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OPTIMALLY SMALL SUMSETS IN GROUPS, II.
THE HYPERSMALL SUMSETS PROPERTY
AND RESTRICTED ADDITION

ALAIN PLAGNE

ABSTRACT. This paper continues the work that was started in [Optimally
small sumsets in groups, I. The supersmall sumsets property, the ,ugf) and the

Z/gc) functions, Uniform Distribution Theory 1 (2006), 27-43]. Here, we introduce
the hypersmall sumsets property and prove that it holds for all Abelian groups.
As an application, we establish new upper bounds for the function g giving the
minimal cardinality of a restricted sumset in an arbitrary Abelian group G. We
then formulate the conjecture that these bounds are often optimal. Assuming a
conjecture by Lev, we show that our conjecture is indeed very close to the truth.
In some “generic” cases, we can even prove that it holds true.

Communicated by Georges Grekos

1. Introduction

The groups we consider in this article will all be written additively (and their
neutral elements denoted by 0). The notation |G| will denote the cardinality of
the group G if it is finite and +oo otherwise (in which case, an inequality of the
form r < |G| for some integer r is clearly empty).

In the first part of this work [17], we studied the function ug)(rl, Ce TR,
defined as the minimal cardinality of a sumset A; + -+ + Ax = {a1 + -+ + ag,
a1 € Ap,...,ar € Ag} with Ay,..., A C G and |A1] = r1,...,|Ak| = 7%,

namely
M(Gk)(rl,...,rk) = min{\.Al + -+ + Ag| such that A;,..., Ay C G and

A =711, [ A =1}

2000 Mathematics Subject Classification: 11B75, 20F16, 20D60, 11P99, 20Kxx.
Keywords: group, Abelian, additive number theory, restricted addition, small sumset.
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and the still mysterious function l/gc ) defined by
min{\Al + -+ Ag| such that A;,..., Ax C G,

|Ai| =71,...,|Ag| = ri and there is an element in
Vé;k)(rl, ceyTE) = Ay + -+ + Ag having a unique representation},
if there are any such sets Ay,...,Ax C G;
0, otherwise.

In [17], among other results, the following general theorem was obtained (see
paper [17] for a bibliography on this subject).

THEOREM 1. Let k be a positive integer and G be an arbitrary Abelian group.

Then for any integers r1,...,7x satisfying 1 <ry,...,rp < |G|, we have
=g (3] +[5] 4 +1)
/J’G (rlw"ark?) gélg d + + d + 5

where D is the set of integers that are the cardinality of a finite subgroup of G.

The study of this type of functions is typical of additive number theory. For
an introduction to this field, the reader is referred to one of the two classical
books [14] or [15], where all the basic tools are extensively presented.

In [17], to study the functions [L(Cif) and z/ék), we introduced and used what we
called the generalized supersmall sumsets property. A group G is said to have
this property if for any positive integer k, any 1 < r1,...,r; < |G|, there exist
subsets Ay, ..., Ay C G containing 0, with |A;| = r1,...,|Ax| = rr and either

(i) [Ar 4+ A <ri+- 41—k, or
(i) |A1 4+ Ax| =71+ -+ rr — k+ 1 and the neutral element 0 has the
unique representation 0+ - - -+0 as an element of the sumset A; +- - -+ A

Recall that an element z € Ay + - -+ + Ay is said to have r representations (as
an element of the sumset Ay + --- + Ay) if

{(a1,...,ar) € Ay X+ X A, x=a1+---+ag}t| =7

In [17], we proved among others the following result (this is Theorem 2 of that
paper).
LEMMA 2. All solvable groups have the generalized supersmall sumsets property.

In this article, we will concentrate on situations where we have only two
summands (generalizations of the results contained in this paper to a situation
with more summands are possible and require only to adapt the arguments
developped in the sequel). In this context, we shall speak only of the supersmall

sumsets property: it holds for G if for any 1 < r,s < |G|, there exist subsets A
and B C G, containing 0, with |A| = r,|B| = s and either
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(i) JA+B|<r+s—2,0r
(ii) |A+B| =r+s—1 and 0 has the unique representation 0+ 0 as an element
of the sumset A + B.

