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Abstract

We study a two-parameter family of planar difference equations obtained from the classical Hénon map by letting the
delay of the quadratic term depend on the sign of the current state: the term x2 is used when x,, > 0 and xﬁ_l when x,, < 0.
The resulting map is discontinuous on the switching line x,, = 0 and non-invertible. We prove that the two Hénon fixed
points persist but that the saddle one becomes a repeller, that the stable 2-cycle of the Hénon map persists exactly up to
a. = (1 —b)?, and that no 2-cycle exists beyond this value. Numerical experiments for » = 0.3 show that, beyond a.., the
attractor is a sequence of stable odd-period cycles whose period decreases as a grows, followed by chaotic regimes, and
that several attractors (for instance a 5-cycle and a 10-cycle at a = 0.9) coexist with finely interwoven basins of attraction.
For b = 0.3 we prove, with explicit tail estimates, that stable cycles of every odd period N > 5 exist on intervals of a that

accumulate at a, geometrically.

Keywords: Hénon map; state-dependent delay; discontinuity-induced bifurcations; multistability; Lyapunov exponent; discrete dy-
namical systems
AMS 2010 codes: 37G35, 37C70, 39A28, 37D45

1 Introduction

The Hénon map [1] is a standard example of a two-dimensional system with a strange attractor, and its
parameter space has been studied in great detail [2]. Delayed versions of it have also been considered: Sprott
[9] and Bilal and Ramaswamy [10] study time-delayed Hénon maps of increasing dimension (the latter report
multistability before the onset of chaos in high dimension), El-Sayed et al. [11] treat a Hénon system with two
different constant delays, and Caraballo et al. [12] recover Hénon-type complexity in a continuous-time model
through delays. In all these works the delay is a fixed constant; the generalized time-delayed Hénon map of [10]
is the closest of them to the present one. State-dependent delay maps have also been studied [16], but from a
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different viewpoint (numerical algorithms and dynamics of projections) and not for the planar map considered
here. We consider the simplest state-dependent alternative in the Hénon setting: a delay that switches between
0 and 1 according to the sign of the current state. To our knowledge this variant is not treated in the works cited.

Piecewise-smooth systems are usually analysed through border-collision bifurcations [3—5], and non-smooth
maps are known to produce sequences of periodic attractors organised by codimension-three bifurcations [18];
for discontinuous maps the same term is used and the theory is mostly one-dimensional [13-15], although two-
dimensional discontinuous maps with period-adding structures and multistability have also been studied [21].
The map studied here is discontinuous across its switching line (Proposition 1) and two-dimensional, so we speak
of discontinuity-induced bifurcations. Multistability is a topic of interest in its own right [0, 7], and coexisting
sinks of the Hénon map itself have been located and proved to exist rigorously [19,20].

Contributions. (i) We give a closed-form analysis of the fixed points and of the 2-cycle (Section 3). (ii) We
document numerically, for b = 0.3, a cascade of odd-period windows following the loss of the 2-cycle, and co-
existing attractors with intertwined basins (Section 4). (iii) We prove this statement for » = 3/10 (Theorem 12):
for every odd N > 5 there is an interval of a with an asymptotically stable N-cycle having one negative point,
and for N > 49 the intervals are explicit, disjoint and accumulate at a, with ratio tending to 1/b. Statements in
Section 3 are proved; the observations in Section 4 are numerical and are labelled as such.

2 The model

Leta > 0and 0 < b < 1. The Hénon map with state-dependent step delay is

) 0, x>0,
Xp1 =1 —ax, . +n, Vil = bxy,, T(x) = L x=0 (D

Since y, = bx,_1, the state at time n is the pair (x,,x,_1), and (1) is the planar map F(x,z) = (Fi(x,z),x) with

S R P E R @
X,7) = u) = u—au”.
R ) x <0,

For 7 = 0 one recovers the Hénon map. Write £ = {x = 0}.

Proposition 1. (a) For x,, < 0 one has x,+1 = f(x,—1), independent of x,. (b) F is discontinuous at every point
(0,2) with z # 0, with jump lim,_,o- F; — F{(0,z) = —az’. (c) F is not invertible on {x < 0}: a point (u,v) with
v < 0 has up to two preimages, the roots z of az> —bz+u—1=0.

Proof. (a)is (2). (b) At x = 07 the first component is 1 + bz, while for x — 0~ it tends to 1 + bz — az>. (c) For
v < 0 a preimage must have x = v < 0, hence u = f(z). O

Remark 1. For x > 0 the Jacobian determinant is —b (as in the Hénon map); for x < 0 the Jacobian is <(1) b _020Z> ,

with determinant — (b — 2az), which changes sign along z = b/(2a). Both facts contrast with the Hénon map,
which is a diffeomorphism [8].

3 Fixed points and the loss of the 2-cycle

Put D = (1 —b)? +4a and

1-b)? 3(1-b)? 5—6b+5b* 2
aO:—(4), a1:7(4), a2:74+ , a,=(1->b)".

