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Abstract: In this study, we introduce the concepts of deferred order convergence and deferred order statistical convergence and

investigate the relations between these concepts.

Keywords: Statistical convergence, order convergence, deferred Cesaro mean, deferred convergence, deferred order statistical

convergence

1 Introduction

A sequence x = (xi) is called statistically convergent to ¢
if for every € > 0,

.1
fim —[{k<n: |-t =e} =0,
where the vertical bars denote cardinality of the set.

Statistical convergence was introduced by Steinhaus in
[1], Fast in [2] and also by Buck in [3] independently and
since then has been studied by other authors including [4—
8].

A lacunary sequence [9] is an increasing integer
sequence 6 = {k,} such that k = 0 and
h, =k, — k,_1 — o0 as n — oo. The intervals determined
by 6 is denoted by I, = (kn—1,kn)-

Let A = (A4,) be a nondecreasing sequence of positive
numbers tending to oo, and A4 — A, < 1, A} = 1. The
generalized de la Vallée-Poussin mean [10] is defined by

(©
iml Y =0
7 X — £ =V,
n=e Ay k=n—A+1
(d)
1 1 . —
r}gilol—n|{n—ln+1§k§n. |xe —¢| > €} =0,

then the sequence x = (x;) is said to be strongly lacunary
convergent or [Ng]-convergent, lacunary statistically
convergent or Sg-convergent, strongly A — convergent and
A— statistically convergent to ¢ respectively. A—
statistically convergent sequence was defined by
Mursaleen in [11] and lacunary statistically convergent or
Sg-convergent sequence was defined in [6] by Fridy and
Orhan.

Let B = (b,) be an infinite matrix and x = (x;) be a
sequence of complex numbers. The sequence B (x)
defined by

B,(x) = Z Arn Xk
k=1

n
1 Z Xk is called the B-transform of x whenever the series
M 5 conver hn=1,2,... Th = (x¢) is said
=t 1 ges each n ,2,.... The sequence x = (x;) is sai
to be B-summable to £ if lim,,_,e B, (x) = £. A matrix B is
If said to be regular if B transforms every convergent
sequence to convergent sequence by preserving the limit.
@) Silverman-Toeplitz Theorem states necessary and
1 P y
lim — Y |y — ¢ =0, sufficient conditions for regularity of B = (b,) as
nove follows:
(b) I -
1
lim —{kel,: /> = sup Y |bux] <o
lim (ke Jn— (]2 )] =0, w )
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2. Strongly D, g-convergent sequence x = (xi) is
limb,, =0 foreach keN strongly Cesaro convergent if and only if
n—yoo
a(n
3. sup # < oo,
lim Z by =1, n Bn)—aln)
n—)m

For definitions of partially ordered set, lattice, metric
additive system (mas) see [12-16].

Let L be an additive system and I" be a real valued
function on L. Then a function ¥ is defined on L by

Y(a,b)=T(aVvb)—T(a)—I(b).

Definition 1.Let (x,) be in a mas (L,y). If there exists a
sequence (y,) in L with y, | 0 such that

Y0, x) <T'(yn)

forall n €N, then (xy) is said to be order convergent to
x€L.

Definition 2. [/7]Let (x,) be in a mas (L,7). If there exists
a sequence (y,) in L with y, | 0 such that

lim L |{k < n: 8(e.x) > C(yo)} = 0,

n—eo

then (x,) is said to be order statistically convergent to x €
L.

Later, in [18] Biswas and Ganguly studied order ideal
convergence in a metric additive system.

2 Deferred Order Cesaro and Deferred
Order Statistical Convergence

A sequence x = (x;) is said to be strongly Cesaro
summable to the number ¢ if

11m Z e — £ =

R.P. Agnew [19] defined the deferred Cesaro mean as a
generalization of Cesaro mean of real (or complex) valued
sequence x = (x;) by

B(n)
- X% n=123,..,
B —am, &

(Da,ﬁx)n =
where ot = {at(n) :n € N} and B = {B(n) : n € N} are the
sequences of nonnegative integers satisfying o (n) < (n)
and lim,,_,. B (n) = oo.

A sequence x = (x;) is said to be strongly
Dg g-convergentto £ € R if

LN ey
lim —— x—f:
M et &

Definition 3.A sequence (x,) in a metric additive system
(L,y) is said to be order Cesaro convergent (i.e
OC-convergent) to x € L if, there exists a sequence (y,) in
L with y, | 0 such that

Y0, ) < I'(yn)

S| =
1=

k=1

foralln e N.