In the present paper, we are mainly interested in the study of the function

¢a(r, s), defined as the minimal cardinality of a restricted sumset
A+B={a+b, a € A bec B,a+#b}
with A, B C G and |A| = r,|B| = s, namely
éc(r,s) = min{|A+B| such that A,B C G and |A| = r, |B| = s}.

This function is certainly much more complicated than pg = ug) since the
restricted addition + is an operation much more difficult to understand than
the simple addition +. For instance, the proof of the analogue of the Cauchy-
Davenport theorem [3, 4], known for a long time as the Erdés-Heilbronn conjec-
ture, was obtained only recently by Dias da Silva and ould Hamidoune [5] and
Alon, Nathanson and Ruzsa [1, 2].

Although we may immediately observe that the following upper bound holds
true for any group G:

gG(T7 S) < Mg(’l”, S), (1)
it seems difficult to compute £z explicitly in general. In particular, it is appar-
ently not so simple to compare {g(r, s) with pg(r, s) and to test the tightness
of (1).

Here are however three examples where the exact value of £ can be obtained
without too much efforts (for all 1 <r, s <|G|).

The first — already mentioned — case is the one of Z/pZ for which the following
result follows from [5, 1, 2]).

LEMMA 3. Let p be a prime number, then for any 1 < r,s < p, one has

0, ifr=s=1,
§zypz(r,s) = min(p,r+s—3), ifr=s>1,
min(p,r +s—2), ifr#s.

On recalling that pgzpz(r, s) = min(p, 7 + s — 1), we observe that
§zpz(1,8) = pig)pz(r,8) — €

where ¢ is equal either to 0, 1 or 2.
In the case G = Z, it is immediate (see for instance Lemma 12 below) that

pa(r.s) =r 51,

while we have the following simple result:
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LEMMA 4. Let r and s be positive integers, then

0, ifr=s=1,
&(r,8) =< r+s—3, ifr=s>1,
r+s—2, ifr#s.

We notice that, depending on whether » = s > 1 or not, we have &z(r,s) =
uz(r,s) —2 or pgz(r,s) — 1.

As another example, if we consider the case of a sumset in an elementary
2-group, we have the following result.

LEMMA 5. Let G be an elementary 2-group, then for any 1 < r,s < |G|, one
has

éa(rys) = pg(r,s) — 1.

For the sake of completeness, Section 2 contains short self-contained proofs
of these two easy last results (Lemmas 4 and 5). We note that the second
result follows also from [6], where several results on £z are obtained in the case
of elementary p-groups, using the polynomial method (introduced in [1, 2]):
in particular, it is proved in [6] that if G is an elementary p-group, we have
NG(Tvs) -2< SG(T,S) < NG(rvs)'

In view of everything mentioned above, the following conjecture is tempting.

CONJECTURE 6. Let G be an arbitrary Abelian group, then for any 1 < r,;s <
|G|, one has

pa(rs) =2 <&q(r,s) < pg(r,s).

In order to study the & functions for general groups, we introduce what we
call the hypersmall sumsets property (a generalized — in the same sense as the
one used for the generalized supersmall sumsets property — version of it could
also be useful in order to study the generalized functions & g ) ). First we introduce
a terminology: an element of a sumset ¢ € A+ B is a double if ¢ = a + b (with
a € A, beB)implies a = b.

We shall say that a group G has the hypersmall sumsets property if it has the
supersmall sumsets property and if for all positive integers 1 < r < |G|, there
exists a set A C G containing 0, with |A| = r and either

(i) [A+ A <2r—3,or

(ii) A+ Al =2r —2 and 0 is a double in the sumset A + A, or
(iii) |A+ AJ = 2r — 1, the neutral element 0 is a double in the sumset A + A
and there is yet another (distinct) double, or
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(iv) G admits non-trivial (i.e. # {0}) finite subgroups and for any finite non-
trivial minimal subgroup M of G (by which we mean subgroups M # {0}
such that K < M, K # M implies K = {0}), one has r =1 (mod |M|).

We notice the following fact: a finite non-trivial minimal subgroup (as appears
in condition (iv) of the preceding definition) has to be cyclic of prime order.