Note a; < a, < ay for every b € (0,1), because a. < ay <= 0 < (1+b)>.
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Proposition 2. Fora > 0 the map (1) has exactly two fixed points x;. = (—(1—b)£+/D) /(2a), withx;. > 0> x_.

(i) Py = (xy,x,) has multipliers given by A> 4 2ax, A —b = 0; it is asymptotically stable iff 0 < a < ay, and
a flip bifurcation occurs at a = aj.

(ii) P_ = (x_,x_) has multipliers A = ++/14++/D, so |A| > 1 for all a > 0: P_ is a repeller (a saddle in the
Hénon map).

Proof. At a fixed point x = 1+ bx —ax?, i.e. ax* 4 (1 —b)x — 1 =0, giving x... (i) Near P, one has x,, > 0, so the
—2ax, b

1 0
with ¢; = 2ax;, co = —b: 1 +c1+co=vVD>0; 1 —ci+cy>0 < VD <2(1—b) <= a<ay;|co| < 1. (ii)

0b—2ax_> andﬂ,Zzb—ZaxleH-(l—b)*‘\/B:1+\/5>1'

map coincides with the Hénon map and the Jacobian is < ) . By the Jury conditions for A2 + ¢ A + ¢

Near P_ one has x,, < 0, so the Jacobian is < 1 0

O
Proposition 3. Let 0 < b < 1.

(i) Fora) <a < a, the Hénon2-cycle {p,q}, with p+q= (1—b)/aand pqg= (1—b)?*/a*—1/a, has p,q > 0;
it is therefore also a 2-cycle of (1), and it is asymptotically stable.

(ii) For a > a, the map (1) has no 2-cycle.

Proof. (i) Imposing x,41 = X,_1 = p, X, = g in the Hénon recursion gives (1 —b)p = 1 —ag® and (1 —b)g =
1 —ap?. Subtracting gives a(p+q) = 1 — b (p # q); adding gives the stated product. Real roots require a > aj.
The sum is positive and pg > 0 <= a < a,, so p,q > 0 and the orbit never leaves {x > 0}, where (1) equals the
Hénon map. Its multipliers have trace 4(1 — b)? —4a+2b and determinant b?; asymptotic stability is equivalent
to a; < a < ay, and a,. < ap. (ii) Let {p,q}, p # ¢, be a 2-cycle. If p,q > 0 it is a Hénon 2-cycle, which needs
pq= (1-0b)*/a*>—1/a>0,ie. a < a,; impossible. If p >0 > g: from the state (x,,x,_1) = (g, p) one gets
p=f(p),so1—ap?= (1—b)p; from (p,q) one gets g = 1 —ap® +bq, so (1 —b)g=1—ap* = (1—b)p and
q = p, a contradiction. If p,q < 0 both satisfy u = f(u), so both equal x_. O

Proposition 3 identifies the first discontinuity-induced bifurcation of the system: at a = a, the point g of
the 2-cycle reaches X and, for larger a, the cycle cannot continue. For b = 0.3 one has a; = 0.3675, a, = 0.49,
ar =0.9125.

4 Numerical results

4.1 Methods

All results use b = 0.3. Orbits are computed in double precision; an orbit is declared to escape if |x,| > 108.
Periods are detected on the tail of an orbit after a transient of 3000—60000 iterations with tolerance 10~3-1071°,
Largest Lyapunov exponents A; are obtained by propagating a tangent vector with the Jacobians of Remark 1
(2-10* iterates after a transient of 2 - 10°), for the initial condition (xo,x_;) = (0.1,0.1); since several attractors
may coexist, A refers to the attractor reached from that initial condition. Basins are computed on regular grids
of initial conditions (xo,x_1) € [~1.5,1.5]*.

4.2 Bifurcation diagram and Lyapunov exponent

Figure 1 compares the delayed map with the classical one. For a < a, the two diagrams coincide (period-2
attractor, as predicted by Proposition 3); in the sampled runs (a = 0.44,...,0.49, 31 x 31 grid of initial condi-
tions) a single attractor was found. For a > a, the diagrams separate: the delayed map shows the odd-period
windows described below, whereas the classical map keeps its period-doubling route to chaos. Figure 2 shows
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A1 for both maps, which is negative on the periodic windows and positive in the chaotic regimes (e.g. A; ~0.114
for the delayed map and —0.281 for the classical one at a = 0.95).

(a) Delayed Hénon map
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Fig. 1 Bifurcation diagrams for b = 0.3 (25 random initial conditions per value of a, last 60 iterates). The dashed line is
a=a,=(1-b)%

4.3 Odd-period windows after the loss of the 2-cycle

Just above a, the attractor is a cycle of high odd period, and the period decreases in steps of two as a grows
(Table 1). We found no even-period window and no coexisting attractor in this range with the grid used. Table 1
lists the first sampled value of a (step 5- 10~%) at which each period appears for the initial condition (0.1,0.1);
the onset values are therefore accurate only up to the sampling step. For a = 0.78 a short irregular interval
precedes a stable 5-cycle, which appears at a ~ 0.7905.