The concept of deferred statistical
sequence was introduced in [20] as follows:
If for every € > 0,

. 1
I )~ By 1)

then the sequence x = (x;) is said to be deferred
statistically convergent to the number ¢.

convergent

<k<B(n):

b — € > e}[ =0

Definition 4.4 sequence (x,) in a metric additive system
(L,y) is said to be deferred order Cesaro convergent (i.e
DOC-convergent) to x € L if, there exists a sequence (y,)
in L with y, | 0 and a number ny € N such that

Y v(wx) <T(m)

foralln e N.

It is clear that;
(i) If B(n) = n and a(n) = 0, then Definition 4 coincides
with the definition of order Cesaro convergence,
(ii) Let 6 = (k,) be a lacunary sequence. If we consider
B(n) =k, and a(n) = k,—1, then Definition 4 coincides
with the order lacunary convergence,
(iii) If B(n) = n and a(n) = n — A,, then Definition 4
coincides with the order A- convergence.

Definition 5.4 sequence (x,) in a metric additive system
(L,y) is said to be deferred order statistically convergent
(i.e DOS-convergent) to x € L if;, there exists a sequence
(yn) in L with y, | 6 such that

lim ——— k<

fim s o) <k < B(n):
It is clear that;

(i) If B(n) = n and a(n) = 0, then Definition 5 coincides

with the definition of order statistical convergence,

(ii) Let 6 = (k,) be a lacunary sequence.If we consider

B(n) =k, and a(n) = k,_1, then Definition 5 coincides

with the order lacunary statistical convergence,

(iii) If B(n) = n and a(n) = n — A,, then Definition 5

coincides with the order A- statistical convergence of

sequences.

V(0 %) 2 T'(ye) } = 0.
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3 Inclusion Relations

Theorem 1.Let {a(n)},{B(n)},{a (n)} and {B'(n)} be

sequences of of non-negative integers satisfying a(n) <
o (n) < B'(n) < B(n) forallneN and

lim sup ﬁ/(n) — o)

neo B (n) — o (n)

then x, — x(DOS|a, B]) implies x, — x(DOS[o , B']).

Proof.From the following inclusion

/

{d/(n)<k<PB'(n): Ywex)>T)}

CHa(n) <k<B(n):  vlux) =T ()}

we can write

1
B'(n) — o' (n)
x|{c (n) <k < B (n):
. P —al) 1
= B'(n)— o' (n) B(n) — a(n)
x[{a(m) <k<B(n): ylu,x) > )}

Y(xe,x) > T (yk) }|

After taking limit when n — oo desired result is obtained.

Theorem 2.Let {a(n)},{B(n)},{a (n)} and {B'(n)} be
sequences of of non-negative integers satisfying a(n) <

o (n) < B'(n) < B(n) forall n € N and

B )
WP ) — o ()

< oo,

then x, — x(DOC|a, B]) implies x, — x(DOC[c!, B]).

Since the proof is similar to the proof of Theorem 1, we
omit it.

Theorem 3.Let D be a bounded function on L. If (x,) is
deferred order Cesaro convergent to x € L, then (x) is
deferred order statistically convergent to x, that is, if x, —
x(DOC|a, B]), then x, — x(DOS|a, B)).

Proof:Letx, — x(DOC|e, B]). Since y, | 0, then I"(y,) . 0
and consequently (I"(y,) is bounded. Say m = inf I (y;).

For (y,) in L with y, | 6, we get

B(n)
1
I(yn) > 7= (X, )
ﬁ(”) - (X(I’l) k:oc(ZnH»l
| ﬁf) ﬁin:)
= + V(%)
B(n) — a(n) k=a(n)+1 k=a(n) +1
YeX) =T () ¥(x) > (k)
: Y o
> Y (X, x
ﬁ(n) - oc(n) k=a(n)+1
Y(x,) 2T (i)
| oo
> I"(y)
B(n) — a(n) k=a(n)+1
Yo, x) =T (i)
>m

1
B(n) —a(n)
x|{a(n) <k <B(n): vlw,x) > Ty}

Hence, by above inequality and since

lim, e I'(yn) = I'(0) = 0, we have

lim ——— x [{a(n) <k<B(n):

n= B(n) — a(n) V(%) =T} =0,

that is x, — x(DOS|[a., B]).