Now, suppose that a given group G has the hypersmall sumsets property. An
integer r will be said to be exceptional for G if we are in case (iv) of the definition,
that is, G has finite non-trivial subgroups and for all finite non-trivial minimal
subgroups M of G, one has r = 1 (mod |M]). Otherwise, if (iv) does not hold
that is, if it is not exceptional for G, the integer r will be said to be regular for G.
This implies that there exists a set A C G, with 0 € A and |A| = r, satisfying
either (i), or (ii) or (iii). For instance 1 + p is always exceptional in a power of
Z/pZ (p a prime). We notice that the notion of exceptional integer for a given
group G is reminiscent of the one of special pair (introduced in [6]) on which it
gives a new and enlightening point of view. We justify the terminology “regular”
by the fact that, in general, regular integers (in a given group) correspond to a
generic case. For instance, it is immediate to see - using the chinese remainder
theorem - that the integer 1 is the unique exceptional integer in a finite Abelian
group having a squarefree order.

Notice that we could take a slightly more general definition of the hypersmall
sumsets property by asking only for the existence of two sets A and B satisfying
an analogous property for their sumset A + 5. We will not need this refinement
for the present purpose, therefore we do not introduce it in this paper.

Our first theorem of the paper will be the following, which shows why the
definition introduced above can be useful.

THEOREM 7. All Abelian groups have the hypersmall sumsets property.

This theorem will be proved in Section 3. Using Theorem 7, we shall obtain
the following general upper bound for £ (it is compatible with our Conjecture
6).

THEOREM 8. Let G be an arbitrary Abelian group. Then for any integers r, s
satisfying 1 < r,s < |G|, we have

¢a(r,s) < min (r + s =2, ua(r, 3))
Moreover, if r is regular for G, then

éa(r,r) < min (27“ -3, pa(r, r))
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This result cannot be improved in general (see the lemmas above) but it is
not optimal for all groups G: for instance in the case of elementary 2-groups
(using Lemma 5 and Theorem 1), we have for k > and 1 < t,¢ < 2

Eapay (2 + 1,20 +1) = 2 1= g2 +6,2' +1) — 1
< min (2% ft 1 = 3, g o (20 + 1,20 ).
This justifies the discarding of groups with an even component in the following

second conjecture — that makes Conjecture 6 more precise (recall that pg(r, s) <
r 4+ s — 1) — which may be reasonable.

CONJECTURE 9. Let G be an arbitrary Abelian group with no element of order
two. Then, there is a small constant cg such that for any integers r, s satisfying
ca <15 <|G|,
e if r #£ s, we have
6@(7", 8) = min (T +s5— 27 MG(T, S))a

o if r is exceptional for G, then

6@(7’, T’) = min (2T -2, ,UG(Tv 7’)),

o if r is reqular for G, then
¢a(r,r) = min (2r — 3, pa(r,r)).

A condition of the type r,s > ¢g is necessary to avoid what we could call
“small exceptional cases” (as occurs frequently in additive number theory, for
instance in Freiman’s 3k — 3 or 3k — 2 theorems [9]). In the present context, as
mentioned in Section 7 of [6], one has §(7/37)2(4,4) = 5 (and not 6 although 4 is
exceptional for (Z/37Z)?): simply take A = {(0,0), (1,0),(0,1),(1,1)}.

The word “small” in Conjecture 9 is voluntarily unprecise. It is not clear that
ce can be chosen independently of G but in any case, this constant should be a
o(|G|) as |G| tends to infinity.

We note that for some specific exceptional values of r in some given elementary
p-groups, our conjecture is known to hold [7, 8]. With all the above-mentioned
other reasons, this supports Conjecture 9.

To go in the direction of this conjecture, it is well possible that a restricted
analogue of Kneser’s theorem [10, 11] is required in an essential way. However,
no such analogue is known and, if true, it seems that proving such a result should
be very difficult. Nevertheless, Lev made several interesting conjectures in this
respect [12, 13]. Before stating it, we need a definition: we write

L¢ = |{g € G such that 2g = 0}
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(this is the cardinality of the subgroup of G consisting of 0 and the elements of
order 2).

CONJECTURE 10 (Lev’s Conjecture). Let G be an Abelian group and A,B be
two non-empty finite subsets of G such that

|A+B| < |A| + |B| — (Lg +2)
then A+B = A+ B.

