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A NOTE ON WARING’S PROBLEM WITH
CONVERGENT SIEVE SEQUENCES

MARTIN JANCEVSKIS

ABSTRACT. Let V be a set of pairwise coprime integers not containing 1, and

we assume that there is some § > 0 such that ZUEV v~ 119 is finite. An asymptotic

formula for Waring’s Problem where the variables are assumed to be not divisible
by any v € V is proved.

Communicated by Robert F. Tichy

1. Introduction

Waring’s Problem with multiplicatively restricted variables has been widely
studied. For instance, Esterman [7] investigated if an integer can be represented
as a sum of squares of squarefree integers; Baker and Briidern [2] proved that
almost all integers can be represented as a sum of four cubes of squarefree inte-
gers; among others, Waring’s Problem with smooth numbers has been explored
by Balog and Sarkézy [3] and Harcos [8]; Briidern and Fouvry [4] showed La-
grange’s Four Square Theorem where the variables are almost prime. In this
paper, we are interested in Waring’s Problem where the variables are ‘sieved’ by
integers of a certain set V.

Let V be a set of pairwise coprime integers not containing 1. Throughout this
paper, we assume that there is some § > 0 such that

1
> s (1)

veyY

2000 Mathematics Subject Classification: 11P05, 11N25.
Keywords: Waring’s Problem, sieve sequences, B-free numbers.
The author was supported by the Austrian Science Foundation (FWF), projects S9610 and
S9611, and wants to thank J. Briidern, J. Thuswaldner, and R. Tichy for helpful discussions.

133



MARTIN JANCEVSKIS

converges. Introduce

(n) 1, ifvfnforallv e V;
n):=
v 0, otherwise.

The notion of the set {n € N : yyp(n) = 1} has been introduced by Erdos [6].
The distribution of this set in residue classes has been studied by Jancevskis [9].
Alkan and Zaharescu [1] investigated the problem of finding integers n in short
arithmetic progressions such that yy(n) = 1. An integer n satisfying xy(n) =1
is also called a V-free number (e.g. in [1]).

One of the most prominet examples of such a sieve sequence is the set of
squarefree numbers. In this case V = {p*? : p prime } and we have xy = p?.
Now, for any € > 0 and 6 = 1/2 — € our assuption () holds.

Let s,k € N. We denote by Ry(N) the number of solutions of

i+ +ab =N (2)
with xp(z1) = ... = xp(zs) = 1.

In this paper, the number s of summands is only of secondary interest. Thus
we assume for the sake of simplicity that s > 2*. This bound is not best possible
and the techniques of the present paper yield also results for smaller s. The
range of s depends on the current state of results improving Hua’s Lemma (for
a survey, see e.g., [I4]). Here, we only make use of the original form of Hua’s
Lemma (see e.g., [I3] Lemma 2.5]).

THEOREM 1. Let V be a set of pairwise coprime integers not containing 1 and
assume that there is some 6 > 0 such that ({1l) is finite. Then there is some p >0
such that

RV(N) = J6V(N) Ns/kfl +0 (Ns/kflfp) ’

where J > 0 is defined at the end of Section below and only depends on
s, k. The arithmetic function &y (N), called the singular series, is defined in
Lemmal3. We have Gy(N) < 1 for all N € N. The implicit O-constant depends
on s, k, 0, and p only.

Unfortunately, we could not determine whether Gy, (/N) > 0 for an arbitrary
set V of pairwise coprime integers. The difficulty lies in the fact that the func-
tion D associated with the singular series &y(N) = >_ -, D(g) might not be
multiplicative if V is not a set of prime powers (see Remark [I] after Lemma [4]).

However, if we restrict V to be a set of prime powers, we are able to provide
that Gy (V) > 0. In this case we write

W =:{p|p € P}, (3)
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instead of V, where P is a subset of the prime numbers and (e,) is a sequence
of positive integers. Recall that we assume that there is some 6 > 0 such that

1
—— < 0. (4)
pezp (per)t=9o
Without loss of generality, we can restrict ourselves to the case that e, € {1,2}
for all p®» € W, since a solution with the variables not divisible by p? implies a
solution with the variables not divisible by p” with r > 2.