In one-dimensional piecewise-linear discontinuous maps, sequences of periodic windows whose periods
change by a fixed step are known as period-adding structures [14, 15]; see [17] for the general theory of period-
adding and period-incrementing cascades. The staircase of Table 1, where the odd period decreases in steps of
two, is reminiscent of these cascades, but our map is two-dimensional and nonlinear, and we make no claim of
equivalence.
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Fig. 2 Largest Lyapunov exponent versus a for b = 0.3, initial condition (0.1,0.1).

period 31 29 27 25 23 21
onsetofa 0.4905 0.4915 0.4925 0.4950 0.4985 0.5040
period 19 17 15 13 11 9

onsetofa 0.5115 0.5210 0.5335 0.5520 0.5755 0.6120

period 7 5
onsetof a 0.6745 0.7905

Table 1 Observed odd-period windows of the delayed map (b = 0.3), initial condition (0.1,0.1). A period-35 cycle was
also observed at a = 0.4901.

Conjecture 4. For b = 0.3 the periods of the stable cycles seen for a | a, are all odd and grow without bound
as a | ay, so that the windows of Table I form an infinite sequence accumulating at a..

Lemma 5. Let N > 3. The map (1) has an N-cycle with exactly one point in {x < 0} (and then minimal period N)
if and only if there are u < 0 and x| > 0 such that the sequence xo = u, x1, Xp11 =1 — ax,% +bx, 1 (1<n<N-1)
satisfies x1,...,xy—1 > 0 (or > 0) and

XN =u, flxn—1) = x1. 3)

Proof. Put x_; = xy_1. By Proposition 1(a), xo < 0 gives x; = f(x_1) = f(xn—1), and for 1 <n <N —1 one
has x,, > 0, so the Hénon recursion applies and gives xy; the states (xy,xy—1) and (xg,x_1) coincide iff xy = u.
The converse is the same computation read backwards. A cycle with one negative point per period cannot have
a smaller period, since a period M < N dividing N would contain N/M > 1 negative points. U

Proposition 6. Let b =3/10. For each pair (N,a) in Table 2, system (3) has a solution (u,x)) in a box of radius
10~'2 around the values listed (unique in that box) with u < 0 < x1,...,xy_1. Hence (1) has an N-cycle with
exactly one point in {x < 0}, and it is asymptotically stable.

Proof. Existence and local uniqueness: interval Krawczyk test on the box, which maps into its interior. Signs:
interval enclosure of xp,...,xy_1 over the box. Stability: all points of the cycle lie off X, so the map is smooth
near them, and the monodromy matrix is the product of the Jacobians of Remark 1 along the cycle; interval



6 Shuchang Wang and Yunlong Zhang. Applied Mathematics of Interconnected Phenomena 1(2026) 1-12

N a u=Xxp trace determinant

35 04901 —0.00013 —0.0011 1.83-10"'8
31 04905 —0.00024 —0.0065 2.27-1071¢
29 04915 —0.00150 —0.0135 2.53-10°1
27 0.4925 —0.00060 —0.0253 2.81-10°'4
25 0.4950 —0.00145 —0.0393 3.14-10° 13
23 04985 —0.00097 —0.0519 3.51-10712
21 0.5040 —0.00236 —0.0593 3.94-10° !
19 05115 —0.00432 —0.0585 4.44-10710
17 0.5210 —0.00387 —0.0448 5.02-107°
15 0.5335 —0.00176 —0.0167 5.68-107%
13 0.5520 —0.00886 0.0103  6.51-1077
11 0.5755 —0.00239 0.0650 7.46-10°°

9 0.6120 —0.00280 0.1145  8.68-107°

7 0.6745 —0.01575 0.1382  1.04-1073

5 07905 —0.00056 0.1923  1.27-1072

Table 2 Verified stable N-cycles with one point in {x < 0} (b = 0.3); a taken from Table 1 and from the note to it.

enclosures of its trace and determinant satisfy the Jury conditions |det| < 1, |tr] < 1 + det over the whole box.
O

Proposition 6 settles the existence and stability of the cycles of Table 1 (and of the period-35 cycle) at the
tabulated parameter values only; it is a finite computation and says nothing about other N or about the windows
ina.

Statement 7. Prove, for every sufficiently large odd N, the existence and stability of a cycle of period N with
one point in {x < 0} on an interval of values of a (equivalently, solve (3)), and determine how these intervals
accumulate at a,.

Theorem 12 below proves this statement for b = 3/10: for every odd N > 5 the cycle exists and is stable on
an interval of a, and for N > 49 these intervals are explicit, disjoint and accumulate geometrically at a,.

