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AN APPLICATION OF RAMANUJAN SUMS TO
EQUIREPARTITION MODULO AN ODD INTEGER

ERIC BALANDRAUD

ABSTRACT. Following a result of Myerson on finite fields, we prove that for an
odd number n > 3, the 2¢(n)/2 gums:

+142-£i-- -+ (n—1)/2,

where the terms ¢ are all the invertibles modulo n from 1 to (n — 1)/2, are
distributed among the classes modulo n as uniformly as possible.
We also determine and prove that the distribution of the 2(n=1)/2 gums:

+142-- £ (n—1)/2,

where all the elements from 1 to (n — 1)/2 are represented once, is also asymp-
totically equidistributed.

Communicated by Vasil Grozdanov

Introduction

In 1979, Myerson proved [3] that for a prime p, the sums:
L1424+ (p—1)/2,
are as uniformly distributed as possible among the residue classes modulo p.
THEOREM 1 (Myerson). Let p be a prime number. For any x € Z/pZ, the
number N, of ways of choosing the signs so that £1 £2---+ (p—1)/2 =
(mod p) is:
if x#0 N,=21(20-D/2_(2)

2
P
else No = (2(7"_1)/2 -z

SR LA

where (%) is the Legendre symbol.
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Myerson’s work is a prequel to a generalization for a more general type of
sums related to multiplicative subgroups of a finite field, see also [4]. In this
article we will focus our interest on the same type of sums considered in a cyclic
group of odd order. We will prove the two following generalizations of Myerson
result:

THEOREM 2. Let n > 3 be an odd integer. For any x € Z/nZ, the number N,
of writings of x as a sum £1+2---+i---+(n—1)/2, where the terms i are all
invertibles from 1 to (n —1)/2, is:

ifx#£0 N, = % (2¢(")/2 — XQ(TL)) ,
else Ny =+ (290/2 — x5(n)) + x2(n),
1 if there are two distinct primes dividing n

2

where x2(n) = (5) if n =p® for a prime p.

THEOREM 3. Let n > 3 be an odd integer and p(n) be its least prime divisor, for
any x € Z/nZ, the number M, of writings of © as a sum £1+£2---+(n—1)/2,
where the terms i are all residues from 1 to (n —1)/2, is:

M= 23 efa,) (i) 2(E-1)/2,

bln

where (%) is the Jacobi symbol and c(x,b) = ZZ() i=)1 ¢®t, with ¢ be a primitive
i,b)=1

n-th root of unity, is a Ramanujan sum. Moreover, we have:

’Mgc _Lomnre| _ o512,
n

Notice that if n is a prime number, the numbers N, and M, are the same and
Theorem 2 and 3 coincide with Myerson result. In the first section, we present
the problem and define the unknowns, the numbers of writings looked for. In the
second part, we introduce the basic properties of Ramanujan sums, that will be
used in the continuation of this article. All this properties (but the last one) can
be found in most introductory books on arithmetical functions, see for instance
[2]. The third section provides a linear system that involves in the same time
Ramanujan sums and the unknowns of our problem. The fourth section gives
a more simple expression of some products that form the constant term of our
linear system. This expression will enable us to give a simple expression of our
unknowns in the fifth section, that is the proofs of Theorem 2 and 3. Finally,
we give some examples in annex of these linear systems.

2
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1. The problem

Let us consider an odd number n > 3. For any = € Z/nZ, we denote by N,:

(n=1)/2
ei=x (modn) |,

(€1, €6y e vy €no1y/2) € {—1, 1}9(n)/2
N, = where the indices ¢ are the invertibles
modulo n from 1 to (n —1)/2.

the number of writings of x as sum of the invertibles, where exactly one of any
invertible or its opposite appears.
We also denote by M,:

(n—1)/2
Z gi=z (modn) |,

i=1

Mr = (61,...,6(n_1)/2) € {_1’1}(71—1)/2

the number of writings of  as a sum where exactly one of all element or its
opposite appears.

We would like to give an expression of the n numbers IV, and of the n numbers
M. First, we give a simple lemma that proves that some of the numbers we are
considering are equal.

LEMMA 1. Let n > 3 be an odd number. Let x, y be two elements of Z/nZ.
If (n,z) = (n,y), then Ny = Ny, and M, = M,.

