and d2 = ω2 > 0. This completes

the Proof of Proposition 1.1.
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Proof. [Proof of Theorem 1.2.] Let us consider c1 = ε2a, c3 = ε2c and d2 = ω2 + εb, being ω > 0 and ε > 0 a
sufficiently small parameter. Then, the system (3) becomes

ẋ = y,
ẏ = z,
ż = −

(
a1y + b1x2

)
z −

(
a2z + b2y2 + c2x + ω2

)
y

−

(
a3z2 + b3y

)
x − byε − (cx + az) ε2,

(6)

The first step in order to write our differential system (6) in the normal form for applying the averaging
theory is to write the linear part at the origin of system (6) when ε = 0 into its real Jordan normal form, that
is into the form  0 ω 0

−ω 0 0
0 0 0

 .
After the linear change of variables

(
x, y, z

)
→

(
−

X
ω2 + Z,−

Y
ω
,X

)
, (7)

then system (6) in the new variables (X,Y,Z) can be rewritten as

Ẋ =
(
a3X3ω2

− a3X2ω4Z − ω b3YX + b3YZω3 + Xa1Yω3
− b1X3 + 2 b1X2Zω2

−Xb1Z2ω4 + Yω3a2X + Y3ω b2 − Yω c2X + Yω3c2Z + Yω5
)
/ω4

+bYε/ω+
(
−ω4aX + ω2cX − ω4cZ

)
ε2/ω4,

Ẏ = −ωX, (8)

Ż =
(
− a3X2ω4Z − ω b3YX + b3YZω3

− Xb1Z2ω4 + Xa1Yω3
− b1X3 + 2 b1X2Zω2

+Yω3c2Z + Yω3a2X + Y3ω b2 − Yω c2X + a3X3ω2
)
/ω6 + bYε/ω3

+
(
−ω4aX + ω2cX − ω4cZ

)
ε2/ω6.

By means of the rescaling of variables given by (X,Y,Z) = (εX1, εY1, εZ1), the system (8) becomes

Ẋ1 = ωY1 −
(
− X1a1Y1ω

3 + Y1ω c2X1 − Y1ω
3c2Z1 − Y1ω

3a2X1

+ω b3Y1X1 − b3Y1Z1ω
3
− bY1ω

3
)
ε/ω4

−

(
a3X1

2ω4Z1 + b1X1
3
− 2 b1X1

2Z1ω
2 + X1b1Z1

2ω4 + ω4aX1

−Y1
3ω b2 − ω

2cX1 + ω
4cZ1 − a3X1

3ω2
)
ε2/ω4,

Ẏ1 = −ωX1,

Ż1 = −

(
− X1a1Y1ω

3 + Y1ω c2X1 − Y1ω
3c2Z1 − Y1ω

3a2X1 + ω b3Y1X1

−b3Y1Z1ω
3
− bY1ω

3
)
ε/ω6,

−

(
a3X1

2ω4Z1 + b1X1
3
− 2 b1X1

2Z1ω
2 + X1b1Z1

2ω4 + ω4aX1

−Y1
3ω b2 − ω

2cX1 + ω
4cZ1 − a3X1

3ω2
)
ε2/ω6, (9)

Performing the change of variables to cylindrical coordinates (X1,Y1,Z1) 7−→ (r, θ,Z1) with X1 = r cosθ,
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Y1 = r sinθ and Z1 = Z1. Then the system (9) can be written as follows

ṙ = − cos (θ)
(
− r2 cos (θ) a1 sin (θ)ω3 + r2 sin (θ)ω c2 cos (θ) − r sin (θ)ω3c2Z1

−r2 sin (θ)ω3a2 cos (θ) + ω b3r2 sin (θ) cos (θ) − b3r sin (θ) Z1ω3

−br sin (θ)ω3
)
ε/ω4

− cos (θ)
(
− a3r3 (cos (θ))3 ω2

+a3r2 (cos (θ))2 ω4Z1 + r cos (θ) b1Z1
2ω4 + ω4ar cos (θ)