The limiting orbit at a,

Fix b (all checks are for b = 0.3), let a = a, + € with € € [0,8), and let p(a) > g(a) be the points of
the Hénon 2-cycle of Proposition 3. They are analytic near a,, with p(a,) = 1/(1=b), g(a.) =0 and ¢'(a.) =
—1/(1—b)* < 0; hence g(a) < 0 for € > 0 (a “virtual” 2-cycle). The monodromy of the 2-cycle has characteristic
polynomial A2 — TA + b?> with T = 4(1 — b)?> — 4a + 2b; at a, the multiplier is b (double), so the 2-cycle is a
smooth sink of the Hénon map squared, with a uniform contraction rate p € (b, 1) in a neighbourhood U, for all
€ €0, 6).

Let S(a) = (x0,x1) = (q(a), f(p(a))) be the state after a visit to the negative point in the limit of infinite
period, let x,,(a) be its orbit under the Hénon recursion x,,; 1 = 1 —ax2 + bx,_1 (no switching), and put oj(a) =
xjr1(a), wj=0j—q.

Proposition 8 (the limiting orbitat a.). Leta=a, = (1—b)% 50g=0, p=1/(1—b)andap=1—b, ap* = 1.
Putuj=p—xyj and wj = xpj41 for the orbit of S(a.) = (0, f(p)). Then for j >0

ujH:bujJraw?, wj+1:bwj+uj+1(cfauj+1), c=2(1-0), )

with ug = p, wo = bp. For b=3/10: (a) 0 <u; < p and w; > 0 for all j >0, so x,; > 0 and cj(a.) > 0 for
J= L (b)wjr1 >bwjforall j >0; (c)u;,w;j— 0 geometrically, so the orbit tends to the 2-cycle with xa; — p,
xj+1 —q=0; (d) wjr1/w;j — b from above, hence wj1 < Ow; for j > jo and any 6 € (b, 1).
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Proof. For n > 1 the orbit follows the Hénon recursion. Writing xo; = p — u;, and using p = 1+ bp and
1 —ap? =0 (both hold at a..), gives uj+1 = bu; —i—aw?; likewise x2j+3 = 1 —ap?® +2apuji — a“?ﬂ +bw; gives
the second relation in (4), with 2ap = c. Exact rational arithmetic gives (u;,w;) = (0.51857...,0.72280...) and
(us,ws) = (0.27775...,0.53263...), and confirms (4) against the direct orbit for j < 5.

Boxes. Let By = {0 <u <0.42, 0 <w < 0.55}. If (u,w) € By then u// < b(0.42) +a(0.55)% < 0.275 < 0.42,
and since u — u(c — au) is increasing for u < ¢/(2a), w' < b(0.55) 4+ 0.275 (¢ — 0.275a) < 0.513 < 0.55. So B;
is invariant; and (us,ws) € By. For 1 < j <5 the values are positive and u; < p by the exact computation (they
lie in the analogous invariant box {u < 0.52, w < 0.73}, which one checks the same way).

(a) Ujr) = buj —|—aw3 > 0 and, as long as Ujil <p, Wijtl = bwj+uj+1(c—auj+1) > ij—i- (1 —b)uj+1 >0
because ¢ —ap =1 —b. Since u; < 0.52 < p in the boxes, the claims follow by induction.

(b) Wit] —ij = ujH(c—aujH) > 0.

(¢) In By, with A = 0.7 and L = w+ Au, using w' < bw+cu's L' <bw+ (c+A)(bu+aw?) = [b+ (c+
A)aw|w+ (c+A)bu < 0.9L, because b+2.1-a-0.55 < 0.867 and (c+A)b=0.63 =0.94. So L; < C0.9/.

(d) Letr; = uj/wj and co = ¢ —0.42a > 0. From (c), w; = 0. By (4), w1 > bw;+coujyi and uj 1 /wj =
bri4+awj, sorj < @(brj+aw;) with @(s) = s/(b+ cos), which satisfies ¢’ < 1/b and @(br) =r/(1+cor).
Hence rjy1 <rj/(14cor;j)+(a/b)wj. Since Y w; < oo, r; is bounded, and taking limsup gives p < p/(1+cop),
ie.r; — 0. Finally wjy1/wj=b+uji(c—auji)/wj <b+c(brj+aw;) —b. O

Proposition 8 describes the limit orbit at € = 0: w; ~ (A + Bj)b/ with B > 0 (Jordan block at the double
multiplier b). For € > 0 the argument must be redone, which is the content of the next subsection.

Proof of the Statement for » = 3/10
Throughout this subsection b = 3/10, a, = 49/100, a = a, + € with € € E = [0,&)], & = 1.01-10~7, and

p > 0> g are the points of the Hénon 2-cycle (Section 3), ¢ = 2ap. From pqg = —&/a” we get the exact formula
lg| = O(¢) := &/(a®p), which is increasing on E and satisfies Q(&) = 2.9154... e (1+0(¢)).