Next, we define a condition that is necessary for &y, (N) > 0 to hold. We
define 7 by p7||k and let ¢ :== 7+ 1if p # 2 and 0 := 7+ 2 if p = 2. For
an integer N, we say that (W, N) satisfies Condition C if the following two
conditions hold:

e For each prime p such that p € W (i.e. e, = 1) with p < (k — 1)* + 8k
there is a solution of
¥+ 4+ 2% = N mod p°
with p{xy - xs.
e If k=2 and 4 € W, there is a solution of
22+ 224+ 22 =N—1mod8
such that 4 { z; for i = 1,2,3,4.

THEOREM 2. Let a set of prime powers W be defined by @). If there is some
0 > 0 such that {) and Condition C hold, we have

Gw(N> > 0.

If we take W as the set of the squares of all primes, we obtain the following
corollary.

COROLLARY 1. Let s > 2F. Then every sufficiently large integer can be repre-
sented as a sum of s k—th powers of squarefree integers if k > 3. If k = 2, the
same holds if there is a solution of x3 + 23+ 2% +23 =N —1 mod 8 with 41 x;
fori=1,2,3,4.

If we sieve with primes, we have to be aware that the first part of Condition
C' does not hold in general. For example, if k —1 = p € W, then ¥ =1 mod p
for all integers x with p{x. Thus N = s mod p is necessary for Condition C. If
2k+1=pec W, then ¥ = £1 mod p for p {2 and Condition C' cannot hold if
sis even and N =0 mod p. We illustrate this for the case k = 2. In this case,
we have to verify Condition C for p < 17 by an easy computation.
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COROLLARY 2. Let P be a set of prime numbers and assume that there is some
6 > 0 such that )
P

peEP
converges. Let N € N and assume N =5 mod 8 if2 € P and N =2 mod 3 if
3 € P. If N is sufficiently large, it can be represented as a sum of five squares
of integers not being divisible by any prime of P.

To prove Theorem [II, we make use of the classical circle method. The main
part of this paper is the proof of Theorem [2] which is motivated by the work of
Baker and Briidern [2].

2. Preliminary considerations

Let P := N'* and let V be a set of pairwise coprime positive integers not
containing 1. We define

flay=") elaz). ()

<P
xv(z)=1
As usual, e(#) stands for e27%. Recall that Ry (N) is the number of solutions of
@) with xy(z1) =... = xp(zs) = 1. Thus
1
Ry(N) = / fla)’e(—aN)da. (6)
0

We define

(V) = {n = H v : V' is a finite subset ofV}
vey’

and

—D#V' | ifn eI (V) withn = v,
NV(”) = ( ) ' ( ) HvEV
0, otherwise,

a variant of the well known Md&bius p-function. Notice that 1 € IT (V), since we
define the empty product as 1. Similarly to y?(n) = >_a2|n 1(n), the convolution
formula

xv(n) = Z v (m)

mell(V)
m|n
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holds and is easy to verify. Thus

flay=">" m(d) Y e(adz).

d<P @<P/d
deli(V)
LEMMA 1. Let 0 <6 < 1. If Y .y, 1/v'7% is finite, then
1
> g <l
a>1
d¢ell(V)

holds uniformly for all £ € N.