This conjecture is also an indication that computing &g (r, s) in the case of
groups with an even order should be slightly more difficult (at least from a
technical viewpoint), since in this case Lg > 1: in particular, there will exist
pairs of sets A, B such that |A+B| < |A| + |B| — 4 and A+ B is aperiodic. . . this
implies that it is more constrained to obtain structural information on a small
sumset A+B (as we get from Kneser’s theorem [10, 11] in the study of ug).

Under Lev’s Conjecture 10, we are able to prove - in the forthcoming Theorem
11 - that the upper bounds obtained in Theorem 8 are very close to the truth, a
fact which can be interpreted as another indication of the validity of Conjecture
9. Indeed, one third (namely, the “generic case” of regular integers) of Conjecture
9 can be shown to hold true.

THEOREM 11. Assume Lev’s Conjecture 10 is true. Let G be an Abelian group
with no element of order two. Then, for any integers r,s satisfying 1 < r, s <
|G|, we have
¢a(r,s) > min (7‘ +s—3, ua(r, s))
In particular if r is reqular for G, we have
6@(7’, T’) = min (27’ -3, ‘Ltg(’l’, 7’))
The proof of this result is presented in Section 4.
We plan to continue the present series of papers investigating the general

problematic of small sumsets in groups. In particular, in the third part of this
series [18], we shall give several other new results on this subject.

2. The proofs of Lemmas 4 and 5

We start with a proof of Lemma 4, a statement which is clearly reminiscent
of the following highly classical result (see Chapter 1 of [15]) :

LEMMA 12. Let A and B be two non-empty subsets of Z. Then |A + B| >
|A| + |B] — 1 and equality holds if and only if min(|A|,|B|) =1 or A and B are
two arithmetic progressions with the same difference.
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This lemma will not be needed in the sequel.

Proof of Lemma 4. That the values given by the Lemma are upper bounds
of &z(r,s) is trivial by considering the sum of the sets A = {0,...,r — 1} and
B={0,...,s—1}.

Let us prove the lower bound. First, we observe that if a; < --- < aj4 and
by < --- < b are the ordered elements of two subsets of Z denoted by A and
B, respectively, then among the following |A|+ |B| — 1 distinct elements of A+ B

a1+b1<a1+b2<-~-<a1+b|3‘ <CL2+b|B‘ <--~<a‘A|+b‘3| (2)

at most two do not belong to A+B (one at most of the form a; + b; for some i
between 1 and |B| and one at most of the form a; + by for some j between 1
and |A|). It follows

|A+B| > |A| +|B| - 3.

This implies £z(r,s) > r 4+ s — 3 and proves the Lemma in the case r = s # 1
(the case r = s = 1 is immediate).

In the case r # s, it remains to show that the preceding inequality can be
improved into &z(r,s) > r + s — 2. Indeed assume that |[A| = r, |B| = s. We
may assume without loss of generality that r > s. It follows that A ¢ B. We
choose some k such that ay & B. Clearly we may also assume that a; = b; for
some i between 1 and |B| and a; = b3 for some j between 1 and |.A| otherwise
(2) is enough to imply the result. Now we consider the increasing sequence

a1+t <ar+by<---<ar+b_1<ax+b_1<---<ap+b_1<ap+b
<ak+bi+1<--~<ak+b‘g|<ak+1+b|g‘ <"'<"'<a\A|+b\B|-

We check that it has |A| + |B|] — 1 distinct elements. Since a1 = b; > b, for
1<s<i—1andas >a; =b; >0b;_1 for 2 < s <k and no by is equal to ay,
at most one element in this sequence (in fact exactly one if and only if k < j) is
possibly not in A+B. It follows that |A+B| > r + s — 2, as announced. O

ProofofLemma 5. In an elementary 2-group G, a double is always equal to
zero, while if a sum a + b (a € A, b € B with some subsets A, B C G) is equal to
0 then a = —b = b and the sum is a double.

It follows that in an elementary 2-group, we always have |A+B|—1 < |A+B| <
| A+ B| which implies pg(r,s) — 1 < &a(r,s) < pa(r, s).