Lemma 9 (exact reduced recursion). Let x3; = p —uj, x2j+1 = g+w;. The Hénon recursion x,1 = 1— ax,% +
bx,_1 is equivalent, for every € and every initial pair, to vj 1 = ®(v;), v; = (uj,w;),

u':bu—|—2aqw—i—aw2, w =bw+cu —au.

b 2aq

Its linear part at 0 is M = (cb b+2acq

P(v) =Mv+R(v).

>, with detM = b? and trace 2bt, T =1—acQ/b € (—1,1]; write

Proof. Use p =1—aqg®+bp, g = 1 —ap® + bq and expand; this is an exact polynomial identity (checked also
symbolically/numerically). O

Lemma 10 (cycle equations). Let K > 1, N = 2K + 1 and let ¥ = ®X. A cycle as in Lemma 5 corresponds to
a fixed point of

®(vo) = (p—q—wk, b(p—q) + (c —b)ug —aug), (ug,wg) = ¥k (vo),

via xo = p —ug, X1 = g+ wo, plus the sign conditions x3; >0 (1 < j<K), x2j41 >0(0< j<K~—1) and
xy = q+wg < 0. The monodromy matrix is DT = S D¥k diag(—1, f/(2)), z=xy—_1, with S a signed permutation.

Proof. The conditions xy = xo and f(xy_;) = x; of Lemma 5 read up = p — g — wg and, using f(p —u) =
f(p)+(c—b)u—au?, f(p)—q=">b(p—q), wo=b(p—q)+ (c—b)ux — au. The return map is T (xp,x_1) =
(‘I+WK7P_MK) Withv():(p_x()af(x—l)_q)‘ O

Lemma 11 (tail estimates). Let k = (|M||+b)/b, S = (1+b)/(1 —b)3, and suppose |R(v)| < Cr|v|?, |R(v) —
R(V)| < Crmax(|v|,|V'|)|v —V'| for |v|,|V'| < d :=2kd, and v = 4x*CrdS/b < 1, V' = 4Kk>CkdS/b < 1. Then
for two orbits with |vy|,|V)| < d (same €) and m =n—J > 0: (i) |v,| < 2xd(m+ 1)b™; (ii) |v, — V)| < 2x(m+
D™ vy — Vs (iii) [vy — M™vy| < 4K3CrSd*> mb™ 1.
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Proof. By Cayley-Hamilton, M* = b*~! (Uy_,(t)M — bUy_»(7)I) with Chebyshev polynomials of the second
kind, |U;| < j+1on [~1,1], hence || M*|| < k(k+1)b*. Write v, = M™v,; + Y7~} M"~'"*R(v;) and use induction
on n: inserting |vi| < 2kd(k—J +1)b*~/ gives ¥ < 4k>CrSd*mb™ !, which is < kd(m + 1)b™ iff (roughly)
v < 1; this proves (i) and (iii). The same argument applied to v, — v;,, with R(vx) — R(V}), gives (ii) under v/ < 1.
O

Theorem 12 (b =3/10). PutJ =22, Ky =24, { =0.0122, and let uy,w. be the enclosures of u;,w; in Table 3.
Define W, = (1=8)b" I (w_+(n—J)cu_) and W,y = (1+ )" (wy + (n—J)cuy).

(a) Foreveryodd N > 5 there is a nonempty open interval of values a > a, for which (1) has an asymptotically
stable cycle of period N with exactly one point in {x < 0}.

(b) For K > Ko and N = 2K + 1 one can take Ix = {a. +€: W < Q(€) < Wy_,}. These intervals are
nonempty, pairwise disjoint, ordered (Ixy lies below Ix) and accumulate at a.; the ratio of consecutive
lower endpoints tends 10 1/b, and € ~ (B(K —no))b% /|¢'(a.)| up 10 a factor 1 +0.015, with p = 1.842.
104, ng =9.998, |¢'(a.)| = (1 —b) 3 =2.9154....

Interval-arithmetic certificate. The certificate (interval arithmetic with outward rounding) does the follow-
ing. (A) Itencloses v;, 0 < j <J, and D, v; over the box {€ € E, |vg—v*(€)| < 1}, v = (p—q, b(p—q)) (the
limit orbit), and checks p—u; >0 (1 < j <J)and w; > Q(&) (0 < j <J). (B) It computes k,Cg,C,V, V' with

d > sup|vy|. (C) It checks the inequalities used below. The results are in Table 3; all checks return True.
) 1.01-1077 r 4.21-1076
d > sup|v/| 6.95-1077 A = sup ||Dy, || 2.15-1073
uy € [4.1221,4.1353]-1078 | w; € [6.9277,6.9481]- 1077
K< 3.4001 s 3.7901
Cr<,Ch< 0.7302, 1.4603 v, v < 3.0-1074,6.0-107*
Lk, = 2kA(Ko—J+1)bKo~/ < 3.95.107° Ak, = 2kd(Ko—J+1)pKo~7 < 1.28-107¢
o = 4K3CrSd* [ (beu_) < 0.01214 supg ¢ < 0.01214
window ratio W /Wy | < 0.3341 0(8y) > Wk,—1 True

Table 3 Constants of the certificate (J = 22, Ky = 24).