Theorem 4.Let % be bounded. If (x,) is order

bounded and deferred order statistically convergent to x,
then (x,) is deferred order Cesaro convergent to x, that
is,if x order bounded and x, — x(DOS|a,f]), then
xn — x(DOCJa, B)).

Proof.Suppose that x, — x(DOS|a, ]) and (x,) is order
bounded, say y(x;,x) < K for all k. Since I'(y,) — 0 as

yn 4 6, (I'(yn)) is Cesaro convergent to 0, since %

is bounded (I"(yy)) is deferred Cesaro convergent to 0 so,
we can write

lim I'(yp)=0
TR
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and we have
LY B
Y (X, n)—on
Pl =) i < o) <K< Blm): o) = D50}
— 1
1 B B _ Bl —aln)+ alr)
= + ¥(xx,x) B(n)—a(n)  B(n)
Bn)—alm) | o a1 x |{a(n) <k<Bn): yxex)>TO0}
Vo) 2T () v(ox) <I (k) a(n) 1
< (1
< e (1 52 e) 7
x {k<B(n): v(u,x) =T (v}
B(n) B and we obtain x, — x(DOS |, B]).
x|k Y 1+ Y v ( (e, B])
k=a(n)+1 k=a(n)+1 Theorem 6.Let fB(n) = n for all n € N. Then,
Y(Xk’;)zr(yk) 10 <L () xXn — x(DOS|a,n]) if and only if x, — x(OS).
SKﬁ(n),a(n) Proof-Assume that x, — x(DOS[a,n]). By using the
. technique which was used by Agnew in [19], for each
a(n) <k< : x) > T
et = P syt = Ho0 ne N leting o) = a0, a(@®) = ),
1 . )y =53 i
n () o(n'?)) =n), ..., we may write
B ol
{k<n: ylu,x)>I()}=
hence we have
{k <nW: yln,x) > F()’k)}
B(n)
1
y Xk < F yn) (]) M
B —am &, T < {n <k <ns Y =00},

forall n € N.

{k MOF

V(o) = D) | =

Theorem S5.If the sequence {%}nel\l is bounded, { POYex) 2 F(yk)}
then x, — x(OS) implies x, — L(DOS|[a., B]). { @ <k<n®: ylx) > F(Yk)}
Proof.Let x, — x(OS) then there exists a sequence (y,) in  and
L with y, | 0 such that, {k n? . Y(xe,x) > Ik }
}}g&#{kq ¥(x,x) > T'(y)}| = 0. { & (g, x )>F(yk)}
Hence, { O <k<n®: yly,x) > F()’k)}-
This process may be continued until for some positive
lgn B( ) {k<B(m): v(xx,x)>I ()} =0. integer h depending on n, we obtain
h=1) . —
From the following inclusion {k <n"D V(e x) = F()’k)} =
{a(n) <k<B(n): y(xx)>T ()} {k§n<h>: (0, %) ZF(yk)}
C{k<B(n): vlxx)>T ()} U {n(h) <k<n"V: y(x,x) > F(}’k)}
and the inequality for each m where n® > 1 and n"*+1) = (. Therefore, we
can write
{o(n) <k<B(n):  yla,x) =T ()}
Hiesn: v =m0y =3
— n: XpyX) > =y ———d,
<Hk<B(®): Youx) =T} pls e N W= LT,
®© 2020 NSP
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for every n, where

1

dr = 5

x{n"*) <k <n: y(xe,x) > T}

If we consider a matrix B = (b, ) as

(r) _p(r+1)
by = { —r—,r=0,1,2,..,h
0, otherwise
where n(?) = n, then the sequence

{%Hkﬁ n: o y(xg,x) > F(yk)}|}

is the (byr) transformation of the sequence (d,). Since
n > gt = 12 h, and n"D = 0, this

transformation evidently satisfies (1) and (3); and for

k k+1) . . . .
fixed k, w is either zero or a fraction of which the

denominator is n and the numerator is < k so that (2)
holds. Therefore, the matrix (by,) is a regular and since
the sequence

1
{WHHUH) <k<n": ylg.x) > F(Yk)H}

is convergent to zero, we have

lim l|{k§ n: Y(xg,x) >T ()} =0.

n—eo 1

Conversely, since {M&} is bounded for
neN

n)—a(n)
B(n) = n, by Theorem 5 , we have x, — x(OS) implies
xn — x(DOS[a, B]).
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