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Abstract: This study secures optical Solitons to Wu—Zhang system of evolution equations that illustrates (1+1)-
dimensional dispersive long wave. Four methods called Csch method; Tan-Cot method, Extended Tanh-Coth method, and
Modified Simple Equation Method are utilized to retrieve solutions of this equation.
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1 Introduction

The solution of nonlinear partial differential equations has enjoyed on the last 30 years from both theoretical and practical
points of view. In this context, it is worth mentioning that there are various methods that have been successfully
implemented to analyze the physical phenomena and got exact solutions that facilitating the test of the numerical schemes

[1].

Different powerful methods were used, such as Tanh-Sech method [2,3,4],extended Tanh-Coth method [5,6,7],
hyperbolic function method [8,9], Jacobi elliptic function expansion method [10], F-expansion method [11], and the First
Integral method [12], tan- cot function method [13], Sine-Cosine function method [14,15], Modified Simple Equation
Method (MSEM) [16].

2 The Governing Wu-Zhang Systems of Equations
The Wu—Zhang system given by [17]:

u(x,t)+uu, +v, =0 (1)
vt(x,t)+vux+uvx+§uxxx=0 (2)

The governing equations describe the wave on shallow waters. Zheng et al [18] constructed exact solutions when
applied the generalized extended Tanh function method. Mirzazadeh et al [19] fined the solitary wave, singular solitary
wave, and shock wave solutions. Inc et al [20] applied the extended Tanh and Hirota methods to find the singular solitary
wave, multi soliton, and periodic solutions.

3 Methodology

In this study, we applied Csch method, Tan-Cot function method, Extended Tanh-Coth function method, and the Modified
Simple Equation Method to extract exact traveling wave solutions of Wu—Zhang system.
Let consider the NLPdE in the form [17]

Here the travelling wave solution of non-linear partial differential equation Eq.(1-2) is u;(x,t), and u,(x,t). We use
the transformations u(x,y,t) = f(§) where & = k(x — At) that enable us to use the following changes,
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Therefore system of Eq.(1-2) is transfer to non-linear ordinary differential equation

G f f ) =
QG f f f ) =

(4)

(5-a)
(5-b)

The ordinary differential equations in (5-a-b) are then integrated as long as all terms contain derivatives, where we
neglect the integration constants.

3.1. The Tan-Cot Function Method

The solutions can be expressed in the form [13]:

u(§) = A tan’(pg), |g[=<n/2p
(&) = A coth(ng), |Sl=/2p

where A, u,  parameters to be determined,.

We use

f(&) = Atanf (uf)

f' = ABu[tan®=V (ug) + tan*+V (ué)]
f" = ABp*[(B — Dtan®-2(ué) + 2 tanf (u&) +(B + 1)tan¥*2 (ué)]

And their derivatives, or use:

u(§) = Acot? (uf)

u' = —Au[cot BV (ug) + cot #*V (u)]
u" = ABp[(B — Decot ®=2 (ug) + 2 coth (ug) +(B + 1cot #+2 (ug)]

or

(6)
()

(8)

)

We collect all terms with the same power in tank (u&) or cotk(u&) and set to zero their coefficients to get a system of
algebraic equations with the unknowns A, B, p and solve the algebraic system of equations.

3.2. Csch function method

Many solutions of evolution equations can be considered in the form [21]:

V(®) = A csch™(n®)

and their derivative.

where A, 1, T parameters to be determined, p is the wave number.

V'(§) = — At pcsch®(pg) . coth (ug)

V') = Atp? ( (t+1)csch®™2ue) +1 cschr(uE))

3.3. Tanh-Coth Method

Assume, the new independent variable [5]

Y = tanh(g)

Then the change of variables will be:

V_1_yr &V
dz_( )dY
av_ _y2ydv _v2y2
= YA YD) T+ (- YY)

d?v
dy?

(10)

(11)

(12)

(13)
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Then the solution is expressed in the form
VE =Xoa Y+ X, b Y™ (14)

where the parameter p can be found by balancing the highest-order linear term with the nonlinear terms in the reduced
Equation.