Proof. [Proof of Theorem 12(b)] Fix K > Ky, € € E and put Ly = A-2kx(K —J + l)bK_J, which is decreasing in
K, SO LK < LK()’

Step 1 (existence). For vo,v; in the ball B(v*,r) (inside the box), |v;|, V| < d and |v; — V)| < Alvg —vj|,
so Lemma 11(ii) gives Lip(Wx) < Lg. With mult = max(1,c —b+2aAg) < 1.11 one has Lip(®) < multLg <
4.4-107° < 1/2,and |®@(v*) —v*| < multAg < 1.42-107 < /2, where Ag > |vg(v*)| by Lemma 11(i). Hence
© maps B(v*,r) into itself and is a contraction: it has a unique fixed point v.

Step 2 (stability). By Lemma 10, ||DT||.. < multLg < 1, so both multipliers lie in the open unit disc.

Step 3 (signs). v; lies in the box, so v for j < J is enclosed in step (A): x2; > 0, x2;41 > 0 for j < J. For
j>J, |uj| <2xd < p by Lemma 11(i), so xp; > 0. For the odd points, for n = J +m < K write (M"v), =
b"™ (w+mcu+e). Using Uy (cosB) = 27:_01 cos((m—1—2j)0) one gets 0 < m — U, < 8>m(m*—1)/6,
and since 1 — 7 = acQ/b, 6> < 2s(1 +s), s = acQ/b,

le] < %(cu%—w) +2Omw.

In the window Q < g := 2651/ (w, + (K —1—J)cu), so |e|/(w_ +mcu_) < ,(K), which is non-increasing
for K > J+4 and negligible: with m = K —J, Gg41/Gx < bm/(m — 1), so the two terms of the numerator
of {, are multiplied by at most b(m + 1)3/(m?(m — 1)) and b(m +1)/(m — 1), both < 1 for m > 4 (the first
because 7m> — 19m? —9m — 3 > 0 for m > 4), while the denominator increases; supg G, is then the maximum
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over Ky < K <J+ 3 and the next values, computed in the certificate. Here (M™v), = b™ [cUm_ 1w+ (Up—1 —

Un—2)w — €U, 1w] with U; = U;(c0s ), 0 < m —Up—1 < 8*m(m> —1)/6, and 0 < 1 — (Up—1 — Upy—2) =

1— COS(C(O'Z(;)I/Z?G) < gig?(zg/'g)) < 92(’)”3 (equality of the first form is sinm® —sin(m —1)0 = 2cos((m— 3)0)sin 9),

which gives the bound on |e| above. Together with Lemma 11(iii) (§, <0.01214), w5, € W, , W,/ | forJ <n <K.
Since b (w+ (m+1)cu) < w+ mcu (because w_/u; > 0.6), W,~ is decreasing in n. If W < Q < Wy, then
w, >QforJ <n<K-1landwi <Q,i.e x2,41>0(7n<K~—1)and xy = g+wg <0. By Lemma 10 the fixed
point is the required cycle.

Step 4 (windows). By the mediant inequality, Wy /Wy, < bmax (¥ o) % <0.3341 < 1, so the set
{W¢ < Q < Wg |} is a nonempty open interval; it lies in E because Q(8) > Wk,—1 > W,_,. Disjointness
and ordering follow from W < W,f. The ratio W¢' /W | — 1/b because the factor 1+ ¢ cancels and (w +
meu)/(w+ (m+ 1)cu) — 1. Finally 55~/ (w; + (K — J)cuy) = BbX (K — ny) with 8,ng obtained from the € = 0
orbit (Proposition 8); the error band is ¢ plus the < 1073 spread of the enclosures. g
Proof. [Proof of Theorem 12(a)] For N > 2Ky + 1 =49 this is (b). For odd 5 < N <47 it is the finite computation
of Proposition 6: Table 2 covers N € {5,...,31,35}, and Table 4 covers N = 33 and 37 < N < 47 (same interval
Krawczyk test, with the starting guess taken from the limit orbit). In all cases the cycle is asymptotically stable
with one negative point, so these properties persist on an open interval of a. O

N a Uu=Xxp

33 0.490259682758 —3.04-10~*
37 0.490033170396 —4.01-107°
39  0.490011340807 —1.39-107°
41 0.490003811637 —4.70-107°
43 0.490001265189 —1.57-107°
45 0.490000415908 —5.19-1077
47  0.490000135656 —1.70-1077

Table 4 Additional cycles verified as in Proposition 6; the Krawczyk test, the signs and the Jury conditions all hold.