Proof. If (n,x) = (n,y), then there exists an element A\ € (Z/nZ)* such that
x = Ay. We define the following function:

AL e-1/2) - {12}

i — e(M))\z

where €(y ;) is +1 if i.A 6{1 (n—=1) /2} and —1 otherwise.

This function is a one-to-one correspondence, between all elements from
{1,...,(n —1)/2}. Moreover, its restriction to the set of all invertible elements
to itself is also a one-to-one correspondance.

From a writing (e1,...,€mn_1)/2) of y, we compute a writing of z:

(/2 —y

(E)Z(" 1)/26 A =y
— XD L af)
— Zg’izl)/zE(A,ffl(j))'effl(j)'j =2

namely the writing (6()\’f—1(j))€f—1(j)) of x.
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This correspondance is one-to-one from the writings of y and the writings of z.
O

Since Lemma 1 proves that for x € Z/nZ, we have N, = N(; ) and M, =
M4 n), we will from now on only consider the quantities N, and My, where b is
a divisor of n. If 7(n) is the number of divisors of n, there are 7(n) numbers to
determine in each family (Ny)p),, and (Mp)p),,. Notice that in this notation the
number N,, is the number that was before .

2. Ramanujan sums

Let n be any positive integer, and ¢ be a primitive n-th root of unity. We
denote the Ramanujan sum:

n

c(d,n) = Z ¢4,
i=1
(i,n)=1
REMARK 1. We can notice that ¢(d,n) = ¢((d,n),n), where (d,n) is the ged of
d and n.

Two particular cases of Ramanujan sums are:

e If n|d, then c(d,n) = Z? =t 1 = ¢(n), which is Euler totient.
i,n)=1

o If (d,n) =1, then c(d,n) = Z? =t ¢* = u(n), which is Mobius function.
i,mn)=1

Apart from its last lemma (Lemma 4), all this section gives some well-known
properties of Ramanujan sums without proofs. The proofs can be found, for
instance, in [2]. We conclude this part with an original lemma that will be of
particular use for the continuation of this article.

LEMMA 2. We have:

e(d,n) = Z du(n/é).

§(d,n)
This lemma proves moreover that the Ramanujan sums are integers.
COROLLARY 1. For any integers d, n, m such that (n,m) = 1, we have:
c(d,nm) = ¢(d,n)e(d, m).

Corollary 1 together with Remark 1 ensures that the determination of a
Ramanujan sum depends only on the sums c(p®, p®). This enables us to give
a multiplicative formula for Ramanujan sums:

4
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LeEMMA 3. For any integers d and n, we have:
¢(n)u(n/(d, n))
¢(n/(d,n))

We present now an original lemma that will be of particular interest in our
context:

c(d,n) =

LEMMA 4. Let d and n be any non-zero integers, p be a prime number, then
c(d,n) = c(pd,n) (mod pPt1l), where B is the integer such that p®|d and
pﬁJrl fd
Proof. If (d,n) = (pd,n), then from Remark 1, we have ¢(d,n) = ¢(pd,n). We
will from now on suppose that (d,n) # (pd,n). Then necessarily p divides n
and we have (pd,n) = p(d,n). Therefore there exists an non-zero integer « such
that p® | n and p®*! {n.
Moreover if we note 3 the integer such that p®|d and pP*! { d, we have 3 < a.
From Lemma 3, we have:

c(d,n) = c(d/p”,n/p*)c(®’, p™),
and

c(pd,n) = c(d/p” n/p®)e(’**, p*).
It suffices then to prove that c(p®, p®) and c(p”*+1,p*) are equal modulo p+1.
This lies on a simple application of the formula:

) = o))

o(p*P)
We consider the three different cases:
o If 3 < a—2, then c¢(p?,p®) =0 and c(p?*+1,p®) =0.
o If 3 =« — 2, then necessarily @ > 2. In this case, we have c¢(p®,p*) =0
and c(p”t1,p®) = —p~! = —pfT1 =0 (mod p’*!).

e If = a—1, then c(pﬁ,po‘) = —p* 1 = —pfand c(pﬁ“,pa) =pr—p>l =
pPt —pP thus c(p?, p®) = c(pP*,p*) (mod pPtl).
O

