J. Ana. Num. Theor. 8, No. 1, 1-5 (2020)

%NSP} 1

Journal of Analysis & Number Theory

An International Journal

http://dx.doi.org/10.18576/jant/080101

A Note About The Convolved Fibonacci Polynomial

Sequences

Primo Brandi' and Paolo Emilio Ricci®>*

'Mathematics & Informatics Department, Perugia University, Perugia, Italy
ZMathematics Section, International Telematic University UniNettuno, Rome, Italy

Received: 2 Nov. 2019, Revised: 12 Dec. 2019, Accepted: 22 Dec. 2019

Published online: 1 Jan. 2020

Abstract: After recalling the convolved Fibonacci polynomials considered in literature, a particular set of convolved Fibonacci
polynomials is introduced in order to find explicit expressions for product sums of Fibonacci numbers, in terms of the Golden ratio.
Recurrence relations are determined by using a preceding more general result.
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1 Introduction

Convolved Fibonacci numbers and polynomials have
been considered in past time [1, 2, 4], and even
recently [3,5, 6, 8-10] in connection with the problem of
finding representation formulas for product sums of
Fibonacci numbers, and related subjects, including
relations with the second kind Chebyshev polynomials.

It seems that the subject is of some interest, since several
authors have been attracted by it, mainly in connection
with problems of Number theory, for some references see,
e.g., Sloane [12].

In this article, for the convolved Fibonacci polynomial
sequence already considered in literature, we recover the
explicit form and derive the recurrence relation, by using
a general result stated in [11].

Furthermore, in Section 4, we introduce a new convolved
Fibonacci polynomial sequence which still gives back, at
the point x = 1, the Fibonacci numbers, but using
polynomials of lower degrees and lower coefficients with
respect to the preceding one. For this convolved
polynomials we determine the recurrence relation and
their explicit form, in which the Golden ratio & appears.
Representation formulas of sums of products of Fibonacci
numbers in terms of the Golden ratio are also shown
(Corollaries 4.3 and 4.4) Lastly, we show their further
connections with the Fibonacci numbers and we derive
multiplication formulas by using convolution (Theorem
4.5).

2 Definitions

We start form the sequence of Fibonacci numbers defined
by the recursion:

f() =1 ) fl =1 ;
ey
fn+1:fn+fn71; (nzl)
so that its generating function is given by:
= if " 2
= 1.
l—t—1> &=

The Fibonacci polynomials are defined by the recursion:

Fo(x) =1, Fi(x) =1,

3)
Fop1(x) =xF(x) + Fi(x), (n>1),
and are also given by the generating function:
= Y R @
l—xt—12 =" ’

therefore, it results F, (1) = f,,.

These polynomials are very important, as they frequently
are used in Number theory and in applied mathematics.
Many scholars studied the properties of the sequences
{fx} and {F,(x)} and obtained important results. For
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example, Yi and Zhang [4] obtained representation
formulas for the summation of products of Fibonacci
polynomials (in particular numbers), and T. Kim et al. [5]
introduced a new approach to the convolved Fibonacci
numbers. They used the relevant generating function in
order to find new explicit identities for the convolved
Fibonacci numbers.

Actually other sequences related to the Fibonacci
polynomials and numbers have been considered in
literature (see e.g. [1, 2, 9]), and also recently
studied [3, 10], in particular the so-called convolved
Fibonacci polynomial sequences, which will be
considered in what follows.

The characteristic equation associated with the recursion
3)is:

2 =xt+1 3)
and their roots are:
x+Vx2+4 x—Vx24+4
g XTVERs o xoValid ©)
2 2

The first few Fibonacci polynomials F, (x) are:
FO (x) =1
Fi(x)=x

Further values can be found by recursion.

3 The convolved Fibonacci polynomial
sequence

The convolved Fibonacci polynomials are defined by the
generating function:

1 X oo
— ) =) Zau(x)1". 7
<1—xt—t2> nz::o (x) D

The roots of the equation 7> +xt — 1 = 0 are:

we find:
1 J—
( - %)x(l - 1 )x
o (n) noeo . (n) n
X t X t
Er ) rw @) - o
B i k) (k) ”
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Therefore
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Flx) =
ki+ky=n

(10)

Note that both the sequences Fy(x) and .%,(x) satisfy the
condition:

Fn(l):yn(]):fn-

The first few convolved .%, (x) are:

(1)

Fox) =1
Fi1(x) =«
FH(x) = %x(x3 +x2+2)

F3(x) = %xz(x4+3x3 +2x% 4 6x46)

N
=
=
Il
-

px(x” +6x0 + 1127 + 18x* +36x3
+24x% + 12x+ 12)

Fs(x) = 422 (68 4+ 10x7 4 35x° 4+ 70x + 144x*
+220x3 + 180x2 + 180x + 120)

Further values can be found by using a computer algebra
program.

