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A REMARK ON THE DISTRIBUTION
OF CHEBYCHEV POLYNOMIALS ON [-1,1]

Kwo CHAN — RADHAKRISHNAN NAIR

ABSTRACT. Let (Tn(x))n>0 denote the sequences of Chebychev polynomials
of the first kind defined by the recursive relation Tp(z) = 1, Ti(x) = x and
Tht1(z) = 22Tn(x) — Tp—1(x). We observe that the sequences (Tn(m))n>0
is asymptotically distributed with respect to the measure with the density
11— 12)7% on [—1,1] for almost all z. Various refinements of this observation
are also noted.

Communicated by O. Strauch

1. Introduction

Recall that a sequence of real numbers (), >0 is uniformly distributed mod-
ulo one if for each interval I contained in [0, 1), that is closed on the left and
open on the right,

1 N-1
i 5 3 vt = 11

Here x; denotes the characteristic function of the interval I and |I| denotes its
length. We have also used {y} to denote the fractional part of a real number y.
For a sequence of real numbers zg,...,xn_1, let

N—1
D(20,-+ 1) = sup % S xil{od) — 1| (n=0,1,...),
1C[0,1) s

where the supremum is taken over all intervals I, closed on the left and open on
the right. We call D(xo, ...,xx_1) the discrepancy of the numbers xg, ..., zN_1.
The discrepancy of a sequence of numbers (z,),>0 tends to zero as N tends
to infinity if and only if the sequence is uniformly distributed modulo one.
This means that for a uniformly distributed sequence of real numbers (z,),>0,
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the rate for decay of D(xg, ... xy_1) as N tends to infinity, provides a measure
of the degree of uniformity of distribution. A classical theorem of H. Weyl [We]
tells us that if (a,)n>0 is a sequence of distinct integers then (a,x),>0 is uni-
formly distributed modulo one for a.e. z. As usual if a property holds except for
a set of Lebesgue measure zero, it is said that holds almost everywhere, abbrevi-
ated ‘a.e.’. Let D(N,z) = D({apzx}, - ,{an—12}) (N =1,2,...). Given € > 0
the following are known:

1.[AMZ]: D(N,z) = o(N~z(log N)2 (loglog N)~zt¢) a.e.

2. [P1]: If there exists ¢ > 1 such that a1 > qay for k > 1, then there exists
a constant C7 > 0 such that

D(N,z) < C1N~%(loglog N) "7t a.e.
3.[P2]: If (an)n>0 is generated multiplicatively by a finite set of co-prime
integers, then there exists a constant Cy > 0 such that
D(N,z) < CoN~ 2 (loglog N) "2t ace.

4. [Pol, [dM]: If there exists ¢ > 1 such that axt+1 > gay for k > 1, then the
set of = such that the sequence ({a,x}),>0 is not dense, has Hausdorff
dimension 1.

5. [Bel: If limsup,, ., “=* = 1, the set of points x, where ({a,})n>0 is not

1
dense, has Hausdorff dimension 0.

6. [Bal: If a, = O(n?) as n tends to infinity, for p > 1 and ¢ € (0, 1), then

the set
E, ={z :limsup N?D(N,z) > 0}

N —o0

has Hausdorff dimension bounded above by 1 — =24

ptq
In this paper we give some applications of these estimates and ergodic theory
to study the distribution of Chebychev polynomials.

2. Chebychev Polynomials

Let (Tn(x))n>0 denote the sequence of Chebychev polynomials of the first
kind defined by the recursive relation Ty(z) = 1, Ti(z) = z and Ty (z) =
22T, (x) — Th—1(x) (n > 1). We can also define Chebychev polynomials of the
second kind as Uy(z) = 1, Uy(z) = 2z and Up41(z) = 22U, (2) — Up—1 (n > 1),
but these will not figure in our considerations. These polynomials are defined
on the whole real line and more broadly if you wish to but we shall confine
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attention to the interval [—1, 1]. This is interesting set is because for each n > 1,
the polynomial T,,(z) maps [—1, 1] to itself. In effect [—1, 1] is an attractor for
the dynamical system (7% (z))x>o in the complex plane. One can readily check
that 7, (z) can be defined for 2 € [~1,1] by T, (x) = cos(narccos(z)). From
this one obtains the semi-group property T;, (Tm(:v)) = Tpm(z) for n,m > 1