−2 b1r2 (cos (θ))2 Z1ω2
− ω2cr cos (θ) + b1r3 (cos (θ))3

+ω4cZ1 − sin (θ) r3ω b2 + sin (θ) r3ω b2 (cos (θ))2
)
ε2/ω4

(10)

θ̇ = −ω −
(
r2ω3a2 cos (θ) − (cos (θ))3 r2ω3a2 − (cos (θ))3 r2ω3a1

− (cos (θ))2 rω3c2Z1 − (cos (θ))2 rω3b + rbω3 + (cos (θ))3 r2ω b3

−r2ω c2 cos (θ) + (cos (θ))3 r2ω c2 − (cos (θ))2 rω3b3Z1

+r2 cos (θ) a1ω3 + rω3c2Z1 + rb3Z1ω3
− ω b3r2 cos (θ)

)
ε/rω4

−

(
sin (θ)ω2cr cos (θ) + sin (θ) a3r3 (cos (θ))3 ω2

− sin (θ) b1r3 (cos (θ))3

+r3ω b2 − sin (θ)ω4ar cos (θ) − sin (θ) a3r2 (cos (θ))2 ω4Z1 + (cos (θ))4 r3ω b2

+2 sin (θ) b1r2 (cos (θ))2 Z1ω2
− sin (θ) r cos (θ) b1Z1

2ω4
− 2 r3ω b2 (cos (θ))2

− sin (θ)ω4cZ1

)
ε

2
/rω4,

Ż1 = −
(
− r2 cos (θ) a1 sin (θ)ω3 + r2 sin (θ)ω c2 cos (θ) − r sin (θ)ω3c2Z1

−r2 sin (θ)ω3a2 cos (θ) + ω b3r2 sin (θ) cos (θ) − b3r sin (θ) Z1ω3

−br sin (θ)ω3
)
ε/ω6

−

(
− a3r3 (cos (θ))3 ω2 + a3r2 (cos (θ))2 ω4Z1

+r cos (θ) b1Z1
2ω4 + ω4ar cos (θ) − 2 b1r2 (cos (θ))2 Z1ω2

−ω2cr cos (θ) + b1r3 (cos (θ))3 + ω4cZ1 − sin (θ) r3ω b2

+ sin (θ) r3ω b2 (cos (θ))2
)
ε

2
/ω6,

In (10) we consider new independent variable, and we obtain

dr
dθ

= εF1 (θ, r,Z1) + ε2G1 (θ, r,Z1) + O
(
ε3

)
, (11)

dZ1

dθ
= εF2 (θ, r,Z1) + ε2G2 (θ, r,Z1) + O

(
ε3

)
,

where

F1 (θ, r,Z1) = − cos (θ) r sin (θ)
(
r cos (θ) a1ω

2
− rc2 cos (θ) + ω2c2Z1 + rω2a2 cos (θ)

−b3r cos (θ) + b3Z1ω
2 + bω2

)
/ω4,

F2 (θ, r,Z1) = −r sin (θ)
(
r cos (θ) a1ω

2
− rc2 cos (θ) + ω2c2Z1 + rω2a2 cos (θ)

−b3r cos (θ) + b3Z1ω
2 + bω2

)
/ω6,

and
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G1 (θ, r,Z1) = − cos (θ)
(
− sin (θ) rb2ω4 + ω5a3r3 (cos (θ))3 + sin (θ) r3b3