3. The divisor system

In order to determine our unknowns, N, and M}, with b | n, we present in
this section a two linear systems, that accept this numbers as their solutions.
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PROPOSITION 1. Let n > 3 be an odd integer. For any divisor d of n, the 7(n)
numbers Ny, satisfy the equation:

(n=1)/2
Lyt Y e(db)Na = [ (¢“+¢7).
bln i=1

(z,n)=1

Similarly, the T(n) numbers My, satisfy the equation:

(n—1)/2
Ly S e@db)My = ] (+¢7).
bln i=1

Proof. By definition of the number N, we have:

(n—1)/2

[T @'+ =3 N =3" 3 N
3 r=1

=1 b|n r=1 .
(i,n)=1 (z,n)=%

Using Lemma 1, we know that all the N, in the second sum are equal to Nz.
We can factorize by Nz and rewrite the sum on the multiples of 7.

b b

DD INCLED I D (S
bln

i=1 bln i=1
(4,b)=1 (i,b)=1

Since ¢ is a primitive n-th root of unity, for any b dividing n, (% is a primitive
b-th root of unity. Thus we recognize in the last sum the definition of ¢(d, b) .

=> ¢(d,b)Ny .
bln

Similarly, by definition of the M, and the same computation, we have:

(n—1)/2 n n
H (Cid + C*id) _ ZMICdI — Z Z Mzcdw

i=1 a=1 bln  w=1

(zim)=3
b
= ) My > M=) c(d,b)My .
bln =1 bln
(i,b)=1
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For each family (N )y, and (Mp )y, we have a linear system of 7(n) equations
with 7(n) unknowns. In these two systems, the coefficients of the unknowns are
the same, only the constant differ. The following proposition will ensure that it
would bring us, in both cases, to a complete determination of the N, and M,, .

PROPOSITION 2. Let n > 3 be an odd number, we have:

c(d, b) =[[d=n""",
d|n
bln

d|n

and this determinant is non null.

(c00) = (5,

The index set of our matrices and vectors are the divisors of n, in the following
we will consider these divisors in increasing order.

Moreover, we have:

Proof. Let D be the diagonal matrix of order 7(n), where Dy 4 = d. Naturally
D] = [Ty d = "™/,

Let us now consider the characteristic matrix of divisibility:

1 - €(db)
(0) 1

where €(d,b) = 1 if d | b and €(d, b) = 0 otherwise. Naturally, as yx is a triangular
matrix with only 1 on its diagonal, we have: |x| = 1.

Moreover, from the definition of the M6bius function p, we easily can compute

X

1 - €(db)

(0) 1
where €'(d,b) = pu(b/d) if d | b and €'(d,b) = 0 otherwise.
The result holds on the product x*- D - x~'.
First, we can compute the product:
1 (0)
X' D= o 7
m(d,b) -+ n
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where m(d,b) = b if b | d and m(d,b) = 0 otherwise.

Therefore, if we denote C' = x*- D - x™*, we have Cgp = 514 01(b/0)
slb
From Lemma 2, we have Cy; = ¢(d,b). Consequently:

(c@0),, | = D= W o] 'l = | T

bln d|n

We will denote D’ the diagonal matrix with Dy, = 7. It is clear that
D~! = LD’ Therefore, we have:

_ 1 _
c 1:ﬁX'D/'(X 1)t~

The product x.D’ gives the matrix:

n - m(db)
x-D'= : :
) 1
where m/(d,b) = % if d | b and m/(d,b) = 0 otherwise. The matrix (x ') is:
1 (0)
(' = P
db) 1
where €”(d,b) = pu(d/b) if b | d and €”(d,b) = 0 otherwise.

Therefore:

_ 1 n
Cap = > 5H0/b)
5/d|s
bl
Changing the index § to n/d":
1 , n
=0 2 5s)

! 3
5Ny

Using Lemma 2, we conclude:
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REMARK 2. Given two divisors d and b of n, the product of C' and C~! leads
to the well-known orthogonality property (Theorem 2.8 in [2]):

Se(a2)e(6) |3 K

0 otherwise.
§|n

4. The products

The goal of this section is the simplification of the products:

(n-1)/2 _ (n-1)/2 ‘
an(d) _ H (Czd + szd) and bn(d) _ H (<2d + szd)'
=1 1=1

(i,n)=1

In this part the oddness of n plays a crucial point.