n [—1,1]. To envision the action of a Chebychev polynomial 7,, on a point
x € [—1,1] imagine the unit disc lying in the complex plane containing the
interval [—1,1]. To a point & € [—1,1] associate the point directly above it
on the unit circle S' and suppose 6 is the angle subtended by the ray from
the origin to this point on the circle. To this point on the unit circle which
we shall also denote by 6 we apply the map M, : S* — S* by § — nf mod 2.
Now we note that T, (z) coincides with the projection of nf mod 27 onto [—1, 1].
This way of describing T),(x) is well defined even if we start by projecting down-
ward instead of projecting upward. What this description makes clear is that
the distribution of (Tn(:c))n>0 is intimately linked to the distribution of (n6),>¢

on S Consider the measure defined for Lebesgue measurable A C [—1,1] by

1 dt
A) = — _ .
H(A) F/A -

This measure p[] assigns to each A C (—1, 1) the measure of the subset of S* that
project vertically to A. Suppose A' and A? denote the subsets of S* that project
downward and upward onto A respectively. Thus for any sequence of natural
numbers (ax)r>0, if A denotes arc length measure on S,

1 N 2 1 N .
= > (T @) = p(A)| <230 |+ D waslad) — 24| 21
k=1 i=1 k=1

Let

D,(N,z)= sup
1C[-1,1]

)

1N
= > xt(Tu, (2)) — p(1)
N

k=1

where the supremum is taken over all internals I C [—1,1]. We have proved the
following theorem which follows from the upper bound (Z1]) and the discrepancy
estimates 1-6.

1The density L is known as the arcsin density and has made several appearances in prob-
T/ 1—x?2

ability theory. See [SZ] for a characterization.
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THEOREM 2.1. For a sequence of integers (ax)r>1 and given € > 0 the following
are true:

(i) We have D,(N,z) = o(N~2(log N)? (loglog N)~2+¢) a.e.
(ii) If there exists q > 1 such that apy1 > qax for k > 1, then there exist
a constant Cs such that
D, (N,z) < CsN~%(loglog N)“27¢ a.e.

(iii) If (an)n>1 is generated multiplicatively by a finite set of co-prime integers,
then there exist a constants Cy > 0 such that

D, (N,z) < C4N_%(loglog N)_%+6 a.e.

(iv) If there exists ¢ > 1 such that ar11 > qay for all k > 1, then the set of
x such that the sequence (Tan (x))n>0 is not dense has Hausdorff dimen-
sion 1. B

(v) If limsup,,_, ‘IZII = 1, the set of points x, where (T,, (l’))n>0 is not

dense, has Hausdorff dimension 0.
(vi) If a, = O(nP) asn tends to infinity, for p > 1 and q € (0,1), then the set

F, = {x :limsup ND,(N,z) > 0}
N —o0 1-2q

has Hausdorff dimension bounded above by 1 — yEeE

Let P(x) denote a polynomial that maps the natural numbers to themselves.
By the Lagrange interpolation theorem this must have rational coefficients.

We know for angle 6 if % is irrational, that if (p, )22, denotes the sequence
of rational primes ordered by absolute value, the sequences (M P(n) (9)):3:1 and

(M p(pn)(ﬁ))zozl are uniformly distributed on S’ See [We|] and [R], respectively.
The following theorem is immediate.

THEOREM 2.2. Suppose x € [—1,1] is the projection of 0 € St for irrational %.
Then both the sequences (Tp(n) (ZE))n>1 and (Tp(pn)(l'))n>1 are asymptotically
distribued on [—1,1] with respect to p. -

In [N3] it is shown that if (ay,),>1 is either ({P(n)})n>1 or ({P(pn)})n>1
as in Theorem 2.2, if f € L?([0,1)) for p > 1 and b > 1 is an integer, then

1 & !
I&i_r&)ﬁ;f({ba"&}) _/0 f(t)dt a.e. in 6.
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Arguing similarly to the proof of Theorem 2.1 we see this implies
the following

THEOREM 2.3. Suppose (an)p>1 is as in Theorem 2.2. If f € LP([—1,1])
forp>1andb>1 is an integer, then

dt
A}gnoo—ZfTban / f@) 7r\/m,ae in x.