2 (cos (θ))4

− sin (θ) r3b3
2 (cos (θ))2 + sin (θ) r3c2

2 (cos (θ))4
− ω3b1r3 (cos (θ))3

+ω4 sin (θ) r3b2 + ω
5cr cos (θ) − sin (θ) r3c2

2 (cos (θ))2

−ω7ar cos (θ) − 4 sin (θ) r2c2 (cos (θ))3 ω2b3Z1

−2 sin (θ) r2 cos (θ) a1ω
4b3Z1 − 2 sin (θ) r2 cos (θ) a1ω

4c2Z1

+2 sin (θ) r2 (cos (θ))3 a1ω
4c2Z1 + 2 sin (θ) r2 (cos (θ))3 a1ω

4b3Z1

+4 sin (θ) r2c2 cos (θ) b3Z1ω
2
− ω7cZ1 + sin (θ) rω4c2

2Z1
2 (cos (θ))2

+ sin (θ) rb2ω4 (cos (θ))2
− ω4 sin (θ) r3b2 (cos (θ))2

− sin (θ) r3 (cos (θ))2 a1
2ω4

−ω7a3r2 (cos (θ))2 Z1 − ω
7r cos (θ) b1Z1

2 + 2 sin (θ) r3 (cos (θ))2 a1ω
2b3

−2 sin (θ) r3 (cos (θ))4 a1ω
2c2 − 2 sin (θ) r3 (cos (θ))4 a1ω

2b3

−2 sin (θ) r2 cos (θ) a1ω
4b − 2 sin (θ) rω4c2Z1

2b3 − 2 sin (θ) rb3Z1ω
4b

−2 sin (θ) r3c2 (cos (θ))2 b3 − 2 sin (θ) rω4c2Z1b
−2 sin (θ) r2b3 (cos (θ))3 ω2b + 2 sin (θ) r3ω2a2 (cos (θ))2 b3

+2 sin (θ) r2b3 cos (θ) bω2
− 2 sin (θ) r3c2 (cos (θ))4 ω2a2

−2 sin (θ) r2c2
2 (cos (θ))3 ω2Z1 − 2 sin (θ) r2ω4a2 cos (θ) b

−2 sin (θ) r3ω2a2 (cos (θ))4 b3 + 2 sin (θ) r3 (cos (θ))2 a1ω
2c2

+2 sin (θ) r2c2
2 cos (θ)ω2Z1 + 2 sin (θ) r2 (cos (θ))3 a1ω

4b
+2 sin (θ) r3 (cos (θ))4 a1ω

4a2 + 2 sin (θ) r2ω4a2 (cos (θ))3 b
+2 sin (θ) r2b3

2 cos (θ) Z1ω
2 + 2 sin (θ) r3c2 (cos (θ))2 ω2a2

+2ω5b1r2 (cos (θ))2 Z1 − 2 sin (θ) r2b3
2 (cos (θ))3 ω2Z1

−2 sin (θ) r2c2 (cos (θ))3 ω2b + sin (θ) r3 (cos (θ))4 a1
2ω4

+2 sin (θ) r2c2 cos (θ) bω2
− 2 sin (θ) r3 (cos (θ))2 a1ω

4a2

+2 sin (θ) r3c2 (cos (θ))4 b3 − sin (θ) r3ω4a2
2 (cos (θ))2

+ sin (θ) r3ω4a2
2 (cos (θ))4 + sin (θ) rb3

2Z1
2ω4 (cos (θ))2

− sin (θ) rω4c2
2Z1

2
− sin (θ) rb3

2Z1
2ω4
− 2 sin (θ) r2ω4c2Z1a2 cos (θ)

+2 sin (θ) r2ω4c2Z1 (cos (θ))3 a2 + 2 sin (θ) rω4c2Z1 (cos (θ))2 b
+2 sin (θ) rω4c2Z1