By Proposition 1, this products can be defined as a linear combination of
integers an(d) = 3, ¢(d,b)Nz and b,(d) = >, c(d,b)Mz, thus they are
elements of Z.

LEMMA 5. Let n > 3 be an odd number and d a divisor of n, we have:
if d#n:an(d) e {-1,1}, else: ay(n)=2°"/2
and by (d) =2 2ba (1), and by(1) € {—1,1}.

Proof. The n-th root of unity ¢ is an integer of the ring Q(¢), this is also the
case of (~1. Thus for any integer i, (* + (% is an integer of Q(().

If n | i, naturally, ¢! + (=% = 2. This already gives the determination of
an(n) = 20M/2 and b,(n) = 2(*~Y/2 because all factors in this products are
equal to 2.

If n {4 then n { 2i, which implies that (%' # 1. We consider the following
product: (Notice that as n is odd, 2n —2 =0 mod 4.)

(2n—2)/4 (2n—2)/4 (2n—2)/4

(Ci+<—i) Z C(4J+1)l _ Z <—(4j+2)1+ Z 4(4])2

C2n+21

n 1=
3=0 1=¢
Therefore ¢ + (=% is a unit of Q(().

If we consider a divisor d # n of n and the product ay, (d) = [["Z%/? (¢id¢i),
(1, n) 1
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we observe that the condition (i,n) = 1 implies that each factor is a unit of Q(¢).
The product being an element of Z, it belongs to {—1,1}.

If we consider a divisor d # n of n and the product b, (d) = HEZID/Q (¢ +
('), we observe that the indices i for which n | id, are the (d — 1)/2 multiples
of 2 that belong to [1,(n —1)/2]. Therefore the product b, (d) is the product

of 2(4=1)/2 with a product of units b/, (d) = HEZIU/Q (¢* + (7). Since by (d)
is an element of Z, b/, (d) belongs to {—1,1}. it
It remains to prove that b,(d) = b= (1). In order to establish this, we observe
that if % {4
Cid + C_id _ Cd(i-‘r%) + C—d(i-i—%) _ Cd(%—i) + C_d(%_i)'
Therefore, decomposing the product that define b/,(d), we have:
2((d—1)/2)+1

ot (-1/2

=TI+ = (T (@' +@)7)

i i=1

<.
—_

ti

a3

2((d—1)/2)+1
= (b2(1)) = bz (1).

d
The last equality is due to the fact that b= (1) € {—1,1}. O

To give a further determination of our products a, (d) and b, (d), we will need
the following lemma. In its proof, we use the classical result that gives precision
of the multiplicative structure of cyclic group, this is fully explained in [1].

LEMMA 6. Let n > 3 be an odd number, we have:
9é(n)/2 — 12 mod n zf there is two distinct primes dividing n
(5) mod n if n = p™.

Proof. Let us first consider the case where n is the power of a odd prime
number n = p®. The group (Z/p®Z)" is a cyclic group of order ¢(p%), so
29(")/2 mod p* belongs to {—1,1}. Moreover, we have:

90(r*)/2 — g™} (p=1)/2 _ (gl-1)/2)P"

P
But this last expression is ((;)) = (%) (mod p), because p is an odd prime.

Then necessarily we have:

96(0™)/2 =

VS

) mod ).

2
p

10
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Let us now consider the case where there are two distinct primes dividing n.
Let n = [[;_, pi* be the decomposition of n as a product of primes. As there
are at least two distinct primes dividing n, we have s > 2.

The group (Z/nZ)" is isomorphic to the product of the cyclic groups
[I;_, (Z/p{"Z)". Therefore the exponent e of the group (Z/nZ)" is the least
common multiple of the ¢(p') = pi ! (p; — 1).

But, for any i, from 1 to s, we have:

s o;—1
=10 (pi—1)
o(n ai,—1 Hi o
%:pioo (pi, —1) =% 2 '

As s > 2, the product in the right-hand-side is never empty. As n is odd, all
the p;’s are odd prime numbers, so the fraction is an integer. We can conclude

that @ is a multiple of e. Finally, n being an odd number, we know that 2
belongs to (Z/nZ)" and consequently, we have:

2¢(M/2 = 1 (mod n).