But, since |A + B| is unchanged by a translation, we may always assume that
pe(r, s) is attained by a pair of sets (A, B) such that 0 € AN B. For this pair,
we have |A+B| = |A+ B| — 1 = pg(r,s) — 1. Hence the result. O
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3. Theorem 7 and its consequences

In order to prove Theorem 7, we start with a lemma.

LEMMA 13. All finite cyclic groups have the hypersmall sumsets property.

Proof. First, these groups have the supersmall sumsets property by Lemma 2.

Let now G be a (finite) cyclic group with cardinality n and r be an integer
1 <r < n. Assume we are not in the fourth case allowed in the definition of the
hypersmall sumsets property: in particular, we must have r # 1. We now define
the set

A={0,1,...,r—1}

and observe that A+ A= {0,...,2r — 2}.

In the case 2r—2 < n—1, we have |[A+A| =2r—1but 0 and 2r—2 = 2(r—1)
are two distinct (recall r # 1) doubles and we are in case (iii) of the definition.

In the case 2r — 2 = n, we have |[A+ A| =n = 2r —2 but 0 is a double (with
two representations as a double, namely 0 + 0 and (r — 1) 4+ (r — 1)). We are in
case (ii) of the definition.

Finally, if 2r — 2 > n + 1, then we are in case (i) of the definition since
|A+ Al =n < 2r — 3. The proof is complete. O

We are now ready to give the proof of Theorem 7.

Proof of Theorem 7. Let G be an arbitrary Abelian group. It verifies the
supersmall sumsets property by Lemma 2. It therefore remains only to check the
property specific to the hypersmall sumsets property. The proof is decomposed
into several steps.

Step 1: The group Z has the hypersmall sumsets property.

This follows from the fact that for any positive integer r, the sumset {0, ..., r—
1}+{0,...,r—1} ={0,...,2r—2} has 2r—1 elements with two distinct doubles
(0 and 2(r — 1)).

Step 2: Every finite cyclic group has the hypersmall sumsets property.

This is the result of Lemma 13.

Step 3: Any finite Abelian group has the hypersmall sumsets property.

Let r be a positive integer. Assume that condition (iv) in the definition of
the hypersmall sumsets property is not fulfilled (otherwise we are done): that
is, there exists some non-trivial minimal (cyclic of prime order) subgroup M of
G such that r # 1 (mod |M]).
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_ |
7= M
and consider the factor group G/M (which is Abelian) in which we apply

Lemma 2: this implies the existence of a subset A" C G/M with cardinality
p such that 0 € A" and either

(i) A+ A <2p—2, 0r

(ii) | A"+ A’| = 2p—1 and 0 has the unique representation 04 0 as an element

of A"+ A’

In fact, we use a slightly more precise version of Lemma 2 which tells us that
in the definition of the supersmall sumset property, in the case r = s, we can
choose A = B. We do not include a proof of this slight refinement of Lemma
2, since the proof given in [17] can be adapted in an immediate way to contain
this.

If we are in case (i), we may select a set A in G such that 0 € A, |A| = r and

A C 77 1(A") (here and in what follows, 7 denotes the canonical homomorphism
of G onto G/M). Therefore,

A+ Al <A + A x M| < (2p—2)|M]|.
Since r # 1 (mod |M|), we have

[r—‘ r+ |M|—2
P= 77| S — 7
| M| | M|

We put

It follows
r+ |M| -2

A dl< (2
A+ A 51

—2) |M| = 2r — 4,

which implies the result.

If we are in case (ii), we may apply Lemma 13 (and the proof of it) to the cyclic
group of prime order M and find a set Ay C M containing 0, with cardinality
r — (p — 1)|M]| (a positive integer different from 1 and < |M]) such that Ag
verifies either (iii), (ii) or (i): we shall write |Ag + Ao| = 2| Ag| —n with n = 1,2
or 3 respectively. Now, we define

A=Agur 1A\ {0}).
We have |A| = (p—1)|M| + | Ag| = r and since (A + .4) N M reduces to Ao+ .4y
in view of the unicity of the representation of 0 in A" + A" C G/M, we have
| A+ Al (JA + A'| = 1)|M| + | Ao + Ao
(20— 2)|M]| +2}4o] — 1
200 = DIM|+2(r — (p = 1)|M]|) —n=2r —n.
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We conclude using again the unicity of the representation of 0 in A'+ A’ C G/M:
the properties of doubles in A 4+ A which lie in M are inherited from the ones
of the doubles in Ag + Ag in view of this argument.