3.4. Modified Simple Equation Method (MSEM)

Suppose that solution of evolution equations can be considered by a polynomial in [16]:

.
u®) = ZA; (3) A %0 (15)
where m is a positive integer that determined by the balance principle and A;, 0 < n < m are constants to be calculated.
4 Applications

In this section, we present the validity and useful of the four methods in solving the Wu—Zhang system [17]. Using the
transformations u(x, t), and v(x, t) where § = k(x — At), then system (1) is changed into

—Au' +uu' +v' =0 (16)
AV +(vu +uv’) +§k2 u’' =0 (17)

Equations (16) and (17) can be written respectively as:

—Au’+%(u2)’+v’=0 (18)
—AV + (V) +sk2u” =0 (19)

Integration equations (18) and (19) once with zero constant then

—)\u+%u2+v=0 (20)

—7\V+UV+§k2 u'=0 (21)
From Eq. (20)

v=(7\—%u)u (22)

Substitute (22) in (21) yields

xzu—gxu2+§u3—§k2 u' =0 (23)

4.1. Csch function method

Now to apply Csch function substituting (10-11) into (23) yields:

3 1
A csch(1g) — A A%esch?(kE) + 5 Acsch®* ()

—%kz Atp? ( (t+1)csch®+2ue) +1 cschT(uE)) =0 (24)

From (24) balancing the power of Csch terms 3t =1+ 2 ,thent =1

Substituting for T = 1 in (24) and Equating the exponents and the coefficients of each pair of the Csch functions, we
find the following system of algebraic equations:
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%~y =
(%Az _gkz uZ) A =0 (25)

Solving the system in (25) to get:

n=v33 A=22 (26)
therefore

u(x,t) = 24 csch(\/§7\ x- }\t)) 27
And

v(x,t) = (1 — csch(V3A (x — lt))) 222 csch(V3A (x — Av)) (28)
For A = 1, then

u(x,t) =2 csch(\/§ x—- t)) (29)

v(x,t) =2 (1 - csch(\/§ (x- t))) csch(\/§ x-= t)) (30)

Figure (1) and (2) represent the solitary wave u(x,t), and v(x,t) in equation (29), (30) respectively.

Figure 1. The solitary wave for u(x,t) in (29)
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Figure 2. The solitary wave for v(x,t) in (30).

4.2. Tan-cot function method

Now to apply tan-cot function substituting (6-8) into (23) yields:

MAtanP(pg) — %AAztanZB(u 9+ %A3tan33(u 9 — ékz ABp2[(B— Dtan®-2(pg) +
2B tanf (uE) +(B + Dtan®*+? (ug)] = 0 31

From (31) we balance the power of tan in terms 38 =3+ 2,thenf =1

Substituting for B = 1 in (31) and equating the exponents and the coefficients of each pair of the tan functions, we find
the following system of algebraic equations:

22—k =0
1 2
(EAZ _gkz HZ) A=0 (32)

Solving the system in (32) to get:

p=vV32LA=22 (33)
therefore
u(x,t) = 2A tan(v3A (x — Av)) (34)
and
v(xt) = (1 — tan(V3A (x — xt))) 22 tan(V3A (x — AY)) 35)
For A = 1, then
ux,t) =2 tan(\/§ x— t)) (36)
v(xt) = 2 (1 — tan(vV3 (x — t))) tan(v3 (x — 1)) (37)

Figure (3) and (4) represent the solitary wave u(x,t) and v(x,t) in equation (36), (37) respectively.
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u(xt)

Figure 4. Represents v(x,t) in (37) for —10<x<10; 0<t<1.
4.3. The Extended Tanh-Coth Method

By applying Tanh-Coth function method in (12-14) in eq.(23), and balance the highest-order linear term with the nonlinear
terms. We balance u® with u”’, to obtain: 3m =m + 2,then m=1.

The Extended Tanh-Coth method admits the finite expansion:

u=a,+a,Y+b, Y1

(3%)
% =a; —b; Y2 (39)
d2u -3
m = 2b1 Y

(40)
a,,a,,and b, are constants to be determined. We Substitute Egs.(38-40) into Eq.(23) to get
M@y +a,Y+b, Y — %7\ (ag? + 2a;b; + 2aga;Y +a,2 Y2 + 2apb, Y"1 + b, 2 Y72) + % (ap® +3as2a, Y+

3ap2,2Y2 +a;3 Y3 + 3 (ag2Y ™t 4+ 2aga; + 2,2 Y) by +3(apY 2 +a, Y ) by ? +b,° Y73) + %kz((alY —a,Y3 -
b Y 1 4+bY)—b (Y 2=2Y14Y))=0