Using a general pointwise ergodic theorem of T. Bewley [Be| and an idea of
J. M. Marstrand [M] we can prove the following theorem.

THEOREM 2.4. Suppose U is a subset of the natural numbers and that f is
a p integrable functions on [—1,1]. Let (my)r>1 denote the sequence of integers
generated multiplicatively by the set U ordered by absolute value. We have two
conclusions:

(a) If (mg)k>1 is contained in a subset of the natural numbers generated mul-
tiplicatively by a finite set, then

—1

lim iif(T () :/1 f(t)L a.e. in x. (2.2)
. 2 (T I

(b) If (mg)>1 is not contained in a finitely generated subset of the natural
numbers, then there is a Gg set B C [—1,1] such that the averages in ([2.2])
fail to converge almost everywhere for f(x) = xp(x).

3. Proof of Theorem 2.4

We begin by describing a general framework. Let S be a countable abelian
semigroup acting in a measure preserving fashion on a measure space (€2, A, 1.
That is to each g € S there exists a measurable map T}, of €} such that

Tgl +g92 — Tgl (TQQ)
and for each A in the o-algebra A we have

T,"A={zeQ:Tyzc A} € A forall ge S with u(T, " A)=pu(A).

Also let (Ag)2 be a collection of subsets of S such that the following conditions
hold:

(Bl) 0 < #A, < 0.
(B2) A C Agyq for each k& € N.
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(B3) there exists a constant Ms > 0 such that

#{A — A} < Mo#Ay forall k in N.
(B4) (amenability)
#{(g + Ar) & Ax}

klggo A, = 0 foreach g in S,
where we have used A /A B to denote the symmetric difference of the sets
A and B.

Here for a finite set A we have used #A to denote its cardinality, and A — A
todenote {zr € S : y+xz € Aforsomey € A}
From the above data we construct, the averages

1
T T)=— Tex) for ke N,
(Do) = gy 3 10T
sE€EAR
where f € L'(Q, A, 11). We have a special case of T. Bewley’s theorem [Be].

THEOREM 3.1. Suppose (B1), (B2), (B3) and (B4) are true. Then
*()@) = lim m(f)(a)

exists p a.e., with
[ whdn = [ fdn and - (x(5)(T.(2) = (@)
Q Q
for almost all z, for each s € S.

We further specialise this theorem as follows. Let S =[], N, i.e., the direct
product of the natural numbers with themselves countably many times. The set
S may also be described as the space of sequences on elements of N, all but
finitely many of whose elements are non zero. We set

Ak = {nil . "I”Llsl o< k:s= (Si)i21 S S; (ni)i21 C U}

Clearly all the indefinite products ni*... n;"... are actually finite and correspond
to individual natural numbers in the sequence (m;);>1. It is immediate that (B1),
(B2) and (B3) are satisfied by (Ag)kg>1. Proving (B4) amounts to showing for
each fixed g € S that