Proof. For arbitrary £ € N we define

o= 1l 75

veyY
(v,6)>1

and

Ve i={v e V|(v,§) =1} U{&}-

Let d > 1. If d¢ € TI(V), there is a finite subset V' of V such that

d¢é = Hv Hv.

veV’ veV’
(v,6)=1 (v,§)>1

Since V is a set of pairwise coprime integers, one has

v
II v= II »=¢ ] (vg)zggo‘
vel’ vEV vEV ’

(v,6)>1 (v,6)>1 (v,6)>1

Hence we get by () that

d=%& H v.

vey’
(v,6)=1

Thus d¢ € I (V) implies d € IT (V¢) and consequently
1 1
> 75 X v

d>1 d>1
deeTi(v) dell(Ve)

One has

’UEVE ’UEVE veEY

1 1 1
Zlog<1+v1_5> < Z FSZU1_5+1-

(10)
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By our assumption, the right hand side of (I0) is finite. Thus

1 1 1
exp 210g<1+v1——5> —H<1+Ul—_5>— Z =

v€EVe vEVe dell(Ve)
is finite and the lemma follows from (). O
Besides, if Y-, .y, 1/v' 7 is finite, then
1
1<y —<Yy™? 11
Soawrt Y ey (1)
d<y d>Y
deIl(V) deIn(V)
and
pv(d) 1
= 1—= 12
D e (- 12
dell(V) veY
holds.

3. Asymptotic formula

Let nn > 0 be sufficiently small and be specified later. As in the classical case
of Waring’s Problem (see e.g., [0, page 15 ff.]), let the major arc 9% be the union

of the major arcs
M(q,a) := {a €[0,1] : |a— ﬁ’ < P_k+"}
q

with 1 <a < ¢ < P" and (a,q) =1, and let m := [0, 1]\9 be the minor arcs.

3.1. Minor arcs
Our next aim is to show that the integral in (@] restricted to the minor arcs
m is O(N*/¥=1=£). To do so, we need a variant of Weyl’s inequality.
For coprime integers a, q let a € R satisfy |« —a/q| < ¢72. Let K = 2*~1. By
Weyl’s classical inequality (see e.g., [13, p. 12]), we get
K

Z e (adkxk)

z<P/d

< (P e/t Y min{(P/)f AT ad h|
h<k\(P/d)k—1
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We substitute y := d*h in the h-sum above and extend the summation. Thus,
the h-sum is less than

. _ B (1
Z mln{Pky 1,||ay|| 1} < Pkt < +ﬁ>
y<k!Pk
where we made use of [I3, Lemma 2.2]. Thus we showed
1 g\
Z e (ad"z") < P'te (— + ﬁ) : (13)
@<P/d 1

Notice that the implicit O—constant does not depend on d.
We assume that s > 2¥. We have

/mf(a)se(—aN)daS (sup {lf(a !}>s : / |f (e (14)

Recall formula (7). Let o« € m. By Dirichlet’s Approximation Theorem, there
exist coprime integers a,q with ¢ < P*" and |a — a/q| < 1/¢P*". Since
q < P" implies a € M(a,q), we have P? < ¢ < P*". Let 8 > 0 such that
6 < n/K. By ([I3), we have

Z Z adk k <<P1 n/K+B6+e (15)
d<pf z<P/d
dell(V)

On the other hand,

> Y e(adtat) < PP (16)

d>pPP z<P/d
dETI(V)

by trivial estimates and (IIJ). Recall 56 < n/K. By this (IH), (I6) we can bound
the supremum in (I4)). By Hua’s Lemma, the integral in (I4) is O <P2k’k+€>.
Thus we obtain the following lemma.

LEMMA 2. Suppose that s > 2¥. Then there is some p > 0 only depending on
1,8 and k such that

/ f(a)’e(—aN)do < N3/kF=1=r
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3.2. Major arcs
We define

a bm*

and the singualr series

S

C S(q, ad” a
S W(d)iwdq ) e<—EN>.

g>1 a=1 dell(V)
(a,9)=1

LEMMA 3. The singular series Sy (N) is absolutely convergent.

Proof. We go along the lines of [2, p. 5]. First, we need a bound for |S(q,b)|,

where b, ¢ are not necessarily coprime. One has

S5(q,0) = (a,9)S (¢/(a,9),b/(a,q))
and by [5, Lemma 6.4] we get

S(q,b) < "% (b, q)'/*.