In [11], starting from a paper by Chen Zhuoyu and Qi
Lan [3], the linear recurrence relations associated with a
general sequences of polynomials have been derived. In
particular we have:

1= ==V X2+47 and 1 = =F X2+47 Theorem 1 The polynomial sequence {gi(x)}ien =
2 2 {gk(x;a,b) }ren of polynomials defined by the generating
(i =—1). Sfunction:
Recalling the binomial expansion: 1 T "
| - ) G(t,x) = (m) —ngbgn(x,avb)a (12)
_ T 4n
(1—1) ”;0 n! a ®) satisfy the linear recurrence relation:
where x(0 := 1, x") := x(x+1)--- (x+n— 1), and noting gk¥) Falx k=g (x) (13)
that +b(k—1)(k+2x—2)gr_2(x) =0.
1 t 1 ' Putting a = —x, b = —1 and g,(x) := g,(x;—x,—1) we
1 —xt—12 (th—1)(t—12) find:
1 ( 1 )x = "
T AT ——— | =) &), (14)
(1—%)*(1—%))‘ 1—xt—1t2 r;) n!
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so that Therefore
gn(x) =n! F(x), (15) k) (k)
! _1)ki
Fl’l(x)_x Z ( 1) kl !kz!@kl((P*l)lQ . (20)

and the recurrence relation writes:
nFn(x) —x(x+n—1).%,_1(x)

16
—(2x+n—2)F,_»(x) =0. (10

4 A new convolved polynomial sequence

In what follows, we consider a different convolved
polynomial sequence with the purpose to recover the
Fibonacci numbers. Theoretically we could use a
generating function of the type:

(a+(1—a)x )x, (17)

1 —x% — xBy2

but, of course, we would like to construct the generated
polynomials in such a way that they have lower grades,
and smaller coefficients, with respect to those considered
above.

Then, assuming a =1, o« =1 and B =2 in (17), we
introduce the following convolved Fibonacci sequence,
defined by the generating function:

] X o
(71;@)(2;2) =H§)Fn(X)t”- (18)
The roots of the equation x*¢> +xt — 1 = 0 are:

—(1+v5) -o

2x X

—(1-+5) ®—1
tz: — s
2x X

|
(l‘ltz: *)7) ,

where @ is the Golden ratio.
Recalling the binomial expansion (8), and noting that:

)

1 r 1
l—xt—x22) (1= Lp =Ly

we find:

& (= e & x) o \"
T L (3) Lo (4‘)71) - 9

k x(k|>x(k2) Xt
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n=0 k;+ky=n

ki +ha=n
The first few convolved F,(x) are:
Fo(x) = 1
F;(x) =x?
Fy(x) = 23 (x+3)

F3(x) = %x4(x2+9x+8)

<5
~
—
=
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272003 + 1822 + 59x +42)

Fs5(x) = 220 (x* 4300 +215x? 4 450x +264)

Further values can be found by using a computer algebra
program.

For the convolved Fibonacci polynomial sequence F,(x)
still holds that F,,(1) = f,, but, according to the preceding
tables, it results that the new sequence realizes this
condition with polynomials of lower degree and with
smaller coefficients.

By using Theorem 2.1, assuming ¢ = —x and b = —x?, and
noting that g,(x) = n!F,(x) we have the result:

Theorem 2 The polynomials of the sequence {F,(x) }nen,
defined by the generating function (12), verify the
recurrence relation:

nF,(x) —x(x+n—1F,_1(x)
(2D
—x*(2x+n—2)F, »(x) =0.

4.1 Further connections with Fibonacci
numbers

We prove the following result

Theorem 3 For any integer n, the numerical sequence
F,.(2) can be expressed, in terms of Fibonacci numbers,
by the equation:

n
F,(2)=2"Y fifux- (22)
k=0
and more generally, for any integer m > 2, it results:
Fu(m) =m" Z Jii Sy S - (23)
kit thkm=n

Proof. By definition (18), putting x = 2, we find:

1 2 oo
— | =) F,(2)¢", 24)
( 1—2r—4r% ) ng;)
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but, recalling equation (2), we can write:

1 2 1 2
(12t4t2) - (1(2;)(2;)2) B
2
= <Z fnZ"t”> =) (2" kafnk> ",
=0 n=0 k=0

(25)

so equation (22) follows.
In general, we find:

1 m oo
(1 _mt_mztz) - Z()Fn(m)tn,
n=»

but, recalling equation (2), we can write:
1 " 1 "
L—mt—m22) — \1—(mt)—(m)2)

= (i fnmntn> =
n=0

Ilx

kit hn=n

(26)

27)

S S 'fkm> ",

and equation (23) is proved.
Note that, since 21) = (k; 4 1)! and 2(%) = (k, + 1)1,
recalling equation (20), it follows:

F"(z) =2" kafnfk =
=0 08)
g (ki +1)(k2+1)

=" (-1) o (cb—])kz .

ki +ky=2
So, we have the following Corollary of Theorem 4.2,
connecting the Fibonacci numbers with the Golden ratio
P:

Corollary 4For any integer n > 1, we have:

ffkfnszf(—l)h(”“)(”__h“) (29)
k=0

P @h(q) 1)n7h ’

and more generally, recalling equations(20) and (23), we
find:

Corollary SFor any integer n > 1, we have:

Y oSy Jow =
ky+ko+-+kp=n
(30)

;g(fl)hhz(n—h)@h(@—l)"*h'

4.2 Multiplication formulas by convolution

It is also possible to obtain duplication, and in general
multiplication formulas, for the argument of the functions
F,(x).

Theorem 6 For the polynomial sequence F,(x) the
duplication formula holds:

F(2) =2 Y, Fy(0F, (). (1)
k=0

and in general, for any integer m > 2, the multiplication
Sformula holds:
F,(mx) =m" Z

Kyt =n

Fi, (0)F, (x) -+ Fg, (x). (32)

Proof. - The result is obtained by the same thecnique used
in Theorem 4.2. Note that Theorem 4.2, assuming x = 1,
becomes a Corollary of Theorem 4.3.

5 Conclusion

We have shown the recurrence relation for the convolved
Fibonacci polynomials, starting from a general result
proven in [I11]. We have introduced a new type of
convolved Fibonacci polynomials, in order to determine
explicit formulas for product sums of the Fibonacci
numbers. The derived equations connect Fibonacci
numbers with the Golden ratio @, apparently in a simple
and natural form.
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