(41)
Making the expressions at Y!, (i=—3,-2,-1,0,1,2,3) equal to zero, we get the following system of algebraic
equations.
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(3b,” — 4k?)b, = 0
(A—ag)b,* =0
2)%a, — 3 (ap? + 2a;b;) + (@, +6aga; b; ) =0
(6A2 —181ay +9(ay2 + a;b; ) +4k?a; =0
(A—ag)a;2=0
(3a,2—4k?»a; =0 (42)

Solving the system of equations (42) we get:

7\=4?k,ao =%, a; =b, =%
Therefore
ux t) == {2 + % [tanh (kx - g t) + coth (kx - g t)]} (43)
and
4k k 2k 4k? 4k?
v(x,t) = 373 {2 + ﬁ [tanh (kx - t> + coth (kx - t>]}>
= {2 + % [tanh (kx - g t) + coth (kx - g t)]} (44)
For k = %’
u(x,t) = {2 ++3 [tanh (%x -3 t) + coth (%X -3 t)]} (45)
and
(46)

v(x,t) = (2 —i {2 + \/§[tanh Gx -3 t) + coth Gx -3 t)]}) {2 + \/§[tanh GX -3 t) + coth GX -3 t)]}

Figure (5) and (6) represent the solitary wave u(x,t), and v(x,t) in equation (45), (46) respectively.

11(x,t)

Figure 5. Represents u(x,t) in (45) for —5<x<5; 0<t<1.
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Figure 6. Illustrates v(x,t) in (46) for —5<x<5; 0<t<1.

Finally, let consider the function u(%) in the following form.

0
u®) = Ao + A,

where s is the unknown function and{s # 0. Then, the first and second derivative of u(%) are given by

substitute Eq.(47- 48) in (23) yield

o [V wgeug
U= A ( e

_a (VW30 Wggber2 U
U = A ( =

2 (4, +A1%) —2x (4 +A1%)2 +2 (A0 +A1%)3 ~ k2 Al(

Then Eq.(49) can be written as

A2 (AO +A

—%szl(

U

"y

hd333
]

3 2
)—EA Ao® + 20 Ay 5

N3

bggby | WE) _
~3 —+2F) =0

lIJZ

+A

2 Ve
1 lIJZ

)

L
2

(A03 +3A,2%A, m

WP gre—3Y bgeet2 Y’ )

N3

lIJS

+ 340 A,

2
zw‘é

P2

Equating expressions at 3, 12, 1, and s° to zero, we have the following system of equations

P (3A7 —4k?) AP =0
P2 {3[Ag — AJA Y +2K2 YA =0

Ptz {[6A% — 18X Ay + 9A, 21U’ — 2k2 §""}A; = 0
PO [6A%2 — 91 A, +34,%]4, =0

Now, solving Eq.(51)and Eq.(54), results in

Ay =0, A,

2k

V3

+A;

=0

3
3‘“5

NE

)

C0)

(48)

49)

(50)

6]
(52)
(53)
(54

(55
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By substituting (51) into Eq.(52) and Eq.(53), and then solve the resulting system

VA
Y =c +c, ek ¢ where Y =0
Ye=—c, % e_gTAE
where c,, and c, are arbitrary constants.
Therefore:
o= V3 A(x-Ab)

u(x,t) = —22Ac, I

c1+cy e~ V3 A(x-AD
[C1+2 ¢y e~ V3 A(x-2t) ]e—ﬁ A (X-At)

[c1+c2 e~ V3 A(x-1p) ]

v(x,t) = =2 A%c,

Forc, =c; = k=A=1 ,then

VI
ut) = ~2 e

[1+2 e~ V3 (x-t) ]e— V3 (x-t)
v(x,t) = -2

[reBe0]

Figure 7. The solitary wave v(x, t) in (61) for—10<x<10; 0<t<1.

(56)
(57

(58

(59

(60)

(61)
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Figure 8. The solitary wave v(x, t) in (61) for —10<x<10; 0<t<1.

5 Conclusion

Four methods the Csch method, Tan-Cot function method, Extended Tanh-Coth method, and MSEM are implemented to
construct new solitary wave solutions for the Wu—Zhang system. Exact traveling wave solutions were obtained. Figures are
illustrated and demonstrate the behaviour of extracted solutions that confirm the efficiency of the four methods in solving
similar evolution equations in other problems.
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