Let
S(q, ad*
Sq.a = Z Mv(n)%‘
deTr(V) 4
One has
|S(g; ad®)| q,ad S(q, ad [5(g, ad™€")|
S%a S Z q Z Z Z Z df
deTi(V) €la deri(v) gla d>1 q
(d,q)= deeti(v)
(d,q/&)=1

It is easy to see that S(q, aa?kfk) = (q, a&®). Hence

S(q, a&") 1
Sqa<z| qaf Z 2<<q—1/k+e

€la d>1
dgeri(v)
(d,q/€)=1
by (I7) and Lemma[Il Now, the lemma follows. In particular we have

s

) Z > Mv<d)5(qc,i7;zdk) e(—gN><<Q25/’€+€

q> Q(aq 11 deTI(V)
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for any @ > 0, which will be useful later. O

Now, we want to prove Theorem [[l By Lemma[Z it remains to study the the
mayor arcs 9. The integral in (@) restricted to M equals

di) - dy (@) fa. (@)e(—aN) do 50
dh%}@ pv(di) - - v ( )Lﬂfd( )+ fa.(a)e(—aN) (20)
dy,...ds€II(V)

with
fala) :== Z e(ad®z").
e<P/d

Let v < 0. It is an easy exercise to show that we can restrict the summation
over di,...ds < P in the last displayed formula to dy,...ds; < P? at the cost of

an error term O (Ns/k’l"’/) for some p’ > 0.
Let 1 <a < ¢q< P"with (a,q) =1 and o € M(a, q). Define § := a — a/q,

st = (M),

m=1

and

The formula

Z e (az®) = S(a.a) 1(B) + O (P?")

d<P

is well known (see e.g [0, Lemma 4.2]). It is straightforward to generalize this
result and show

a k
fata) = 2228 r5) 1 0 () (21)

uniformly in all integers d. Note that the error term does not depend on d.

By (21I), a perusal of the proof of [5, Lemma 4.3] yields

| fal@) - fu(@e(-aN)da = Gu,..., (P.N) T (PN
) ( ) )
+ 0 Psfkrf(17577)
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uniformly for all integers dy, ..., ds with
d dk
i (PN = Y 30 ) Sl ()
g<P7 a=1 qas q
(a,q)=1
and

J(P") := /5<P” (/01 e(Buk) du)s e(—3)dg. (23)

We multiply both sides of [22) by py(di) - - - py(ds) and sum over dy, ..., ds <
P7.dy,...,ds € TI(V), and obtain that R(N) equals

TP Y Z (Z v<d>5(q;—jldk>)se <—3N> Ne/k1

q<P7 a=1 N d<p”

(a:9)=1 geT(v) (24)

+0 (Psfk7(175n75’y) + Psfkfp') )
Since

dk
§ : |S(a7q >| <<]37’y(57
qd
d>N7
dETI(V)

the completion of the d-sum in ([24)) engenders an additional error term
O ( ps#Han)) _

Hence, we have to force that 2n < 0 holds. We choose 77 and - small enough so
that this inequality and 51+ sy < 1 are both fulfilled. By (I9), the completion of
the singular series, e.g., the completion of the g—sum in (24]), creates an additional
error term which is negligible. Finally, by [5, p. 21], we can replace J (P") by
J 1= J(o0) < oo at the cost of an negligible error term and Theorem [I] follows.

4. The singular series

In this section, we restrict V to be a set of prime powers and use the symbol
W instead.

We consider a more general singular series and generalize the procedure pre-
sented in [2] and [12]. We go along the lines of [2, Section 5]. For shortness, bold
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symbols are reserved to denote an element in N®, e.g. we write n = (n1,...,n)
for an s-tuple of integers. Let ¢ € Z[x]. We write

Peh(x) = @(hiry,. .., hsTs),
hx = (hiz1,...,hszs),

and further

pw (h) = pyy (ha) - -y (hs)

for x = (z1,...,25) and h = (hq,..., hs). For the sake of a short notation, if we
use the index j in an expression, it is understood that j ranges over 1,...,s. For
instance x; € A means z1 € A,..., x5 € A for A C N. The symbol j is reserved
for this usage only.