2 (cos (θ))2 b3 + 2 sin (θ) r2ω4a2 (cos (θ))3 b3Z1

−2 sin (θ) r2ω4a2 cos (θ) b3Z1 + 2 sin (θ) rb3Z1ω
4 (cos (θ))2 b

)
/ω8
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G2 (θ, r,Z1) = −

(
− sin (θ) rb2ω4 + ω5a3r3 (cos (θ))3 + sin (θ) r3b3

2 (cos (θ))4

− sin (θ) r3b3
2 (cos (θ))2 + sin (θ) r3c2

2 (cos (θ))4
− ω3b1r3 (cos (θ))3

+ω4 sin (θ) r3b2 + ω
5cr cos (θ) − sin (θ) r3c2

2 (cos (θ))2

−ω7ar cos (θ) − 4 sin (θ) r2c2 (cos (θ))3 ω2b3Z1

−2 sin (θ) r2 cos (θ) a1ω
4b3Z1 − 2 sin (θ) r2 cos (θ) a1ω

4c2Z1

+2 sin (θ) r2 (cos (θ))3 a1ω
4c2Z1 + 2 sin (θ) r2 (cos (θ))3 a1ω

4b3Z1

+4 sin (θ) r2c2 cos (θ) b3Z1ω
2
− ω7cZ1 + sin (θ) rω4c2

2Z1
2 (cos (θ))2

+ sin (θ) rb2ω4 (cos (θ))2
− ω4 sin (θ) r3b2 (cos (θ))2

− sin (θ) r3 (cos (θ))2 a1
2ω4
− ω7a3r2 (cos (θ))2 Z1 − ω

7r cos (θ) b1Z1
2

+2 sin (θ) r3 (cos (θ))2 a1ω
2b3 − 2 sin (θ) r3 (cos (θ))4 a1ω

2c2

−2 sin (θ) r3 (cos (θ))4 a1ω
2b3 − 2 sin (θ) r2 cos (θ) a1ω

4b
−2 sin (θ) rω4c2Z1

2b3 − 2 sin (θ) rb3Z1ω
4b − 2 sin (θ) r3c2 (cos (θ))2 b3

−2 sin (θ) rω4c2Z1b − 2 sin (θ) r2b3 (cos (θ))3 ω2b
+2 sin (θ) r3ω2a2 (cos (θ))2 b3 + 2 sin (θ) r2b3 cos (θ) bω2

−2 sin (θ) r3c2 (cos (θ))4 ω2a2 − 2 sin (θ) r2c2
2 (cos (θ))3 ω2Z1

−2 sin (θ) r2ω4a2 cos (θ) b − 2 sin (θ) r3ω2a2 (cos (θ))4 b3

+2 sin (θ) r3 (cos (θ))2 a1ω
2c2 + 2 sin (θ) r2c2

2 cos (θ)ω2Z1

+2 sin (θ) r2 (cos (θ))3 a1ω
4b + 2 sin (θ) r3 (cos (θ))4 a1ω

4a2

+2 sin (θ) r2ω4a2 (cos (θ))3 b + 2 sin (θ) r2b3
2 cos (θ) Z1ω

2

+2 sin (θ) r3c2 (cos (θ))2 ω2a2 + 2ω5b1r2 (cos (θ))2 Z1

−2 sin (θ) r2b3
2 (cos (θ))3 ω2Z1 − 2 sin (θ) r2c2 (cos (θ))3 ω2b

+ sin (θ) r3 (cos (θ))4 a1
2ω4 + 2 sin (θ) r2c2 cos (θ) bω2

−2 sin (θ) r3 (cos (θ))2 a1ω
4a2 + 2 sin (θ) r3c2 (cos (θ))4 b3

− sin (θ) r3ω4a2
2 (cos (θ))2 + sin (θ) r3ω4a2

2 (cos (θ))4

+ sin (θ) rb3
2Z1

2ω4 (cos (θ))2
− sin (θ) rω4c2

2Z1
2

− sin (θ) rb3
2Z1

2ω4
− 2 sin (θ) r2ω4c2Z1a2 cos (θ)

+2 sin (θ) r2ω4c2Z1 (cos (θ))3 a2 + 2 sin (θ) rω4c2Z1 (cos (θ))2 b
+2 sin (θ) rω4c2Z1

2 (cos (θ))2 b3 + 2 sin (θ) r2ω4a2 (cos (θ))3 b3Z1

−2 sin (θ) r2ω4a2 cos (θ) b3Z1 + 2 sin (θ) rb3Z1ω
4 (cos (θ))2 b

)
/ω10

With the notation introduced at subsection 2.1, is t = θ,T = 2π, x = (r,Z1)T and

F (θ, r,Z1) =

(
F1 (θ, r,Z1)
F2 (θ, r,Z1)

)
and G (θ, r,Z1) =

(
G1 (θ, r,Z1)
G2 (θ, r,Z1)

)
.

f (r,Z1) =

(
f1 (r,Z1)
f2 (r,Z1)

)
and g (r,Z1) =

(
g1 (r,Z1)
g2 (r,Z1)

)
.