We define the function xso:

x2:|2N*4+1 — {-1,1}
1 if there are two distinct primes dividing n

" ~ (127) if n = p-
Now, with the help of this last lemma and the definition of function xo, we
can give a full determination of the products a,(d) and b, (d):

PROPOSITION 3. Let n > 3 be an odd number and d a divisor of n, we have:

if d#mn:a,(d)=x2(n), else: ay(n)= 24’(”)/2,

and  by(d) = (3) o(d=1)/2,
d

Proof. Let us first consider the case of the numbers a,(d). Lemma 4 proves
that for a prime p and any integers d and b, we have: ¢(d,b) = ¢(pd,b) (mod p).
Then for a prime p dividing n and for any other divisor d of n:

Zc(d, b)N=» = Zc(pd, b)N= (mod p).

bln bln

What means that a,(d) = a,(pd) (mod p).

11
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Moreover, we already have proven in Lemma 5 that:

e a,(n)=20)/2

o if d #n a,(d) € {—1,1}.
Lemma 6 shows a,(n) = x2(n) (mod n), therefore for any prime divisor p of n,
we also have a,(n) = x2(n) (mod p). An induction on the divisors of n proves
that for any divisor d of n, d # n, we have a,(d) = xa(n).

Let us now consider the case of b, (d). Since we have proven in Lemma 5 that
by (d) = 2(d’1)/2b%(1), it suffices to calculate b, (1):

(n—1)/2 (n—1)/2
()= JI &+¢)=1] II ¢ +¢
=t A =
3-1)/2
Ry ( £e))
d|n z:

Since ¢4 is a “-th root of unity, we recognize in the inner product the definition
of a=(1):
d

= [Tz = [Ty = ] (2)

d|n d|n p prime
p%In
pa+1+n

What is the definition of the Jacobi symbol:
_(2
=~

REMARK 3. The last computation of b, (1) stands on the context of our system,
but it can be computed directly. Indeed, b, (1) can be interpreted as a product
of cosinus:

O

(n—1)/2
bo(1) =202 JT  cos(2im/n).
i=1
Since we already know that it is an element of {—1, 1}, it suffices to count the
number of negative factors. We deduce from this count the exact same formula
for the numbers b,,(d).

12
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5. Conclusion

With all the tools that have been prepared in the previous sections, we are
ready to present the proofs of Theorem 2 and 3:

5.1. Proofs of Theorem 2 and 3

ProofofTheorem 2. From Lemma 1, it suffices to determine the 7(n) num-
bers Ny, with b | n. If we note N the vector (N,,...,N7)', that holds 7(n) co-

ordinates N» indexed on the divisor of n, C' the 7(n) x 7(n) matrix (c(d, b)) apn
bln

and A the vector (an(1),...,an (n))t Proposition 1 gives the relation:
CN=A.

Since Proposition 2 proves that the matric C is invertible and that C~! =
}L(C(g, %))dln , we have the relation: C~'.A = N.
bln
Moreover from Proposition 3, A is the sum of the two vectors
n t
Ay =x2(n)(1,...,1) and Ay = (0,... ,0,200)/2 _ x2(n)) .

Then N is the sum of the two vectors C~ 1. A; and C~1. A,.

Since for any divisor d of n, ¢(d, 1) = 1, the vector A; is colinear to the first
column of C, then C~1.A4; = (XQ(??,), 0,..., O)t. Moreover, for any divisor d of
n, (5, 2) = c(%,1) = 1, the last column of C1is %(1, ..., )% Thus, we have

CL Ay = 1(290M/2 — x5 (n))(1,..., )%
Finally, we have:

(2272 — x5(n)) + x2(n)
% (2¢(n)/2 — X2(n))

3=

Nn,
Nl L (@202~ xa(m)
O

Theorem 3 gives an exact formula for the numbers M, and an upper bound
for the difference to their mean.

Proofof Theorem 3. From Lemma 1, it suffices to determine the 7(n) num-
bers M, , with b | n. If we note M the vector (M,, ..., M;)!, that holds 7(n)

coordinates M= indexed on the divisor of n, C' the 7(n) x7(n) matrix (c(d, b)) 4jn
bln

and B the vector (b,(1),..., bn(n))t. Proposition 1 gives the relation:
C.M = B.