Besides, introduce

T(p,q) = i e <@> :

and

q
A(daq) = Z T a@da
a:l
):

We fix ¢ € Z[x] to be the polynomial
o(xy, ..., xs)=arf+.. . +2¥—N.
With this definitions, it is easy to see that we have
y Loy g, (25)
a1 4 g énom) &
where the singular series was defined before Lemma [3
4.1. Factorization
For every q € N, we subdivide W into two disjoint sets
+ .
W, ={v|veWand(v,q) > 1}
and
W, :={v|veWand(v,q) =1}.

We omit the proof of the following lemma, which is trivial.
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LEMMA 4. Let q,q1,q2 € N with (¢1,¢2) = 1.

(1): Every integer g € II(W) can be factorized uniquely in the form g = dt
with d € 11 (W(j) and t € I1 (W ). In particular, we have (d,t) =1 and
(ta q) =1

(2): Every integer g € I (W(;qz) can be factorized uniquely in the form
g = dt with d € H(W ) and t € H(th). One further has (d,t) = 1,
(d,q2) =1 and (t,q1) = 1.

REMARK 1. Note that the second part of this lemma is not valid if W is replaced
by a set V of arbitrary coprime integers. For instance, let V = {6}, then 6 €
IT (Vgr ) does not factorize over II (]/2+ Jull (]/3+ ). This is the reason why we
restrict ourselves to W.

LEMMA 5. Let g € N. One has

@ yag-—c I (1-1) B (26)
3 e =c 1 (1)
where
Ba = Y @l
dyen(wy) °

and C > 0 is a constant depending only on the set W. The function B(q) is
multiplicative.

Proof. This lemma is a generalization of [2] Lemma 7]. By the first part of
Lemma [ the left hand side of (28] equals

dt
>y ) ) (27)
dy--dgty -t
d;ell(WS) tyer(wy)
Since (dj,t;) = 1, we have uw(dt) = pw(d)pw(t) and A(dt,q) = A(d,q) by
the definition of A(d ¢q) and since (tj,q) = 1 by the first part of Lemmal Hence
@) simplifies to

di--d ot
d;en(wy) O enwy)

The inner multiple sum is the s—th power of

1 1\ !
MW( ) _ H (1__> — /s H (1__>
t v v
ten(w) (et (1
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with
1
oY = 1— - .
11 ( U) >0
veW
The multiplicativity of B(q) is a simple generalization of |2, Lemma 9. O

Recall that by Lemma [Bl the singular series Gy, (V) is absolutely convergent.
By (28) we get
Sw(N)=C) D(q)
q=>1

with

D(q) _% 11 <1—%>83(q)~

vEW[f

On the account of the second part of Lemma and the multiplicativity of B(q),
the function D(q) is multiplicative. Thus

Sw)=C ] > 6" |- (28)

pprime \n>0

We have to distinguish two cases in order to determine the value of the factor
> nso D@™). I p v for all v € W, then Py = 0 and TI(P,h) = {1}. In this
case ), ~o D(p") equals the factor usually denoted by

Tl

associated with the singular series & = [ x(p) of the classical Waring’s Prob-
lem. Thus we

Sw(N)=C H x(p) H/ﬂ(p),

ptv Voew p~W

where

K(p) == > _ D(p")

n>0

and the abbreviation p ~ W is equal to v € W : p|v. In this case let v, denote
the unique element of WV such that p|v,. Notice that that 0 < Hp x(p) < 1 (see
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e.g., [B, Lemma 5.2 and Lemma 5.6]). Let p ~ W. We have

1 ° —Ssn n
K(p) =1+ (1——) > pmB).