Step 4: Any Abelian group has the hypersmall sumsets property.

By Step 3, we can assume that G is infinite. Let r be an arbitrary positive
integer. We assume that (iv) does not hold for r in G (otherwise we are done).
We choose a subset S of G having r elements and consider the subgroup H of G
generated by S. By definition, this group is finitely generated. By the general
structure theorem on finitely generated Abelian groups (see for instance Chapter
L.5 in [19]),

e cither H contains a subgroup isomorphic to Z (in which case, the result is
immediate by Step 1)

e or H is finite (and satisfies » < |H|) in which case we conclude using Step
3 as follows. Since G' admits non-trivial finite subgroups (e.g. H) but, by
assumption, does not satisfy (iv) for the integer r, there is a finite non-
trivial minimal subgroup K of G such that » Z 1 (mod |K|). As asserted
above, K has to be a cyclic group and we may find a generating element
k in it. Now, we consider 8’ = S U {k} which generates again a finite
group (containing K), say H'. By Step 3, H' has the hypersmall sumsets
property. Since K is a non-trivial minimal subgroup of H' and r # 1
(mod |K), the integer r cannot satisfy (iv) in H' and therefore it satisfies
either (i) or (ii) or (iii) in H' and thus in G and we are done.

O
We can now come to the proof of Theorem 8.

Proof of Theorem 8. Consider two integers 1 < r,s < |G|. Since G has
the supersmall sumsets property (Lemma 2), there are subsets A, B C G, with
|A] = r and |B| = s such that either [A+B| <r+s—2or |[A+B|=r+s—1
and 0 has a unique representation 0+ 0 (and therefore is a double) in A+ B. In
this second case, it follows

AFB| < |A+B|—1=7r+s—2,
an inequality which is thus valid in any case. Consequently
a(r,s) <r+s—2.

In view of the trivial (1), the first inequality in the Theorem follows.

Now, if r is regular for G, we must have a subset A of G with cardinality r
such that either |[A+ A| < 2r —3, or |[A+ A| =2r — 2 and 0 is a double in the
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sumset A+ A, or |[A+ A| =2r — 1 and 0 is a double in the sumset A + A and
there is yet another (distinct) such double. In all three cases, we have

|A+A| < 2r — 3.

The result follows. O

4. The proof of Theorem 11 using Lev’s conjecture

In this section, we present the proof of Theorem 11 which is a good indication
of the validity of Conjecture 9.

ProofofTheorem 11. In the special case of Abelian groups G containing
no element of order two, one has Lg = 1. Therefore, Lev’s Conjecture 10 reads
as follows: let A, B be two non-empty finite subsets of G such that

|A+B| < |A] + |B| - 4

then A+B = A+ B. In particular, this implies | A+ B| = |A+B| < |A| + |B| — 4.
If, by contradiction with the conclusion of Theorem 11, we assume that

€c(r,s) <min (r+ s — 3, ug(r, s)) = min (r—i—s — 3,2%17'51 ([g—‘ + [21 — 1) d) ,
(3)

(where D stands again - as in our Theorem 1 - for the set of integers that are
the cardinality of a finite subgroup of G) then in particular there are A,B C G
such that |[A| =r, |B] = s and

€a(r,s) = |A+B| < A+ |B] — 4.

By Lev’s Conjecture, we then have A+B = A + B and as mentioned above this
implies that | A+ B| < |A|+ |B|—4. Now, the trick (based on Kneser’s theorem)
which was originally introduced in [16] (and widely reused afterwards) for the
study of this type of functions can be used again. Indeed, Kneser’s theorem
implies that in this case A + B is periodic with a period H such that

|A+B|=[A+ H|+|B+H| - |H|.
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This yields

€a(r,s) = |[A+B] = |A+ B

e

= py([5]+[2] )

= pug(r, 5)’

Y

a contradiction with (3). This proves the first assertion of Theorem 11.
The second assertion of the Theorem (case where r is regular) follows from
the first one and Theorem 8. 0
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