Easily can be checked that (12) satisfies all the assumptions of Theorem 2.1.
We calculate the first-order averaging function f (r,Z1) obtaining

f (r,Z1) =

 f1 (r,Z1)
f2 (r,Z1)

 = 1
2π

∫ 2π

0
F(s, r,Z1)ds =

 0
0


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We pass then to the averaging of second order and we compute the second-order averaging function g (r,Z1)

g(r,Z1) =

 g1 (r,Z1)

g2 (r,Z1)

 = 1
2π

∫ 2π

0

[
D(r,Z1)F(s, r,Z1)

∫ s

0
F(t, r,Z1)dt +G(s, r,Z1)

]
ds, (12)

=

 r
(
−3ω2a3r2

− 4ω2c + 4ω4a + 3 b1r2 + 4ω4b1Z1
2
)
/8ω5

Z1

(
ω2a3r2 + 2ω2c − 2 b1r2

)
/2ω5.


By solving the system of nonlinear equations g1 (r,Z1) = g2 (r,Z1) = 0, we obtain the following four solutions

S0 = (0, 0), S1 = (r∗1,Z
∗

1),

S2 =
(
r∗2,Z

∗

2

)
, S3 =

(
r∗2,−Z∗2

)
,

where

r∗1 =

√
4 aω2

− 4 c
3ω2a3 − 3 b1

ω,

r∗2 =
√
−

2c
ω2a3 − 2 b1

ω,

Z∗1 = 0,

and

Z∗2 =
1
ω

√
4ω2b1a − 2ω4a3a − ω2ca3 − cb1

2ω2a3b1 − 4 b1
2 ,

The solution S0 corresponds to the equilibrium at the origin, so it is not a good solution.
For other solutions, we get

det
(
Dyg (S1)

)
=

(
4ω2b1a − 2ω4a3a − ω2ca3 − cb1

) (
aω2
− c

)
3ω6 (ω2a3 − b1)

,

det
(
Dyg

(
S2,3

))
=

(
4ω2b1a − 2ω4a3a − ω2ca3 − cb1

)
c

ω6 (ω2a3 − 2 b1)
,

Since by assumptions (
4ω2b1a − 2ω4a3a − ω2ca3 − cb1

) (
aω2
− c

)
3ω6 (ω2a3 − b1)

, 0,

and (
4ω2b1a − 2ω4a3a − ω2ca3 − cb1

)
c

ω6 (ω2a3 − 2 b1)
, 0,

the solutions Si exist and det
(
Dyg (Si)

)
, 0 for i = 1, 2, 3. From Theorem 2.1, it follows that system (11) for

ε > 0 sufficiently small has three 2π-periodic orbits, γi =
(
ri(θ, ε),Z1i (θ, ε)

)
, such that

(
ri(0, ε),Z1i (0, ε)

)
→ Si

as ε→ 0, with i = 1, 2, 3.
Moreover, the periodic solution γ1 is stable if the real parts of the following eigenvalues of the Jacobian

matrix Dyg (S1)

λ1 = −
aω2
− c
ω3 ,

and

λ2 =
4ω2b1a − 2ω4a3a − ω2ca3 − cb1

3ω3 (−ω2a3 + b1)
,

are strictly negative.
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The periodic orbits γ2 and γ3 are stable if the real parts of the following eigenvalues of Jacobian matrices
Dyg (S2) and Dyg (S3)

λ̂1 =
3ω2ca3−3cb1+

√
25ω4c2a3

2−34ω2c2a3b1−23 c2b1
2
−128ω4a3cb1a+32ω6a3

2ca+128 cω2b1
2a

4(ω2a3−2 b1)ω3 ,

and

λ̂2 =
3ω2ca3−3cb1−

√
25ω4c2a3

2−34ω2c2a3b1−23 c2b1
2
−128ω4a3cb1a+32ω6a3

2ca+128 cω2b1
2a

4(ω2a3−2 b1)ω3 ,

are strictly negative.

This completes the proof of Theorem 2.1.
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