Up n>1

Let n > 1. By the definition of B(p™) and ([I8) we have

pfsnB(pn) < pfn(s/kflfs).
Hence

/Q(p) =140 (p—s/k+1+e> ’

and consequently (see e.g., [5, Corollary to Lemma 5.2]) there is a py depending
only on s, k such that

1 3
5 < H k(p) < 3
P>Po
Therefore, we have proved the following lemma.

LEMMA 6. There is some py € N, depending only on s, k, such that if
k(p) >0
for all p ~ W with p < pg, then
Gy (N) > 0.
4.2. Properties of x(p)
For the remainder of the paper, we assume p ~ W. We have D(1) =1 and

pn
a
D= 3 Toap"e (‘EN>
a=1
(a,p)=1

for n > 1 where

n -n 1 - MW(d) - adkxk
Y(a,p™):=p <1_v_> 7 Ze .
LEMMA 7. Let p ~W. Suppose v, = p". One has

k(p) = (1 - i>s g M@

v i plG1)

where £ = 2r(k — 1) — 1 and M(p*) is defined as the number of solutions of
¥+ ...+ 2% = N mod p* (29)
with v, { 2; and 0 < z; < p.
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Proof. The proof goes along the lines of [2, Lemma 10]. We give, however, a
detailed proof here since there are some minor errors in the proof in [2]. Let
¢>r. Ford € N let M(d,p*) denote the number of solutions modulo p’ of (29
with dj|z;. Recall that gy (1) =1 and gy (v) = —1 for all v € W. Thus

M@p)= 3 pw(d)M(dp) (30)
d;je{1l,vp}

by the inclusion-exclusion principle. For d; € {1,v,}, let

~

3

-2 2 ()

y=lz;
On the one hand,
p' p'/d;
Ldp)=di-d Y. Y e (z% ((drz1)F + .. + (dyze)F — N)) 1)
y=1z;=1

=di---dsp" M(d, p);
on the other hand,

(32)

Combining [B1I), (32)) and B0), we deduce

¢ d)
oy o l(s—1) —ns
p)=p nz::(]p > d —~

3
3

p P
> Ye(gieat0). @
die{lop} S(aa:)1:1zj:

Recall that IT (P.) = {1,v,}. If n > 1, we have

dje{l,v,} (aa=)1:1z]-=1 (34)
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The summand corresponding to n = 0 in the n—sum of ([B3)) equals
d - 1)°
>l sy ()= (-1
dje{1l,vp} ! s y=1 Yy p

By this, togheter with ([B4) and (33]), we get
s £
1
M(pt) = p'tV (1 - —) 14> T(a,p")e <—%N>

Up n=1 p

_ L(s—1) 1\° n

= p 1——] > D"
Up

n=0

and the lemma follows. O
4.3. Proof of Theorem
LEMMA 8. Let p ~ W with p?> = Up.

o Ifptk, one has k(p) > 0.
o Ifplk, define T by p7||k and let c =7+ 1 ifp#2 ando =7+2 if p=2.
Then k(p) > 0 whenever
28+ 4+ 2% = N mod p°

has a solution with p{x1 and p*> { z; fori=2,...,s.

Proof. By Lemma[f it is sufficient to show that M(p) > C, p*©~1) for £ >
2 + 0 where C), > 0 is some constant denpending only on p.
Let p 1 k. It is known (see e.g. [I3l Lemma 2.15]) that for every integer N
there are integers 1 < x; < p with p { 21 such that
¥+ .. 4 2% = N mod p.
Clearly, p? { x; for i = 2,...,s. By [5, Lemma 5.4] there is an integer x such that
o 2k 4+ 4+ 2% = N mod p?,

where = x; (p) and hence p t z. As in [2 page 20], we can obtain by Hensel’s
Lemma (see e.g. [I1} page 87]) the existence of p*=1=2) solutions of

y® + ... +y¥ = Nmod p’ (35)

with pty1, p? fy; for i = 2,...,s and the lemma follows in the case p 1 k.
If p|k, we assume a solution of 2% + ...2%¥ = N mod p° with p { 21 and

p? ta; for i = 2,...,s. We can lift this solution as in [5, Lemma 5.5] and obtain
pls= D=9 solutions of (BH). O
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The following lemma is useful to prove an analog to Lemma [8 when p € W,
le., v, =p.