13



ERIC BALANDRAUD

Since Proposition 2 proves that the matrix C is invertible and that C~! =
l(c (%, %))dln , we have the relation: C~'.B = M.

n
bln

Propositions 2 and 3 give Mz = %Zb‘n c(%, %) (%) 2(=1)/2 what can be
b

rewritten:
1 2 n_
M, = = Zc(d’ ) (b) o(2-1)/2.

bln

Remark 1 asserts that for any « € Z/nZ, we have: c¢(z,n) = c((z,n),n).
Thus for any x € Z/nZ, we have:

1 2 n
M, =~ ) 2(53-1)/2,
x ’]’LZC(x’b)<b>2 b
bln
The term of this sum that is given for the divisor 1 of n, is the mean part:
%2("’1)/2. Let us note R, = M, — %2(”*1)/2 = %me c(x,b) (%) 9o(%-1)/2,
b#1

Ry

P(T:l) 71)/2 ’

We can evaluate the ratio (
2

R, |1 2 (2-1)/2—(585-1)/2
| - w2l ()20 e G

b#1

1 n(l___1

< 72‘0(%[))‘25(3 5t

n
bln
A

Since p(n) is the least prime divisor of n, for any divisor b # 1 of n, we have

% — ﬁ < 0. Thus, we have the inequality:

1
b

Since ¢(x,b) is by definition a sum of ¢(b) numbers of modulus 1, we have:
|c(z,b)| < ¢(b), then:

< %Zcb(b) <L
bl

b#£1

14
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Notice that if n is a prime number, then for any = € Z/nZ we have N, = M,
and Theorem 3 asserts that the difference |M, — %2(”_1)/2| is less than 1, this
is also what Theorem 2 asserts. Moreover, we have:

2(#—;1)—1)/2 n( 1 71)

O<W:ﬂ22

Since n is an odd number, p(n) > 3, then:

< n2=% —— 0.
n—oo
This statement allows us to consider Theorem 3 as a theorem of equidistri-
bution.

5.2. Comments on generalizations

The case of any finite abelian ring of odd cardinality can also be discussed,
but a simple calculation in the ring Z/3Z x Z/3Z proves that there is not
equidistribution on the elements of the sums ) +i, where i belongs to a set of
representatives of all classes modulo the multiplicative subgroup {1, —1}. Nev-
ertheless an equivalent of Lemma 1 remains true in this context.

When n is an even number, in the cyclic group of order n, it is clear that all
sums +1---+i---£(n—2)/2 or £1---+n/2 have the same parity, therefore at
most half of the residue classes modulo n can accept such a writing and a result
of equirepartition cannot be expected. Moreover a result of strict equirepartition
restricted on the elements of the same parity is generaly false. Strangely, in the
case of a power of 2, the non-zero numbers M, are all equal, while the non-zero
numbers N, are not. This will be the subject of a further work.

Acknowledgements. The author would like to thank A. Chadozeau for his
helpfull comments.

Annex

We give here some examples of the systems we solve in this article: The
system that appears in [3] holds for a prime p:

Np—Nl = (%)
Ny+(p—1)N, = 2=1/2

15
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We give two characteristic examples: The first one is the case where n is the

cube of a odd prime, n = p>.
Ny —Ny - (2
Ny +(p—1)N,2 —pN, = (2
Ny +(p—=1)Npz +(p* —p)N, —p°Ny = (2
Ny +(p—DNpz +@* —p)N, +(* —p)N1 = 270702,

The second example is the case where n is the product of two distinct primes,
n = pq.

Ny —N, ~N, N, -

N,y +(g—1)N, -N, (g —1)N, S

Npq _Np —|—(p - 1)Nq —(p - 1)N1 =1

Npg +(@—1)N, +(p—-1N;, +(g-1)(p-1)N, = 20-DE=-b/2

We can also consider the corresponding systems for the My: The first one,

n=p3:

Mps —Mp2 — (g)
p
My +(p—1)My —pM, &
My +(p—1)Mype +(p*—p)M, —p°M — 90 -1)/2 (%)
Mys +(p—1)Mypz +p? —p)M, +(@*—p)M; = 20°-D/2,
The second one, n = pq:
Myg  —M, —-M, +M; = (plq)
My, +(g—1)M, —M, —(q—1)M; — 9lg-1)/2 %
Mpq —M, +(p—1M, —(p—1)M = 20-n/2(2
My, +(q—1)M, +(p—-1)M, +(q—1)(p-1)M, = 2@=1/2
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