Remark 2 (on the earlier uniformity hypothesis). For fixed € > 0 the multipliers of the 2-cycle are complex with
modulus b (det = b, T < 1), sow j eventually changes sign (numerically at j = 38 for € = 1073 and at j =18
fore =1072). A hypothesis of the form “w; >w;;1 > 0forall j > jo, uniformly in a” is therefore false; what is
needed, and what is proved above, is control for j < K with € < g¢_1, where the rotation angle 6 ~ /¢ satisfies
K6 — 0.

j € ej-1/¢ 1/b
15 425-100% 249 333
20 2.20-10°° 3.00 3.33

25 8.03-10° 311 333
30 2.60-107" 317 333

Table 5 Roots €; of 6j(a.+€) (b = 0.3, 60 digits, ordinary multiprecision). The ratio approaches 1/b from below, as
expected from (A + Bj)b’. The roots are ordered, gj<egj_y,ford < j<3l,and (Fj’- at the root tends to ¢’ (a,) = —2.9155
(—5.44, —2.918, —2.9155 for j = 10,20, 30).

Remark 3 (discrepancy for small N, quantified). Table 6 lists windows of the limit orbit. The true lower border
of the N-cycle (computed by Newton’s method in 60 digits, xo = 07) lies below &x by 0.11% (N = 35), 0.67%
(31), 1.4% (29), 2.5% (27), 3.7% (25), 4.8% (23), 5.8% (21) and 6.6% (19). The cause is the sensitivity of og
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N =2K+1 predicted window (&g,€x—;) sampled onseta—a, inside?

35 (5.64-107°,1.59-107%) 1.0-10°* yes
31 (4.25-1074,1.06-1073) 5.0-1074 yes
20 (1.06-1073,2.39-1073) 1.5-1073 yes
27 (2.39-1073,4.82-1073) 2.5-1073 yes
25  (4.82-1073,8.71-1073) 5.0-1073 yes
23 (8.71-1073,1.44-1072) 8.5-1073 no
21 (1.44-1072,2.22-1072%) 1.40-102 no
19  (222-1072,3.28-1072%) 2.15-1072 no

Table 6 Predicted windows against the sampled onsets of Table 1.

to the initial state: dog/dxg = —1.5-1073,-5.9-107, —2.1- 107 for K = 17,20,25, i.e. of order 10° KbX,
the large constant coming from the expanding transient. For N > 49 this shift is below 10~ and is absorbed in
the factor { of Theorem 12; the exact borders for N =49, ... 81 were checked to lie inside the predicted bands.

4.4 Coexisting attractors

At the values sampled with step 0.01 in 0.44 < a < 0.89 only one attractor was found on the initial-condition
grids, but at other values several periodic attractors coexist. All cases of Table 7 were confirmed with long runs
(6 - 10* iterations, tolerance 10~ on the tail). In the classical map at a = 0.9 the same sampling gives a single
attractor (the 2-cycle), so the multistability is a consequence of the delay mechanism. Figure 3 shows the basins:
the sets of initial conditions leading to different attractors are finely interwoven over the whole sampled square.

a  attractors share of initial conditions escape

0.90 P5,P10 83.9%, 16.1% 0%
1.23  P3,P9 77.9%., 20.0% 2.1%
145  P3,P7 50.4%, 38.8% 10.8%

Table 7 Coexisting periodic attractors (b = 0.3), computed on a 360 x 360 grid of (xo,x_1) € [~1.5,1.5]>2. Ata=1.29a
3-cycle and a 12-cycle also coexist (found on a 31 x 31 grid).

4.5 Chaotic attractor

For a = 1.15 both maps have a positive exponent (0.182 for the delayed map, 0.269 for the classical one).
Figure 4 shows that the geometry of the delayed attractor differs visibly from the classical one. For a in
[1.21,1.45] (sampled with step 0.01) a stable 3-cycle was observed, and the delayed map still has bounded
attractors at a = 1.45, where the classical orbit from (0.1,0.1) escapes.
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a=0.9: P5, P10 a=1.23: P3, P9 + escape a=1.45: P3, P7 + escape

Fig. 3 Basins of attraction in the (xo,x_;) plane (b = 0.3). Colours distinguish the attractors named in the panel titles;
white is escape to infinity.

delayed, a=1.15 classical, a=1.15
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Fig. 4 Attractors in the (x,,y,) plane for « = 1.15, b = 0.3, initial condition (0.1,0.1).

5 Conclusions

A single bit of state dependence in the delay, namely whether the quadratic term sees the present or the
previous value, is enough to change the Hénon map qualitatively. The map becomes discontinuous and non-
invertible, its saddle turns into a repeller, and the period-two attractor of the Hénon map survives only until
its second point reaches the switching line, which happens exactly at a, = (1 — b)?. Beyond a, the picture
changes for b = 0.3. The attractor becomes a cycle of high odd period, and the period decreases in steps of
two as a grows; chaotic bands follow, and then several periodic attractors coexist with finely interwoven basins,
something not seen in the classical map at the values we sampled. The staircase is not only an observation: for
b =3/10 every odd period N > 5 is realised on an interval of a, and for N > 49 these windows are explicit,
disjoint and shrink towards a, with ratio 1/b, the contraction rate of the Hénon 2-cycle at a,.. All results are for
b = 0.3, and the proof is specific to b = 3/10. The theorem shows that the odd-period cycles exist and are stable,

but not that they are the only attractors for those values of a, nor that even-period windows are absent.