#{(g + A\Ar}, #{ A\ (9 + Ar)} = o(#Ar),

as k tends to infinity. Clearly this involves getting estimates for the numbers
#{(g + A)\Ar}, #{Ax\(g + Ar)} and #A,. The authors know two methods
for doing this. The first is the geometric approach of comparing the number
of lattice points we are counting to the volumes of the regions they are in
and estimating these volumes. The second is a inductive counting argument
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based on the number of generators at issue. In the case of N” for finite r > 1
instead of S, these estimates are carried out using the first method in [N2] and
the second in [N2]. Extending these arguments to S, in the case where (my)r>1
is contained in a finitely generated semigroup is a very routine exercise using the
fundamental theorem of arithmetic and so we forgo the details. The property
(B4) follows. Now take Q = [—1,1], A to be the Lebesgue o-algebra and p to be
arc length measure on S projected onto [—1,1]. We also take (T,)ses to be
Chebychev polynomials indexed by the elements of the the sequence (my)>.
As noted earlier Chebychev polynomials preserve the measure p and compose as
a semigroup. Now note that the average ms(f) coincides with the average on the
left hand side of (Z2]). Theorem 3.1 tells us these averages converge to a limit
pointwise that is invariant under the action of Chebychev polynomials. We have
only to identify the limit. The maps M, (n > 1) are known to be ergodic.
It is an elementary exercise to show that this imples the ergodicty and mix-
ing of the Chebychev map 7;,, using the fact that the maps are ‘conjugate’.
See [Wal, p.59] for details.

It is also the case that a measurable function that is invariant under a y mea-
sure preserving transformation which is also ergodic must be constant,
see [Wal, p. 28]. It is immediate that the constant must be integral of the function.
Thus Theorem 2.4 (a) is proved.

We now turn to the proof of Theorem 2.4 (b). Our main tool is the follow-

ing [M].

LEMMA 3.2. Let (my)r>1 denote a strictly sequence of integers. Suppose for each
pair of integers q,v > 1 that there exist pairs of sets of integers G, H such that

(1) #G > v#H,
(2) for every g € G there exists n > 1 such that gm; ' € H for all k € [n,1q].
Then there exists a Gs set B such that if f = xp, then

1 N
lim " f({mif}),
k=1

N—oo N
fails to exist almost everywhere with respect to Lebesque measure.

Using this lemma it is possible to prove that any sequence of natural num-
bers that is multiplicatively generated but not contained in a set of integers
multiplicatively generated by any finite set must have the properties claimed
for (my)r>1 by Lemma 3.2. This is now a well understood classical topic.
See [M] for similar computations. Because of this rather than provide a detailed
verification of this we content ourselves with the following brief remark.
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REMARK. Suppose R is a large positive integer to be chosen at our convenience.
Let M = HZ}; my let D = D(R,q) = pmaxg<p an:v where p is one of the
primes dividing an element of (my)f% ; and let P, denote the semigroup of inte-
gers generated by the the first [ primes. Here [ is the smallest possible chosen so

P, contains all the products in the set (my)f_,. Now let x be large and set

H = [z,Dz|N P, with G = [mgz,Dmg]NMP,,
where M P, denotes the set of elements of P, multiplied by M. Following [M] we

observe that

-1 Dmpg x \s71
#H ~ Klog D (loga)! ™" and - #G ~ == (bgM) .

These two observations readily imply condition (1) of Lemma 3.2. To demon-
strate (2) of Lemma 3.2 set Gy = {g € M P, : ;= € H for all r € [n,qn]} and
note that G, = [mgyx, myDx] N M P;. We can check that [mg,z, m,Dz| and
[Mg(n41)T, M(ng1) D] intersect. Thus G = UL, G, as required. We summarise
this in the following lemma.

LEMMA 3.3. Suppose B is as just described by Lemma 3.2. If (my)r>1 is not
contained in o finitely generated subset of the natural numbers, then there is
a G5 set B C S such that the averages

1 N
N};f({mkﬁ}) (N=1,2,...)

fail to converge almost everywhere in 0 with respect to Lebesque measure.

This proves part (b) of Theorem 2.4 and hence the whole theorem.

This final lemma has been known to the second author since 1991 hence
his scepticism about the claim in [L]. It was also rediscovered independently
by G. Kozma and this was communicated to the second author in 2002.
A weaker L' counter example appears in [QW]. If (my)g>1 is contained in a sub-
set of the natural numbers generated multiplicatively by a finite set and
f € L([0,1)), then

L ! .
lim —Zf({mkﬁ}) —/ f@)dt a.e. in 6,
k=1 0

N—ooo N

with respect to Lebesgue measure is proved identically to Theorem 2.4 (a), using

the idea in [NIJ or [N2]. This observation also appears in [QW].
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