LEMMA 9. Let p,n € N with p prime and p{n. Then

2 4+ y* = n mod p (36)
has a solution with pt xy whenever p > (k — 1)* + 8k.
Proof. Denote by w the number of solutions modulo p of [B8) having p t zy,

and let Q stand for the number of solutions modulo p of [B@) with x, y arbitrary.
By [10, Theorem 6.37], one has

Q>p- (k=17

Since the number of (z,y) € {0,...,p— 1}2 such that 2% +y* = N (p) and p|zy
is at most 2k, we have

w>p—(k—1)>2/p— 2k
By a short computation we get that w > 0 if p > (k — 1)* + 8k. O
LEMMA 10. Letp € W.
o Ifp> (k—1)+ 8k, then k(p) > 0.
o Ifp < (k—1)*+ 8k, then k(p) > 0 whenever
¥ + ...+ 2% = N mod p°

has a solution with ptx1 - -z, where o is as in Lemma[8.

Proof. Notice that p > (k — 1)* + 8k implies p { k. First we show that
e+ 428 =Nmodp (37)

has a solution with p{z; - --x, for all p with ptk and p > (k — 1)* + 8k. For all
1 > 4 we take x; = 1 and have to find a solution of

¥ 42k = N — (s —3) — 25 mod p,

such that p  z1z2x3. By Lemmal[d] such a solution is guaranteed if there is some
x3 not divisible by p such that

N — (s —3) — 2% # 0 mod p. (38)
It is known that the number of k—th power residues modulo p is
_ _1)4
p—1 S (k—1)*+ 8k _—

Thus there are integers a #Z b(p), both not divisible by p such that a = z¥
mod p and b = ¥ mod p have a solution. Thus (B8] has a solution with p { z5.
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It remains to show that a solution of

¥ + ...+ 2% = N mod p°

with p{zy - - - x5 implies the existence of ps=DE=9) golutions of
¥+ .. +9¥ = Nmodp*

with p t y1---ys for all £ > o. Similarly to the proof of Lemma [, this is a
consequence of [5, Lemmas 5.4 and 5.5]. O

Now from Lemmas [0 [§ and [0, we deduce that Sy, (N) > 0 if the following
conditions hold:

C1: For all p? € W with p|k there is a solution of
¥+ . 4+ 2% = N mod p° (39)
with pt 2y and p? fx; fori =2,...,s.
Cy: For all p € W with p < (k — 1)* 4 8k there is a solution of ([B9) with
pTxl”‘x&

LEMMA 11. If p?> € W with pt k, then Condition Cy holds unless pk # 4.

Proof. Let pk # 4. It suffices to detect a solution of (9) with p { x; and p? | x;
for i = 2,...,s. Notice that 0 = ¥ mod p° has a solution z = p if ¢ < k. By
the definition of o, the condition o < k holds unless k = p = 2.
Notice that s > p? unless k < 4. Thus if k > 4, we can construct a solution of
[B9) by taking 1 = 1 and z¥ € {0,1}, i.e., x; € {1,p}, suitable for i = 1,...s.
It remains to investigate p = k = 3. A solution of ([39) is found since x*

1,—1(9) for 3z and 2% = 1,—-1,0 (9) for 94 z. O

Notice that the case k = p = 2 was investigated by Esterman [7]. Since
22 =1 (8) if 24 21, Condition Cj is reduced to Condition A if k =2 and 4 € W.
Now, Theorem [Z] follows.
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