12

Shuchang Wang and Yunlong Zhang. Applied Mathematics of Interconnected Phenomena 1(2026) 1-12

References

(1]
(2]
(3]
(4]
(5]
(6]

(7]
(8]

(9]
[10]

[11]
[12]
[13]
[14]
[15]
[16]
[17]

[18]

[19]
[20]

[21]

M. Hénon (1976), A two-dimensional mapping with a strange attractor, Commun. Math. Phys. 50, 69-77.

J. A. C. Gallas (1993), Structure of the parameter space of the Hénon map, Phys. Rev. Lett. 70, 2714-2717.

H. E. Nusse and J. A. Yorke (1992), Border-collision bifurcations including “period two to period three” for piecewise
smooth systems, Physica D 57, 39-57.

S. Banerjee and C. Grebogi (1999), Border collision bifurcations in two-dimensional piecewise smooth maps, Phys.
Rev. E 59, 4052-4061.

M. di Bernardo, C. J. Budd, A. R. Champneys and P. Kowalczyk (2008), Piecewise-smooth Dynamical Systems: Theory
and Applications, Springer, London.

U. Feudel, C. Grebogi, B. R. Hunt and J. A. Yorke (1996), Map with more than 100 coexisting low-period periodic
attractors, Phys. Rev. E 54, 71-81.

U. Feudel (2008), Complex dynamics in multistable systems, Int. J. Bifurcation Chaos 18, 1607-1626.

C. Mira, L. Gardini, A. Barugola and J.-C. Cathala (1996), Chaotic Dynamics in Two-Dimensional Noninvertible Maps,
World Scientific, Singapore.

J. C. Sprott (2006), High-dimensional dynamics in the delayed Hénon map, Electron. J. Theor. Phys. 3(12), 19-35.

S. Bilal and R. Ramaswamy (2013), The generalized time-delayed Hénon map: bifurcations and dynamics, Int. J.
Bifurcation Chaos 23(3), 1350045. DOI: 10.1142/S0218127413500454.

A. M. A. El-Sayed, Z. F. El-Raheem and S. M. Salman (2014), A new chaotic behavior of a general model of the Hénon
map, Adv. Differ. Equ. 2014, 107.

T. Caraballo, R. Colucci and L. Guerrini (2018), Dynamics of a continuous Hénon model, Math. Methods Appl. Sci.
41, 3934-3954.

P. Jain and S. Banerjee (2003), Border-collision bifurcations in one-dimensional discontinuous maps, Int. J. Bifurcation
Chaos 13(11), 3341-3351.

L. Gardini, F. Tramontana, V. Avrutin and M. Schanz (2010), Border-collision bifurcations in 1D piecewise-linear
maps and Leonov’s approach, Int. J. Bifurcation Chaos 20(10), 3085-3104.

F. Tramontana, L. Gardini, V. Avrutin and M. Schanz (2012), Period adding in piecewise linear maps with two discon-
tinuities, Int. J. Bifurcation Chaos 22(3), 1250068.

J. D. Mireles James, F. Motta and V. Naudot (2025), State dependent delay maps: numerical algorithms and dynamics
of projections, Exp. Math. 34(2), 176-199. DOI: 10.1080/10586458.2024.2337910.

A. Granados, L. Alseda and M. Krupa (2017), The period adding and incrementing bifurcations: from rotation theory
to applications, SIAM Rev. 59(2), 225-292. DOI: 10.1137/140996598.

V. Avrutin, M. Schanz and S. Banerjee (2007), Codimension-three bifurcations: explanation of the complex one-,
two-, and three-dimensional bifurcation structures in nonsmooth maps, Phys. Rev. E 75, 066205. DOI: 10.1103/Phys-
RevE.75.066205.

Z. Galias and W. Tucker (2013), Numerical study of coexisting attractors for the Hénon map, Int. J. Bifurcation Chaos
23(7), 1330025. DOI: 10.1142/S0218127413300255.

Z. Galias and W. Tucker (2014), On the structure of existence regions for sinks of the Hénon map, Chaos 24(1), 013120.
DOI: 10.1063/1.4865110.

L. Gardini, D. Radi, N. Schmitt, I. Sushko and F. Westerhoff (2023), A 2D piecewise-linear discontinuous map arising
in stock market modeling: two overlapping period-adding bifurcation structures, Chaos Solitons Fractals 176, 114143.
DOI: 10.1016/j.chaos.2023.114143.



	Introduction
	The model
	Fixed points and the loss of the 2-cycle
	Numerical results
	Methods
	Bifurcation diagram and Lyapunov exponent
	Odd-period windows after the loss of the 2-cycle
	Coexisting attractors
	Chaotic attractor

	Conclusions

